Chapter 3

Asymptotic Stability of
Multibody Attitude Systems®

JinglaiShen Amit K. Saryal, andN. HarrisMcClamroch

Abstract: A rigid basebody, supportedby a fixed pivot point, is free to rotatein

threedimensionsMultiple elasticsubsystemarerigidly mountedontherigid body;

the elasticdegreesof freedomare constrainedrelative to the rigid basebody. A

mathematicaimodelis developedfor this multibody attitude systemthat exposes
the dynamiccoupling betweenthe rotationaldegreesof freedomof the basebody
and the deformationor shapedegreesof freedomof the elasticsubsystems.The
modelsareusedto assespassve dissipationrassumptionshatguarante@symptotic
stability of an equilibrium solution. Theseresultsare motivatedand inspiredby a
1980publicationof R. K. Miller andA. N. Michel [6].

*Thisresearcthasbeensupportedn partby NSFundergrantECS-0140053.
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3.1 Introduction

A photograptof thetriaxial attitudecontroltestbed TACT) in the Attitude Dynam-
ics and Control Laboratoryat the University of Michiganis shovn in Figure3.1.1.
Its physicalpropertiesaredescribedn detailin [1], andadetailedderivationof math-
ematicalmodelsfor the TACT is givenin [2, 3]. The TACT is basedon a spherical
air bearingthat provides a nearfrictionlesspivot for the basebody. The stability
problemtreatedn this papers motivatedby possibleset-upsof the TACT.

Figure3.1.1: Triaxial Attitude Control Testbed

This paperpresentgesultsof a studyof asymptoticstability propertiesof anab-
stractionof the TACT. This abstractiorconsistsof a rigid basebody thatis free to
rotatein threedimensions.Multiple elasticsubsystemarerigidly mountedon the
basebody The papertreatsthe uncontrolledmotion of this multibody attitudesys-
tem. Resultsareobtainedthatguarante@symptoticstability of anequilibrium.

This paperis motivatedby a 1980publicationof R. K. Miller andA. N. Michel
in [6]. This Miller andMichel paperstudiedan elasticmultibody systemconsisting
of aninterconnectiorof idealmasselementandelasticsprings.Lyapuna function
argumentspasedn the systemHamiltonian,wereusedto developsuficient damp-
ing assumptionghatguarante@asymptoticstability of theequilibrium. A key insight
wasthe useof obsenability propertieso guaranteesymptoticstability. The paper
by Miller andMichel provided a clearanddirect expositionof theseissues.It was
oneof the earliestpaperso malke clearconnectiondbetweerpropertiesof Hamilto-
nian systemsandtheir controltheoreticalproperties.During thelast23 years these
issueshave beenextensiely studied.However, the Miller andMichel paperremains
animportantresourcefor researchersn dynamicsand control of mechanicabys-
tems.

3.2 Equationsof Motion

Considerthe following classof multibody attitude systems:the basebody rotates
abouta fixed pivot point; seeFigure3.2.1. A basebody fixed coordinateframeis
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chosenwith its origin locatedat the pivot point. We assumehatthe centerof mass
of the systemis always at the pivot point, andthus doesnot dependon the shape.
Thisis a restrictive assumptionput we demonstratéhatit representsininteresting
classof multibody attitudesystems.Thusgravity doesnot affect the dynamicsand
its effectsareirrelevantin the subsequerdnalysis.

Theconfiguratiormanifoldis givenby Q = SO(3) x Q,, & € so(3) withw € R?
representinghe basebody angularvelocity expressedn the basebody frame. We
user € @, to denoten-dimensionalgeneralizedshapecoordinatesor deformation
of the elasticsystems.Assumingthat the kinetic and potentialenegy areinvariant
to SO(3)-action,the dynamicsare only dependenbn (w,r,7). This leadsto the
reduced_agrangiarandthe reducedequationf motion.

Figure3.2.1: Schematiconfigurationof a multibody attitudesystemwith atransla-
tional elasticdegreeof freedomanda rotationalelasticdegreeof freedom.

Thereducedkinetic enegy is givenby
L LT [Mu(r) Miao(r)] (w
T(w,T,T)—§<T..> [MQl(T) MQQ(T’) )’

~ vl

M(r)

whereM (r) is symmetricandpositive definitefor all r € Q. Let V;(r) denotethe
potentialenegy of theelasticsubsystemthatdepend®nly ontheshapecoordinates.
Throughoutthe subsequenanalysis we assumehat V; (r) hasalocal minimumat

theshaper,, i.e., ‘Wg—gfe) =0 and% > 0.

We obtainthereduced.agrangiamnso(3)x7'Q) s as

o L\ [Mu(r) Mis(r)] (w
L(w,r,7) = 3 (7“) |:M21(7‘) Mas(r) Ky Vi (r).
Thereforethe equationof motionfor the multibody attitudesystemarein the form
of EulerPoincaresquations

w dM(r) Jw I xw
Mir) [ 7 ] 7 H + [W] ) (3.2.1)
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wherell = % = Mi1(r)w + Mi2(r)r is the conjugateangularmomentum.lt is

easyto verify thatthe spatialangularmomentumis conseredand ||II||2 is a con-
senedquantity;see[8]. In addition,(w,r,7) = (0,7, 0) is anisolatedequilibrium
of (3.2.1).

We now adddissipationto (3.2.1). We considerlinear passve dampingat the
pivot point of the basebody attitudedynamicsandin the shapedynamicsso that
equation(3.2.1)becomes

w dM(r) [w II xw Cow
Mr) [ 7 ] T [r] + [W] - [Crf] ) (3.2.2)

whereC, € R**?, C, € R**" denoteconstandampingmatricesthatsatisfyC, =
ct >0,C, = CT > 0, i.e., both are symmetricand positive semi-definite. As
before,(w,r,7) = (0,7¢,0) is anisolatedequilibriumof (3.2.2).

3.3 Conservation of Energy and Lyapunov Stability

Definea noncanonicaHamiltonianbasedon thereduced_agrangianH (w,r,7) =
T(w,r,7) + Vs(r) = L(w,r,7) + 2V, (r). This Hamiltoniancanbe viewed asthe
total enegy of the system. We now verify that H = 0 alongthe solutionsof the
undampedlynamicsin equation(3.2.1).In fact,

dH OH. OH. OH, OL. OL. (6T 61/;)

@ Wt e T e e T )
Notethat
R A e A V) B AR TS -
- _(6_T+%),=
o or or /"’

wherewe useequation(3.2.1)and

(w )" M) (‘;’) = 2‘2—::7*.

Consequentl,y‘fi—f = 0. This resultagreeswith the fact that the total enegy is
conseredif thereis no dissipation.

In the caseof lineardamping,H alongthe solutionsof (3.2.2)is givenby H =
—wTCyw — #TC,# < 0. Therefore,H is negative semi-definite. Moreover, since
the Hamiltonianis a positive definitefunctionof (w, r, 7*) in any smallneighborhood
of theequilibriumsatisfyingH (0, r., 0) = 0, it is a Lyapuna function. Thusby the
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propertythat H < 0 alongthe solutionsof (3.2.2),we concludethatthe equilibrium
(w,r,7) = (0,7, 0) is stablein thesenseof Lyapuna.

SincebothC, andC, aresymmetricandpositve semi-definiteit is easyto shav
thatthesetwhereH = 0 is theset

S = {(w,7)|Cow = 0, C,.7 = 0}.

Thisresultwill beusedin the subsequendevelopment.

3.4 Asymptotic Stability Analysis

We now develop conditionson the dampingmatricesC, andC,. andon the inertia
matrix M (r) for (local) asymptoticstability of theequilibrium (w, r, #) = (0, r¢, 0).
Thereadeshouldbecautionedhatstability hasbeenestablishedor theequilibrium.
Thus,throughoutheremainingsectionstheequilibriumis alwaysstablein thesense
of Lyapuna, evenwhenit is not asymptoticallystable. The conditionsobtainedin
thesubsequerdectionsareonly for asymptoticstability of the equilibrium.

While generakonditionsfollow from LaSallesinvarianceprinciple[5], whichis
relatedto nonlinearobsenability [4, 7], it is non-trivial to obtainconcreteandeasily
verified conditions,dueto the nonlineardynamicsandthe noncanonicaform of the
Hamiltonian.We first preseng trivial sufficient conditionanda necessargondition
asfollows.

Proposition 3.4.1. Assum&’, > 0, C,. > 0. Thentheequilibriumis asymptotically
stable

Proof. Thesetwhere H = 0 is equialentto (w,7) = (0,0). Substitutingthis

resultinto the equationsof motion, we obtain avg—r(” = 0, which holdsonly at r,
in ary small neighborhoodf r.. Consequentlythe equilibrium is asymptotically
stableby theinvarianceprinciple. O

Proposition 3.4.2. Theequilibriumis asymptoticallystableonlyif C, # 0.

Proof. The attitudeequationin (3.2.2)canbe written asIl = II x w — C,w,
wherell is the conjugateangularmomentum.f C, = 0, then||TI(¢)||2 = |[II(0)||2
forallt >0 sinceMWIE _ on 71T = 0. Hencefor ary initial (w,7) in any small
neighborhoodf the equilibrium suchthatII(0) # 0, ||II(¢)||» # O forall ¢t > 0.
Moreover, sincetheequilibriumis stable M (r) is boundedalongthesolutions.This
impliesthat(w, ) doesnot corvergeto zeroast — oo. m|

It is a challengeto obtain more concreteconditions. For simplicity, we focus
on two casesn the subsequendevelopment:the first caseassumeg’,, to be posi-
tive definite,andthe secondcaseassume’, to be positive definite. Thefirst case
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malkesuseof the obsenability rank conditionto obtainresultsfor asymptoticsta-
bility. In the secondcase bothlinearandnonlinearobsenability conditionsfail to
verify obsenability; thusa new approachs developed.In bothcaseswe emphasize
how the couplingbetweenrnthe attitudedynamicsandthe shapedynamicscanleadto
asymptoticstability without full damping.

3.4.1 Asymptotic Stability Analysis: C; >0, C, >0

Throughoutthis section,we assumeC, to be positive definite. In this case the
setwhereH = 0 is thesetS = {(w,7)lw = 0, C,# = 0}. Let M bethelargest
invariantsetin S; solutionsin M mustsatisfythefollowing equations:

4(Mia(rr) 3.4.1
—a -0 @40
d MQQ(T')’T“ .
) _ L (ol o) (34.2)
dt 2 or or
C.# = 0, (3.4.3)
where
7 OMoo(r) . 7 OMaa(r) | 1 OMan(r) T
T 22 (=T BUY § n
(T or T) o (T ory " T orn T) €K

Clearly, (r,7) = (r¢,0) is atrivial solutionto theseequations.

The generalconditionsfor asymptoticstability may be obtainedusing the con-
ceptof “local distinguishability”in [6]. We presenta sufficient conditionusingthe
concepbf nonlinearobsenability [4, 7]. Notethat(3.4.2)canbewritten as

i P
| T | M T (1) , o I 3.4.4
[T] [Mzzl(r){ — Moy (r)i + %(T‘T aMgi( )7-) _ a‘gr( )}] ( )

Fm#)

andwe defineanoutputfunctionaccordingto equationg3.4.1)and(3.4.3)

y = lMl‘z(T)T' + Mo (r) Myt (r){ — Moo (r)i + %(i‘T 8M§:(T)7'“) — axgﬁr) }] 7

C.r
h(ry#)
(3.4.5)
whereh = (hy,--- ,h2,) andeachh; is a scalarfunction of (r,7). Denotethe

obsenability co-distribution [4, 7] by dO definedas:

dO(r,ﬁ):spar{dL’}hi(r,ﬁ), i=1,---,2n, k=0,1,---}.
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Proposition 3.4.3. Assume(C, > 0. The equilibrium is asymptoticallystable if
rank{dO} = 2n at (r,7) = (r,0).

Proof. If rank{dO} = 2n holdsat (r,7) = (r¢,0), thenthe systemdescribedy
(3.4.4)—(3.4.5)s locally obserableat (r.,0) [4, 7]. This meanshatthereexistsa
neighborhood’ of (r.,0) suchthatfor any initial conditionin V, theoutputy(¢) =
0, t > 0if andonly if theinitial conditionis equatto (., 0). Thisshavsthattheonly
solutionin V thatliesin theinvariantsetM is thetrivial solutionr(t) = r., ¢t > 0.
Hence theequilibriumis asymptoticallystable. O

Checkingthe obsenability rank conditionusingthe obsenability co-distritution
may require complicatedcomputations;a restrictve but computationallytractable
conditionis basedon linearizationof (3.4.4)—(3.4.5)at the equilibrium. Because
obsenability of thelinearizedsystemimplies obsenability of the nonlinearsystem,
we have thefollowing result.

Coroallary 3.4.1. Assume’, > 0. Let

0%Vy(re)
or2

Thentheequilibriumis asymptoticallystableif thefollowing pair is observable

K, =

([_Mm(”)Mi’l(”)K“ Gl —M{zlo(re)Ks ﬂ)

Remark 3.4.1. A restrictivebut easilyverifiedsuficientconditionis thattheinter-
sectionof thekernelof M;5(r.) andthekernelof C,. only containsthezeo element.
Notethatif Mi2(r.) hasfull columnrank (which impliesthat the numberof shape
degreesof freedoncannotbe more thanthree),thenthe condition

Ker(Mlz(T‘e)) n KEr(Ca) = {0}

holdsregardlessof C,, evenwhenC,. = 0. Thisobservatiorshowsthat asymptotic
stability can be achievedvia couplingbetweerthe attitudedynamicsand the shape
dynamicswithoutfull dampingin the shapedynamics.

Remark 3.4.2. Supposéll,» and M», are constantfor all » € @), andthe elastic
potentialenegy V;(r) = 1(r — ro)T K,(r — r.), whee K, is a positivedefinite
constantmatrix. Thenthelinear observabilityconditionin Corollary 3.4.1is alsoa
necessargonditionfor asymptoticstability.

3.4.2 Asymptotic Stability Analysis: C, >0, C, >0

Throughoutthis section,C,. is assumedo be positive definite, i.e., the shape
dynamicsare fully damped. In this case,the setwhere H = 0 is thesetS =
{(w,7)|Cow = 0, 7 = 0}, i.e., w(t) is in the kernelof C, while r(¢t) = r. for
someconstantr. in a smallneighborhoodf r.. Let M bethelargestinvariantset
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of solutionsof (3.2.2)thatlie in S. Thesolutionsw(t) thatlie in M mustsatisfythe
following equations:

Mi(r)o = [Mi(r)w] x w, (3.4.6)
Moy (ro)r = %(WTBM;(TC)LU)—GVBYC), (3.4.7)
Cow = 0, (3.4.8)

where

7OMu(re) \ _ ( rOMu(re) — pOMi(re) \T _ s
(w o w)-(w ar w, , W ar w) e R".

Usingasimilarargumentasin theproofof Propositior3.4.2,we seethattheequi-
librium is asymptoticallystableif andonly if the solutionw(t) in M is identically
zero.To seethis, notethatthemagnitudeof I1(¢) = M (r.)w(t) is conseredalong
thesolutionsin M. Thusif w(¢t) # 0 atsomet > 0, then||II(¢)||» cannotapproach
zero,which contradictsasymptoticstability. The sufiiciency follows from the fact
thatif w(t) = 0,t > 0 liesin M, thenr. mustequalr..

The obsenability rank condition[4, 7] fails to shov (nonlinear)obsenability at
the equilibrium when C,, is strictly positve semi-definite. In fact, let (3.4.6) de-
scribethe solutionw, anddefinean outputfunction accordingto (3.4.7)—(3.4.8).It
canbeshavn thattherank of the obsenability co-distritution evaluatedat the equi-
librium w = 0 is equalto rankC,). Thusif C, is strictly positive semi-definite,
the obsenability rank condition, which is only sufficient, doesnot guarantedocal
obsenability or asymptoticstability. In thefollowing, we provide analternatve ap-
proachthatleadsto necessargndsufficient conditionsfor asymptoticstability when
C, is strictly positive semi-definite.

A. Propertiesof solutionsin theinvariant set

Wefirst studysolutionsof (3.4.6)—(3.4.8py representing by thefollowing time-
seriesexpansion

ok
w(t) =by + Zbky’
k=1

whereb, € R3,k = 0,1, -- -, areconstaniandeachb;, canbe viewed asthe k-th
ordertimederivative of w(t) att = 0. Substitutinghis seriesexpansioninto (3.4.6)—
(3.4.7)andequatingheordersof time, we obtainthefollowing (nonlinear)algebraic
equations

k

My (re) _ 1 _
Tbk—i_l = ; lil(rc)b] X bkfj, k= O, 1,2, s (349)
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and

pOMre)y y _ OVlre), (3.4.10)

1
My (re)by = §(b0 ar or

M21(T'C) o 1 k 1 T@Mu(?‘c) ]
b =50 AT (bj = bk_J), E>1. (3.4.11)

Jj=0

To be morespecific,we list thesealgebraicequationsup to orderthreeasfollows:

Mii(re)br = Mii(re)bo X by,
My (re)by = Myy(re)bo x by + Myy(re)by X bo,
1 1 1
§M11(Tc)b3 = ngl(Tc)bO X by + Mi1(re)bi X by + §M11(Tc)b2 x by,
and
_ Ll p0Mu(re) OVy(re)
oo = () )
OM;iq(re)
_ T
My (re)bs = (bo B e— bl);
1 _ 1 T@Mn(rc) TaMn(T’c)
5M21(T6)b3 T2 (2b0 TbQ +b Tbl)'
In addition,it is clearthat(3.4.8)holds,i.e.,
Cow(t) =0fort >0,
if andonly if
Coby =0, k=0,1,2,---. (3.4.12)

We concludethatw(t) is asolutionof (3.4.6)—(3.4.8)f andonly if b;, k > 1, gener
atedfrom (3.4.9)for agivenb, satisfyequationg3.4.10)—(3.4.1patsomer..

Onecansolve b, k > 1, recursvely via thealgebraicequation(3.4.9)for agiven
bo; this definesa sequenceb,, k& > 0}. Thus(3.4.9) canbe viewed asa gener
ating equation,while (3.4.10)—(3.4.12an be viewed as constraintequationsfor
bk, k > 0. Solvingthealgebraicequation(3.4.9)for thesolutionw(¢) is mucheasier
thansolvingtheoriginal nonlineardifferential(3.4.6). Moreover, this makesit possi-
ble thatasymptoticstability conditionsaredescribedy simplealgebraicequations,
which areeasyto checkvia computationatools.

Thefollowing propertiescanbe easilyverifiedfor b, generatedrom (3.4.9):

P1. If bp = 0, thenb, = 0forall k > 1 andw(t) =0, ¢t > 0;
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P2.1f by = 0, thenb,, = 0 for all k > 2 for ary by, andthusw(t) = by for all

t>0;
P3.Forary j > 1,if b; = bj41 = --- = baj—1 = 0, thenb, = 0forall k > 2j
regardlessvhatbo, b1, - - - , bj_1 are;in thiscasew(t) = Z’ > b tz,, t>0.

We shaw two resultsthatwill beusedfor the subsequerdnalysis.

Lemma3.4.1. Letbg,k > 1, be geneatedvia (3.4.9)for by. Thenthe identity
Zf:o CkbT My (re)by—; = 0 holdsfor k = 1,2,---, whee C} = ﬁ

Proof. Notethat
Wl () My (ro)a(t) = wT (t) (Mn(rc)w(t) X w(t)) =0 forall t >0

and

d(w™ () My (re)w(t))

yr = 2w (t) My (rc)w(t) = 0, forall ¢ > 0.

Hencew® (t) My, (r.)w(t) is constanfor all ¢ > 0. Moreover because

WT ()M (r)w(t) = (ib EY Mt (sz )

= J!

00 k
= Z(Zéb My (re)br— J)t = constant

k=0 ]ZOJ‘k_ J)!

forallt > 0, we have

1
Zﬁb M1 (re)bg—j = 0 forall k > 1.

J:
As aresult,

k

k!
chbTMll Te bkf‘] = Z ﬁb Mll(’l"c)bk j = 0 k > 1.
j=0

Lemma3.4.2. Letbg, k > 1, be generatedvia (3.4.9) from by. Suppose, €
spar(by, b1 ), thenb;, € spar(bo, b;) forall k > 0.

Proof. We shaw this by induction. Clearly; b, b1, b2 € sparibo, bl), following
from the given conditions. Assumeb; € sparfby, b1) for j = 0,1,2,--- , k, where

k > 2. Thereforep; canbeexpressedash; = e9bg + €}b; for realnumberSeg’, i
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RecallingC} = sy andusingy_5_, Chedel ;=7 Ckele) ., wehave

M11(7“c)bk+1

k
= ZCfMll(Tc)bj X bk_j,
=0
k
= Z CJ]-CMH(TC) (e?bo + e}bl) X (62_3-[)0 + ellc_jbl);
=0

0,1
€jer_; +e ek j

k
= ZCJk [e?egijll(rc)bo x bo + 2

(Mll(rc)bo X bl
=0
+Mi1(re)by x bo) + el-e}c,jMn(Tc)bl X b1],

0
66k1

_|_
&Mu( ¢)bs

k
= ZC [6 ek JMll('f'c)bl 2

Jj=0
—(b{bo)e‘}ekijn (Tc)bo] s

wherewe usetheidentitiesfor b, , b, andtheformula; (r.)b1 xby = (Mn(rc)box

bo) X b1 = (bTMll('f'c)bO)bO — (b’{bo)Mu(’f'c)bo = —(bfbo)Mu(T‘c)bo. Conse-
guently we obtain

k

. +eted .
bist = Y CF [eed_jbi + LA, — 6 ho)efes_sbo] . (3.4.13)
j=0
Hence b1 € sparibo, b1) becausé, € spariby, by). O

Thefollowing resultexpressessymptoticstability conditionsin termsof the se-
quenceby,.

Proposition 3.4.4. AssumeC,. > 0. In any small neighborhood/ of (b,r) =
(0,7¢) € R3*™ if for any (by,r.) € U with by # 0, there exists someb;, gener
atedvia (3.4.9)fromb, thatviolatesoneof the constiaint (3.4.10)—(3.4.1% thenthe
equilibriumis asymptoticallystable

Proof. Supposehe given conditionshold. Thenin ary small neighborhoodf
b = 0 € R®, nosequencgb;} generatedrom nonzerob, is a solutionin the
invariantset M. Considera sequenceb,} with bp = 0. By P1,all b, = 0,k > 1
andthey satisfytheconstraint(3.4.11)—(3.4.12)rivially. Thusb; = 0,k > 0, which
impliesw(t) = 0, t > 0, is theonly solutionin M. This alsoimpliesthatr. must
equalr, usingthe propertiesof V;(r). Hence,the equilibrium is asymptotically
stable. O
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B. Conditionsfor asymptoticstability

Accordingto Proposition3.4.2,the dimensionof Ker(C,), the kernelof C,, (or
thenull spaceof C,), mustbeeitheroneor two for asymptoticstability. We consider
thesecasesndividually.

We refer to the following conditionsas Al: in ary small neighborhood/ of
(b,r) = (0,7.) € R*+", thereexists (bo,r.) € U with by # 0 satisfying:

Al.l Cybg = 0;
Al.2 Mu(’l‘c)bo X by = 0;

Al.3 %(bg%;(”)bo) — OVi(re)

or

Beforeproceedingo thecasedim{Ker(C,)} = 1, we pointouta necessargon-
dition for asymptoticstability whenC, is strictly positive semi-definite.

Lemma 3.4.3. Assume&,. > 0 andAlholds. Thentheequilibriumis notasymptot-
ically stable

Proof. It follows from P2:theconditionsin A1 imply thatin any smallneighbor
hoodof the equilibrium, thereis w(t) = by # 0 for all ¢ > 0 in theinvariantsetM.
This contradictsaasymptoticstability. O

Proposition 3.4.5. Assume’,. > 0 anddim{Ker(C,)} = 1. Thentheequilibrium
is asymptoticallystableif andonly if Al fails.

Proof. It is obviousthatthe necessityollows from Lemma3.4.3.Beforeproving
the sufficiency, we first show for by # 0, (bo, b1) arelinearly independenif b; # 0.
Supposet is not. Thusb; mustbein the form of by = abg for a nonzeroreal a.
Moreover, recallthatb, satisfies

Mn(rc)bl = Mll(’f'c)bo X bo.

Therefore,
bngl(Tc)bl = abngl(TC)bo = bg (Mu(f‘c)bo X bo) =0.
SinceM;, (r) is alwayspositive definite,we have a = 0, which is a contradiction.

Now we shaw the sufficiency usingthe above resultand Proposition3.4.4. It is
clearif Al.1 fails, thenProposition3.4.4holdsat ¥ = 0, which meanghe equilib-
rium is asymptoticallystable. SupposeAl.1 holds. ThusKer(C,) = spaf by} by
the dimensionalassumptiorfor Ker(C,,). Thisimpliesb; € Ker(C,) = spar{bg}
which holdsonly if b, = 0 or equivalently My (r.)by x by = 0. This meansthe
failure of A1.2 implies asymptoticstability. Using the constraint(3.4.10),we also
seethefailureof Al.3impliesasymptoticstability evenif Al.1andA1.2 holds.This
completeghe proof. O
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Next, we studythe casewheredim{Ker(C,)} = 2. We referto the following
conditionsasA2: in ary small neighborhood/ of (b,r) = (0,7.) € R¥*™, there
exists (bo,7.) € U with by # 0 satisfying:

A2.1 bo,bl,bz S Ker(Ca), i.e.,Cabo = Cubr = Chby = 0;

2.2 Moy(re)by = § (b 232y ) — 2%0e) iy (o) = (57 225ty ),

andM21 (Tc)b3 = (Zbgﬂ%lr(rc)lb + b{%lr(rc)bl)y

A2.3 Ot()Oth21(Tc)b0 + (2040 + Oé%)MQl(TC)bl + 2&0%&7‘6) = 0 whenb, 75 0,
where
T T
_b;Mll(Tc)bl and o = _bO b1,
bO Mu(’f‘c)bo Qo

g =

whereby, b2, b3 aregeneratedia (3.4.9)from thenonzerabg.

Proposition 3.4.6. Assume’,. > 0 anddim{Ker(C,)} = 2. Thenthe equilibrium
is asymptoticallystableif andonly if A2 fails.

Proof. We first shawv the necessity SupposeA2 holds. It is clearthatif b, that
satisfiesAl is equalto zero, thenthe equilibrium is not asymptoticallystableby
Lemma??. We now focuson the casewhereb; # 0. Thebasicideafor the proof
in this caseis asfollows: we shav thatall b, £ > 1 generatedia (3.4.9)from the
nonzeroby satisfythe constraint(3.4.10)—(3.4.1punderthe givenassumptionsand
thisimpliesthatin any smallneighborhooaf theequilibrium,thereexistsanonzero
solutionw thatliesin theinvariantset M .

As shawn in the proof of Proposition3.4.5,b, andb, arelinearly independent
if by # 0 (bo # 0 follows from the assumption). Thus spariby, b1) = Ker(C,)
sincebothlie in the kernelof C,. NotethatC,by; = 0 impliesbs € spargby, by).
ThereforeusingLemma3.4.2,all by, € spar{bg, b1) = Ker(C,) fork =0,1,2,---.
This shavsthatall by, satisfy(3.4.12).

We now show thatall b satisfy (3.4.10)—(3.4.11).The conditionsin A2 have
shawn this holdsupto & = 2; we shaw it for theremainingk’s. In thefollowing, we
expresseachby, asby, = edbo+eb; for reale) ande;, asin theproofof Lemma3.4.2.
Thususing(3.4.13),we obtainthecoeficientse  , ande; ,, for bxy1,k > 0 as

k

i1 =00y Cf [(e? + ale})ek_j] : (3.4.14)
7=0
k
ehi1 = Z Cy [(eg + ale;)eg_j] . (3.4.15)

=0
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To simplify the notation,we denotee ande} by ag anda;, respectiely (i.e., by =
agbg + a1 by). It is easyto verify watheequatlonsfor bs andbs that

bf by Mi11by
- 0,
o b Mi1bg <

T
_bl bo = QpQq,

and
bs = 3agaiby + (209 + Otf)bl-

Usingtheseresults we obtainthefollowing identity from A2;

0 (o)) 3040041
[M21(Tc)b0, M1 (re)be, 8VEYC)] 2 & ao+a})
2 0 0

= [(pr2atrdy,),  (by 22ty ), (b{%@bl)]l

OO =
O = O
N DN
=0 Q
= o
|

Therefore
OMi1(r,. OV (e
(b{%bl) = aoalel(’I‘c)bO — (2a0 + a%)M21 (Tc)bl _ 4@0 ag"r )

Moreover, forall £ > 1,

C]’-c (egbo + e}bl)TMu(rc) (e%fjbo + e,lgfjbl)

M=

ZC%TMH re)bp—j =

.
I
<)

[
M;,

o (e 0 b My (re)bo + eheh_ b Mu(rc)bl).

.
Il
o

UsingLemma3.4.1andtheidentity

ag = _b’{Mn(Tc)bl
bngl(Tc)b07
it canbefurthershavn
k
> Ck[efet; - aoelet_;] =0, k>1. (3.4.16)

Jj=0
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With theseresultswe havefor k > 3,

k
3 ck [bTMbk i|= ZC’“[ (bo+ely) IV (0 p et b))

= or = or
6M11(T'C) 6M11(Tc)
_ k T 0,1 T
- Zc [9ek 5 (B =5 b0) + (Jeh; +ejel ;) (b6 5 b1
OMi1(r,
+el ek J(bTigr(r )bl)]
k e 0
+e e
= Qch [6 ek ]le(Tc)bl + %le(rc)bg
=0
k
OVs(re
+e}e,1€_ja0a1M21(rc)bo] + 22 C’J’-c [e?eg_j - aoe;ek_j 6‘5« )

=0

OV (re)
or

k
— z Ckelek j [a0a1M21 (re)bo + (2a0 + a2) My (re)by + 2ag

k
= 2Mo(re)bgs1 — ZCke]ek j [agaan(rc)bo + (20 + a2) Moy (1)
Jj=

OVs(re)
or

following Lemma3.4.2,(3.4.14),(3.4.15),(3.4.16),andA2.3. Thusbg, k > 3, sat-
isfy (3.4.11).Finally, we concludethatin any smallneighborhooaf theequilibrium,
thereexistsanonzerasolutionw thatliesin theinvariantset M. This contradictghe
assumptiorof asymptoticstability.

+2aq ] = 2M>51(rc)br41,

We now shaw the sufficiengy. As in the proof of Proposition3.4.5,the failure of
A2.1andA2.2 impliesasymptoticstability, following from Proposition3.4.4atk =
2. Now supposeéd2.1 andA2.2 hold but A2.3 fails, i.e., apay Moy (r:)bo + (20 +

a%)M21(rc)b1+2ag%(:c) # 0 for somenonzerd, andb; atsomer,, whereag =
T
—% andaga; = —bd'by. Thisimpliesag < 0. Following the prooffor the
necessnyindusmgzj _o Cejer ;= 6ay, ZJ 0 Crejer ;= 2(8ap+17a7), we
seethat the identities Moy (r.)by = EZFO ch [bTMbk,j , Moy (ro)bs =

Ly o Ch [bT 8Mulre)y, .1 cannotbothhold. Thusby Proposition3.4.4,asymp-
totic stab|I|ty follows. O

We now collectsomeconditionsthatareusefulin thesubsequergxampleshased
ontheaboveresults.As shavn in Lemma3.4.3andin Propositions3.4.5and3.4.6,
akey stepfor asymptoticstability is to checkif thereexistsanonzeraby, € Ker(C,,)
suchthat My1(r:)bo x bp = 0 atary r. in a small neighborhoodf r.. Recall
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thatthis conditionhasbeenreferredto asAl.2. If Al.2 fails, asymptoticstability
is immediatelyestablishedptherwise,we needto checkother conditions. In the
following, we give simplified stepsto checkthis condition.

Proposition 3.4.7. Assume’,. > 0. For each r, in a neighborhoodf r,, letU =
(uf,ud ,ul)T, uI' € R® bea unitary matrix that diagonalizesiM; (r.). Thenthe
following statementsire true:

1. Assumaall eigervaluesof M, (r.) are equal. ThenAl.2neverfails at r: it
holdsfor anyb, € R?;

2. Assumexactlytwo eigervaluesof My, (r.) are equal. Then

2.1 In thecasedim{Ker(C,)} = 1, Al.2fails at r. if andonlyif Ker(C,) N
{spar(ud)uspar(ui,ul)} = {0}, wherul correspondso thedistinct
eigervalue;

2.2 In thecasedim{Ker(C,)} = 2, Al.2neverfails at r., i.e., there always
existsa nonzeo by € Ker(C,) sudthatAl.2holdsatr,;

3. Assumaall eigervaluesof My, (r.) are distinct. ThenAl.2fails at . if and
onlyif ul ¢ Ker(C,),i=1,2,3.

Proof. Since My (r) is symmetricand positive definite for all r, it canbe di-
agonalizedby a unitary matrix U at ary fixedr, i.e., My; = UTAU atr., where
A = diag(A1, A2, A3) is diagonal. Moreover, we canalwaysassumelet(U) = +1
(sinceif det(U) = —1, we canchoosehe unitary matrix thatsimultaneouslyliago-
nalizesM;, (r.) andC, as—U). ThisimpliesU canberegardedasarotationmatrix
in SO(3). With theseresults we express

MnmwmwN:@ﬂMmQx%:UTKMMQx(m@L

wherewe useU(v x w) = Uv x Uw for ary v,w € R® andU € SO(3). Let
h = (h1, h2, h3)T = Uby € R?, wefurtherhave

(A2 — A3)
Mi1(re)bo x b =UT (A3 — A1)

hohs
hshy | . (3.4.17)
hyho

(M = )\2)]

With this result,we seethatStatementl. holds.Now we showv Statemeng. With-
out lossof generality we assume\; = Ay # A3. We seefrom (3.4.17)thatAl.2
holdsfor a nonzerob, if andonly if ki3 = 0 or by = hy = 0 but not both. Since
bo = U7Th, this conditionis equivalentto by € sparfuf,ul) or by € sparful).
HenceStatemen®.1 holds. Whendim{Ker(C,)} = 2, we claim that theremust
be somenonzerob, € Ker(C,) thatlies in spafuf,ul). To seethis, notethatif
the claim was not true, thenthe planeof Ker(C,) mustbe parallelto the planeof
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sparful’, ul) but this contradictghe factthat the two planesintersectat the origin.
Hence,Al1.2 alwaysholdsin this case. This shows that Statemen®.2 is true. Fi-
nally, we prove Statemen8. In this case,using(3.4.17),we seethat A1.2 holds
for a nonzerob, if andonly if two of (hy, hs, h3) arezero,which is equivalentto
bo € spar{ul) U sparful’) U spar{ul’). ThusStatemens holds. ]

The following result, which only requiresknowledgeof M4 (r) atr,., follows
from Statemen8, Proposition3.4.5,andthe continuity of M (r).

Corollary 3.4.2. AssumeC,. > 0. If all eigervaluesof M, (r.) are distinct, then
there existsa positivesemi-definite”, with dim{Ker(C,)} = 1 sud that the equi-
librium is asymptoticallystable

Anotherresultis adirectconsequencef Statementd.

Corollary 3.4.3. AssumeC,. > 0, and in any small neighborhood/ of (b,r) =
(0,7¢), there exists (bg, r.) € U with by # 0 andby € Ker(C,) sud thatall the
eigervaluesof My, (r.) are equaland that %(b{ 8Mgr(“)b0) = avg(:c), thenthe
equilibriumis notasymptoticallystable

Coroallary 3.4.4. Assume’,. > 0 andin anysmallneighborhoodV of r., there ex-
istsar. € V sud that My1(r.) and C, are simultaneoushdiagonalizableby a

unitarymatrixandthat%(bTaMgilr(”)b) = 2%elre) holdsfor anyb € Ker(C,)NW,

wher W is any smallneighborhoof 0 € R®. Thenthe equilibriumis asymptoti-
cally stableif andonlyif C,, is positivedefinite

Proof. The sufliciency is obvious; we show the necessity Let U be the unitary
matrix that simultaneouslydiagonalizesi;; (r.) andCy, i.e., My (r.) = UTAU
andC, = UTAU, whereA andA arediagonalmatricesandU € SO(3)asshowvn
in theperviousproposition.Moreover, leth = (hy, ha, h3)T = Ubg, My1(re)bo x by
canbe expressedn theform in (3.4.17). Suppose&’,, is not positive definite. Then
at leastone of the diagonalelementsof A is zero; without loss of generality we
assumethe first elementto be zero. Chooseby = eU7Te;, wheree # 0 and
e = (1,0,0)T, thUSCab() = eUTAel = 0andh = (hl,hz,hg)T = Ub() = €€q,
thushy = hg = 0. Thisimplies My (r.)bg x bp = 0. Thesecondconditionmeans
that% (bOTaMgilr(“)bo) = ‘wg—(:“) holdsfor the by definedabovein any smallneigh-

borhoodof (b,7) = (0,r.) by choosing|e| sufiiciently small. Hence,in ary small
neighborhoof (b,7) = (0,r.), all theconditionsin Al aresatisfied. Thereforeby
Lemma3.4.3,we claim theequilibriumis notasymptoticallystable. O

3.5 Examples

In this section,we apply the generalresultsin the previous sectiongto two classes
of multibody attitude systems:one classincludesan elasticrotational degreesof
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freedom the otherclassincludesanelastictranslationadegreesof freedom.

3.5.1 A Multibody Attitude System with Elastic Rotational
Degrees of Freedom

A. Systendescriptionand equationsof motion

Theelasticsubsystentonsistof n elasticrotationalcomponentshatareattached
to the basebody throughrotationallinear elasticsprings. We further assumethe
centerof massof the systemwhich is constanandindependenof shapejs always
atthepivot point. Thusgravity hasno influenceon the dynamics.

All then componentareassumedo have an axial symmetricmassdistribution
with respectto their rotation axes which are fixed with respectto the basebody.
Moreover, they are assumedo have identical physicalproperties. Let m,. be the
identical massof the rotationalcomponents.Denotethe constantmomentsof in-
ertia of eachrotationalcomponentoy J; alongits spin axis and by J,. alongits
trans\erseaxes. Define a body-fixed orthogonalcoordinateframe for eachcom-
ponentwith origin at the centerof the componento thatits first axisis alongthe
spinaxis of the component.Let the rotationmatrix from the ¢-th componenframe
to the basebody framebe R;. It canbe shavn that the inertia matrix J; of the -
th rotationalcomponentexpressedn the basebody coordinateframe, is given by
Ji = R;diag(J,, J;, J,)RT. Choosea basebody coordinateframe whoseorigin
is locatedat the pivot point. Let p; be the constantpositionvectorof the centerof
massof thei-th componentand Jg betheinertiamatrix of the basebody, both ex-
pressedn thebasebody coordinatesThe shapecoordinatesrer = (¢1,- -+ , ¢n),
therotationanglesof the components.

LetV,(r) = 3rT K,r betheelasticpotentialenegy, where K, is symmetricand
positive definite,andwithoutlossgeneralitywe assumehatzeroshapecorresponds

to zeroelasticpotentialenegy. Thereduced_agrangians

T
N 1 w Mll M12 w 1 T
L(w,r,r)—i(i) [ME; Mas | i — 3" K,r,
where

n
My =Jp + Z (m.pypi+J;), Mz =Js[Rier, ---, Rper], Moy = J,I,.

i=1

Note thatall the inertia matrix componentsire constantandareindependenof the
shape. Moreover, R;e; in M12 denotesthe direction of the spin axis of the i-th
componentexpressedn the basebody frame. We call the rotationalcomponents
“independent’if R;e1, i = 1,---,n, arelinearly independent.The equationsof
motionaregivenby

Mll M12 w _ II xw Ca(/J
BT e
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Clearly, (w,r,7) = (0,0, 0) is anisolatedstableequilibriumof (3.5.1). Furthermore,
becauseheequilibriumis globally stable we have:

Proposition 3.5.1. Theequilibrium (w,r,7) = (0,0,0) is globally asymptotically
stableif andonlyif it is locally asymptoticallystable
B. Asymptoticstability analysis:C, > 0, C,. > 0.

It is easyto seethatthis casesatisfiesll theconditionsin Remark3.4.2. Thuswe
obtain:

Corollary 3.5.1. AssumeC, > 0. Theequilibriumis asymptoticallystableif and
only if thefollowing pair is observable

_ 0 I
([_M12M221Ksy c.l, [_Mles (;L])

Coroallary 3.5.2. Assum&”, > 0. Thefollowing statementsold:
1. Suppos¢henumberofrotationaldegreesof freedonis nomorethanthreeg i.e.,

1 < n < 3, andthey are independentThenthe equilibriumis asymptotically
stableregardlessof the shapedampingC,..

2. Supposdhere are more than three rotational degreesof freedom,of which
three are independent. Thenthe equilibrium is asymptoticallystableif the
remaining(n — 3) degreesof freedomare fully damped.

C. AsymptoticStability Analysis:C,. > 0, C, > 0

In this casethe shapes fully damped.Theequationghatcharacterizea solution
w(t) in theinvariantset M aregivenby

Mlld) = an X W, Mgld) = —KST'C, Caw = 0,

wherer,. is someconstant.Theresultsin Section4.2 canbe greatly simplifiedand
refinedusingthefactthat M is constantThefollowing propositiondescribessymp-
totic stability conditionsfor this case Particularly, we obtainconcretenecessarand
sufficient conditionsfor thecasedim{Ker(C,)} = 1.

Proposition 3.5.2. AssumeC,. > 0. LetU = (u¥,uf,uI)T be a unitary matrix
thatdiagonalizesM;,, Wheleu;f” € R3. Thefollowing statement$old:

1. Assumall eigervaluesof M;; are equal. Thenthe equilibriumis asymptoti-
cally stableif andonlyif C,, is positivedefinite

2. Assumexactlytwo eigervaluesof My, are equal.
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2.1. Supposdaim{Ker(C,)} = 1. Thenthe equilibrium is asymptotically
stableif andonlyif Ker(C,) N{span(u?)uspar(u?,u)} = {0}, where
u? correspondso thedistincteigervalue

2.2. Supposeim{Ker(C,)} = 2. Thentheequilibriumis notasymptotically
stable

3. Assumall eigervaluesof M, aredistinct.

3.1. Supposalim{Ker(C,)} = 1. Thenthe equilibrium is asymptotically
stableif andonlyif ul ¢ Ker(C,) fori =1,2,3.

3.2. Supposdaim{Ker(C,)} = 2. Thenthe equilibrium is asymptotically
stableonlyif u] ¢ Ker(C,) fori =1,2,3.

Proof. Wefirst simplify conditionsAl andA2 usedin Lemma3.4.3andin Propo-
sitions3.4.5and3.4.6.Since M1, is constantAl.3is satisfiedf andonly if . =0
andfor all by € R3. Thuswe remove this conditionfrom consideration. There-
fore, satishctionof Al is equialentto existenceof a nonzerob, € Ker(C,) sat-
isfying M11b9 x by = 0, or equivalently the conditionAl1.2. Similarly, usingthe
factthat M, is constantwe seethat satishctionof A2 is equivalentto existence
of a nonzeroby andr. satisfying (bo,b1,b2) € KerC,) and M21by = —K,r,
M21b2 = 0, M21b3 =0, aoalelbo + (20&0 + a%)Mmbl + 2C¥()Ks’f‘c = 0 when
by # 0, whereag, a; aregivenin A2.3.

We usethesesimplified conditionsand Proposition3.4.7to prove the statements.
If all theeigervaluesof M;; areequal,thenAl.2 holdsfor ary by # 0. Thismeans
Al is satisfiedfor any by # 0. By Lemma3.4.3,the equilibriumis asymptotically
stablef andonlyif C, is positvedefinite. The Statemen®.1followsfrom Statement
2.1in Proposition3.4.7, the simplified A1 condition and constantiM;;. We now
prove Statemeng.2. By Statemeng.2in Proposition3.4.7 ,we seethattherealways
exists a nonzeroby € Ker(C,) suchthatb; = 0 which impliesby, = b3 = 0
andr, = 0. ThusA2 holdsfor suchby. By Proposition3.4.6,the equilibriumis
not asymptoticallystable. StatemenB.1 is dueto Statemen8 in Proposition3.4.7
andthefactthatAl is equivalentto Al.2; StatemenB.2is a directconsequencef
Statemen8 of Proposition3.4.7:if oneof u] liesin Ker(C,), thenwe canalways
find a nonzeroby, € Ker(C,) suchthatb; = 0, which leadsto b2 = b3 = 0 and
r. = 0. HenceAz2 is satisfiedandthe equilibriumis notasymptoticallystable. O

It canbeseerfrom Proposition3.4.7thatit is moredifficult to achiesze asymptotic
stability whendim{Ker(C,)} = 2. This agreeswith physicalintuition. Note that
Statement3.2 only gives a necessarycondition for asymptoticstability; we now
present sufficient conditionthatmakesuseof couplingeffectsbetweertheattitude
dynamicsandthe shapedynamics.

Corollary 3.5.3. Assum&. > 0 andassumehatC, satisfies

dim{Ker(C,)} = 2 and u] ¢ Ker(C,) fori =1,2,3.
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Moreover, supposeank{ M>;} = 3. Thentheequilibriumis asymptoticallystable

Proof. We shaw in thefollowing that M51b2 # 0 for any by # 0 underthegiven
conditions.Thisthusimpliesthefailureof A2 andleadsto asymptoticstability. Note
thatif u) ¢ Ker(C,) fori = 1,2,3 holds,thenfor ary nonzerob, € Ker(C,), by
cannotbe zero. Supposéboth by andbs lie in Ker(C,). (If they arenot, we have
asymptoticstability.) As shown in Proposition3.4.6,b> = agbg + a1by, Where
ag < 0. Recallthat (b, b1) arelinearly independenasshavn in Proposition3.4.5.
Thereforep, # 0. Consequentlyif rank(M»1) = 3, thenM»; b2 # 0 asdesired. O

Corollary 3.5.4. Assum&’,. > 0 andsupposel;; and C, are simultaneouslyli-
agonalizableby a unitary matrix. Thenthe equilibriumis asymptoticallystableif
andonlyif C, is positivedefinite m|

Thisresultis a consequencef Proposition3.4.6andconditionAl andhassome
interestingimplications. It shaws thatif both A, andC, arediagonalor all the
eigervaluesof M;; areequal bothspecialcaseof Corollary3.5.4,thenC, mustbe
positive definitefor asymptoticstability.

We presentanexampleto illustratetheseobsenations.

Example. Considera multibody attitudesystemwith thefollowing inertiaand
dampingassumptions:

Ju Jiz 0
My =|Ji2 Joz 0| >0, Ji2#0, C,=diageci, cz, c3) > 0.
0 0 Js3

We considertwo cases:

1. Assumedim{Ker(C,)} = 1. If ¢ = 0,¢c2 > 0,¢3 > 0o0rif ¢; > 0,c0 =
0,c3 > 0, thenthe equilibrium is asymptoticallystable. If ¢; > 0,¢0 >
0, c3 = 0, thentheequilibriumis notasymptoticallystable. Theseconclusions
follow from Proposition3.5.2. In fact, considerthe first casewhereC, =
(0, ¢z, c3). Choosey = e; € Ker(C,,); weobtainMi1bg x bg = —Ji2e3 # 0.
This shovs asymptoticstability.

2. Assumedim{Ker(C,)} = 2. If ¢1 = ¢2 = 0,¢3 > 0, thentheequilibriumis
not asymptoticallystable. To seethis, let V € R?*2 be a unitary matrix that
diagonalizesheupper2 x 2 block of M;;. Thusthefollowing unitary matrix

VvV o
7=[o
simultaneouslydiagonalizesi/;; andC,. Therefore the equilibriumis not
asymptoticallystable.If ¢; > 0,c2 = ¢c3 = 00rce > 0,¢1 = ¢3 = 0, then
theequilibriumis notasymptoticallystablebecauseve canchoosehy = e3 €
Ker(C,) suchthat M11bg x bp = 0.
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3.5.2 A Multibody Attitude System with Elastic Trandational
Degrees of Freedom

A. Systendescriptionand equationsf motion

The elasticsubsystemsonsistof n idealizedmassparticlesthat areattachedo
the basebody throughlinear elasticsprings. We assumehat the particlesare con-
straintedto translatdn a symmetricmodesuchthattheir motionsdo notchangethe
centerof massof thesystemwhichis assumedo beatthe pivot point. Thusgravity
doesnotinfluencethe dynamics.

We choosea basebody coordinateframewith its origin at the pivot point. Let
Jp denotethe inertia matrix of the basebody expressedn this frame. Eachmass
particleis assumedo translatealonga particulardirectionfixed with respecto the
basebodythatis denotedoy the unit vectory;. The shapecoordinater; denoteghe
position alongthis directionwith respectto the basebody frame. Thusthe shape
coordinatesrer = (rq,--- ,7,). Let p;o denotethe constanbffsetpositionvector
from theorigin to zeroshapg(i.e.,r; = 0) of i-th massparticle,assumingo elastic
deformationatthe zeroshapethisis assumedo correspondo zeroelasticpotential
enegy. The positionvectorsof the massparticlesexpressedn the body coordinate
framearep;(r) = pio + riv;, i = 1,--- ,n andthemassof thei-th masspatrticleis
denoteddy m;.

Let theelasticpotentialenegy be V,(r) = ir” K,r, whereK, definesthe stiff-
nessamatrix of theelasticsubsystenand K ; is assumedo be symmetricandpositive
definite. Thereduced_agrangians

T
N 1 (w Mn(T) Mlg W 1 T
L(w,r,7) = 3 (r) [ ML M| s — 35" K,r.
whereMyy (r) = Jg+> 1 mip; (r)pi(r), M1z = [my(proxv1), -+, Mn(pno ¥
vn)], and My, = diag(mi,--- ,m,). Note thatthe matricesMi» and M,, are

constananddo not dependon the shape.The equationsof motion for the damped
multibody attitudesystemaregivenby

My (r) M| |0 _ _MH(T)?J+HXw  [Caw 552)
ML M| |#] — W—Kﬂ Ci | 5.

wherell = M, (r)w+M; 27 istheconjugateangulamomentumClearly (w, r, 7*) =
(0,0,0) is anisolatedstableequilibriumof (3.5.2).

B. Asymptoticstability analysis:C, > 0, C. > 0

It is easyto seethatall the conditionsin Remark3.4.2 are satisfiedin this case
since M, and My, areconstantandV(r) = %rTKSr. Hence,Corollaries3.5.1
and3.5.2areapplicableto this case.

An interestingspecialcaseis thatall the offsetpositionvectorsp;o = 0. In this
case,M,, is identically zero. By Corollary 3.5.5,we concludethatthe equilibrium
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is asymptoticallystableif andonly if the pair (C,., M,,' K,) is obsenable. Note
thatthis conditionis muchmorerestrictive thanthe generalconditionfor M5 # 0.

Since M, characterizethe couplingbetweerthe attitudedynamicsandthe shape
dynamicsthis obsenationdemonstratethatthis couplingcanprovide animportant
mechanisnfor asymptoticstability.

C. Asymptoticstability analysis:C,. > 0, C, >0

In thiscasetheshapedynamicsarefully damped.Theequationghatcharacterize
asolutionin theinvariantsetaregivenby

My (re)e = My (ro)w x w, Mbo= K., Cuw=0,
for someconstantr..

We now obtain asymptoticstability conditionsusing the structureof M (r).
Notethat M4 (r) canbewrittenas

n n n
My (r) =Jg+ Y mibipio + »_m; (f)%ﬁi + /V\z'Tﬁz'O)Ti +> mipf vir},

i=1 i=1 i=1
andwe canwrite
M
(75 )
ma (pro x b)" (v1 x b)
=2 : +2diag(mi|[v x|, -+ , mallvnxb3) -
M (Pro X b)T(I/n x b) b a0) g

~ 7

E‘('b)

ThusconditionAl.3is equivalentto E(b) = —[K; — G(b)]r. SinceK is positive
definiteandis invertible, for sufiiciently small||b||, G(b) is sufficiently smallsothat
K, —G(b) isinvertible. Thuswe seethatby choosingr. = —[K, — G (bo)] "  E(bo),
Al.3is satisfiedfor ary sufficiently smallby. Usingthis obsenation,we obtainthe
following resultsimilarto Corollary 3.4.2.

Corollary 3.5.5. Assume’, > 0 andsupposeall eigervaluesof My,(0) = Jg +
S mipsePio aredistinct.LetU = (uf, w3 ,ul )T beaunitary matrix that diago-
nalizesM1; (0), wheeu! € R?. Thentheequilibriumis asymptoticallystableonly
if ul ¢ Ker(C,), i =1,2,3. Moreover, if dim{Ker(C,)} = 1, thenthis conditionis

alsosuficientandsud C, alwaysexists.

We considera specialcaseusingPropositions3.4.7and3.5.2.

Coroallary 3.5.6. Assume”, > 0. Supposehe offsetpositionvectos p;p = 0, ¢ =
1,---,n. Thenthefollowing statementsold:
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1. Assumaall eigervaluesof Jg are equal. Thenthe equilibriumis asymptoti-
cally stableif andonlyif C,, is positivedefinite

2. Assumeexactly two eigervaluesof Jp are equal. Thenthere exista C, with
dim{Ker(C,)} = 1 sud that the equilibrium is asymptoticallystable; the
equilibriumis notasymptoticallystableif dim{Ker(C,)} = 2.

3. Assumall eigervaluesof Jg are distinct. Thenthere existsa C,, satisfying
dim{Ker(C,)} = 1 suc thatthe equilibriumis asymptoticallystable

Proof. Notethatp,y = 0, i = 1,--- ,n, implies My; = 0, M11(0) = Jg and
bT%;(”b) = 2G(b)r. ThusAl.3 andthefirst conditionin A2.2 are satisfied

if andonly if r. = 0 for ary sufiiciently smallb,. Hence the satishctionof Al is
equivalentto satishctionof Al.2. Thestatementthusfollow from Propositior3.4.7.
m|

3.6 Conclusions

In thispapewe have studiedasymptoticstability of a classof multibodyattitudesys-
temsusing passve damping.Emphase$iave beengivento the nonlineardynamics
in anoncanonicaHamiltonianform andto the couplingeffectsbetweerthe attitude
dynamicsand the shapedynamicsthat can enableasymptoticstability. Underthe
statedassumptionsthe equilibrium is always stablein the senseof Lyapuna. A

numberof resultsthat guarantedhat the equilibrium is asymptoticallystablehave

beenobtained. Theseresultshave beenpresentedn both a generalform, and spe-
cific resultshave beenpresentedor typical multibodyattitudeexamples Linearand
nonlinearobsenability rank conditionsleadto asymptoticstability resultswhenthe
attitudedynamicsarefully dampedput they fail for the casewherethe attitudedy-

namicsare partially damped. Our resultsalso suggesthe importanceof coupling
effectsin achiezing asymptoticstability.

A key assumptiormadein this paperis thatthereare no gravity effectsin the
multibody attitudesystem. If the centerof massof the systemdoesnot remainat
the pivot, thengravity effectsmustbe considered.This fundamentallychangeghe
equilibriumstructureof the multibody attitudesystemandits stability properties.
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