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Asymptotic Stability of
Multibody Attitude Systems

�

JinglaiShen,Amit K. Sanyal, andN. HarrisMcClamroch

Abstract: A rigid basebody, supportedby a fixed pivot point, is free to rotatein
threedimensions.Multiple elasticsubsystemsarerigidly mountedontherigid body;
the elasticdegreesof freedomare constrainedrelative to the rigid basebody. A
mathematicalmodel is developedfor this multibody attitudesystemthat exposes
the dynamiccouplingbetweenthe rotationaldegreesof freedomof the basebody
and the deformationor shapedegreesof freedomof the elasticsubsystems.The
modelsareusedto assesspassivedissipationassumptionsthatguaranteeasymptotic
stability of an equilibrium solution. Theseresultsaremotivatedandinspiredby a
1980publicationof R. K. Miller andA. N. Michel [6].
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3.1 Introduction

A photographof thetriaxial attitudecontroltestbed(TACT) in theAttitudeDynam-
ics andControlLaboratoryat theUniversityof Michigan is shown in Figure3.1.1.
Its physicalpropertiesaredescribedin detailin [1], andadetailedderivationof math-
ematicalmodelsfor theTACT is givenin [2, 3]. TheTACT is basedon a spherical
air bearingthat providesa near-frictionlesspivot for the basebody. The stability
problemtreatedin this paperis motivatedby possibleset-upsof theTACT.

Figure3.1.1:Triaxial AttitudeControlTestbed

This paperpresentsresultsof a studyof asymptoticstability propertiesof anab-
stractionof the TACT. This abstractionconsistsof a rigid basebody that is free to
rotatein threedimensions.Multiple elasticsubsystemsarerigidly mountedon the
basebody. Thepapertreatstheuncontrolledmotionof this multibodyattitudesys-
tem.Resultsareobtainedthatguaranteeasymptoticstabilityof anequilibrium.

This paperis motivatedby a 1980publicationof R. K. Miller andA. N. Michel
in [6]. This Miller andMichel paperstudiedanelasticmultibodysystemconsisting
of aninterconnectionof idealmasselementsandelasticsprings.Lyapunov function
arguments,basedon thesystemHamiltonian,wereusedto developsufficientdamp-
ing assumptionsthatguaranteeasymptoticstabilityof theequilibrium.A key insight
wastheuseof observability propertiesto guaranteeasymptoticstability. Thepaper
by Miller andMichel provideda clearanddirectexpositionof theseissues.It was
oneof theearliestpapersto make clearconnectionsbetweenpropertiesof Hamilto-
niansystemsandtheir control theoreticalproperties.During thelast23 years,these
issueshavebeenextensively studied.However, theMiller andMichel paperremains
an importantresourcefor researcherson dynamicsandcontrol of mechanicalsys-
tems.

3.2 Equations of Motion

Considerthe following classof multibody attitudesystems:the basebody rotates
abouta fixed pivot point; seeFigure3.2.1. A basebody fixed coordinateframeis
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chosenwith its origin locatedat thepivot point. We assumethat thecenterof mass
of the systemis alwaysat the pivot point, andthusdoesnot dependon the shape.
This is a restrictive assumption,but we demonstratethat it representsaninteresting
classof multibodyattitudesystems.Thusgravity doesnot affect thedynamicsand
its effectsareirrelevantin thesubsequentanalysis.

Theconfigurationmanifoldis givenby �������
	��������� , �������� (3) with ����� �
representingthe basebodyangularvelocity expressedin the basebody frame. We
use ! � �"� to denote# -dimensionalgeneralizedshapecoordinatesor deformation
of theelasticsystems.Assumingthat thekinetic andpotentialenergy areinvariant
to SO(3)-action,the dynamicsare only dependenton 	 �%$ ! $'&!( . This leadsto the
reducedLagrangianandthereducedequationsof motion.

r i l i
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Figure3.2.1:Schematicconfigurationof a multibodyattitudesystemwith a transla-
tionalelasticdegreeof freedomanda rotationalelasticdegreeof freedom.

Thereducedkinetic energy is givenby) 	 �%$ ! $�&!*�� +, - � &!/.1032547686 	5!9 4:6<; 	�!*4 ;=6 	5!9 4 ;>; 	�!*@?A BDC EFHGJI>K - � &!L. $
where 4 	5!9 is symmetricandpositive definitefor all ! � �"� . Let ML�9	5!9 denotethe
potentialenergyof theelasticsubsystemsthatdependsonly ontheshapecoordinates.
Throughoutthesubsequentanalysis,we assumethat M � 	�!* hasa local minimumat

theshape!ON , i.e., P*QSR GJI<T<KP I �VU and PXWYQXR GJI<T<KP I W Z U .
We obtainthereducedLagrangianon ��� (3) � ) �"� as[ 	 �%$ ! $L&!9�� +, - � &!L.10�2 4 6>6 	5!9 4 6@; 	5!94\;Y6 	5!9 4];8; 	5!9<? - � &!/.3^ ML�9	5!9Y_

Therefore,theequationsof motionfor themultibodyattitudesystemarein theform
of Euler-Poincareequations

4 	5!9 2 &� `!�? � ^ba 4 	5!9a(c 2 � &!d?�ef2 g � �P(h 0 Gji�k I8kmlI<Kon QXR GJI>KqpP I ? $ (3.2.1)
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where g � PSrP i � 4 6>6 	�!* � e 4 6@; 	5!9 &! is theconjugateangularmomentum.It is
easyto verify that the spatialangularmomentumis conservedand sJs g sts ; is a con-
servedquantity;see[8]. In addition, 	 �%$ ! $'&!(u�v	�U $ !ON $ U� is anisolatedequilibrium
of (3.2.1).

We now adddissipationto (3.2.1). We considerlinear passive dampingat the
pivot point of the basebody attitudedynamicsand in the shapedynamicsso that
equation(3.2.1)becomes

4 	�!* 2 &� `! ? � ^ba 4 	5!9a�c 2 � &! ? e 2 g � �P9h 0 Gji�k I8kmlI<Kon QSR GJI>KqpP I ? ^ 25wux �w I &! ? $ (3.2.2)

where wyx �z� �9{|�L$ w I �}� ~L{|~ denoteconstantdampingmatricesthatsatisfy wux �w 0x�� U , w I � w 0I � U , i.e., both aresymmetricandpositive semi-definite.As
before, 	 �%$ ! $�&!9���	�U $ ! N $ U� is anisolatedequilibriumof (3.2.2).

3.3 Conservation of Energy and Lyapunov Stability

Definea noncanonicalHamiltonianbasedon thereducedLagrangian�:	 �%$ ! $'&!9:�) 	 �%$ ! $�&!9 e M��*	5!9�� [ 	 �%$ ! $'&!9 e , ML�9	5!9Y_ This Hamiltoniancanbeviewedasthe
total energy of the system. We now verify that

&���fU alongthe solutionsof the
undampeddynamicsin equation(3.2.1).In fact,a �a�c ��� �� � &� e � �� &! `! e � �� ! &!V��� [� � &� e � [� &! `! e�� � )� ! e � M �� !H� &!|_
Notethat� [� � &� e � [� &! `!�� � ��&!9� 0�4 	5!9 - &� `!L. ��� ��&!(� 0�� ^ &4 	5!9 - � &!L.�e�2 g � �P 0P I ^ P*Q RP I ?"�� ^�� � )� ! e � M �� !H� &! $
whereweuseequation(3.2.1)and� � &! � 0 &4 	5!9 - � &!L. � , � )� ! &!|_
Consequently, �=��>� ��U . This result agreeswith the fact that the total energy is
conservedif thereis no dissipation.

In thecaseof lineardamping,
&� alongthesolutionsof (3.2.2)is givenby

&���^ � 0 wux � ^ &! 0 w I &!��vUd_ Therefore,
&� is negative semi-definite.Moreover, since

theHamiltonianis apositivedefinitefunctionof 	 �%$ ! $L&!9 in any smallneighborhood
of theequilibriumsatisfying�]	�U $ ! N $ U���VU , it is aLyapunov function.Thusby the
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propertythat
&����U alongthesolutionsof (3.2.2),we concludethattheequilibrium	 �%$ ! $'&!(���	�U $ !XN $ U� is stablein thesenseof Lyapunov.

Sinceboth wux and w I aresymmetricandpositivesemi-definite,it is easyto show
thatthesetwhere

&����U is theset������	 �%$L&!9 s wux � �VU $ w I &!¡�VU|¢�_
This resultwill beusedin thesubsequentdevelopment.

3.4 Asymptotic Stability Analysis

We now developconditionson thedampingmatriceswyx and w I andon the inertia
matrix 4 	�!* for (local)asymptoticstabilityof theequilibrium 	 �%$ ! $'&!(���	�U $ ! N $ U� .
Thereadershouldbecautionedthatstabilityhasbeenestablishedfor theequilibrium.
Thus,throughouttheremainingsections,theequilibriumis alwaysstablein thesense
of Lyapunov, evenwhenit is not asymptoticallystable.Theconditionsobtainedin
thesubsequentsectionsareonly for asymptoticstability of theequilibrium.

While generalconditionsfollow from LaSalle’s invarianceprinciple[5], which is
relatedto nonlinearobservability [4, 7], it is non-trivial to obtainconcreteandeasily
verifiedconditions,dueto thenonlineardynamicsandthenoncanonicalform of the
Hamiltonian.We first presenta trivial sufficient conditionandanecessarycondition
asfollows.

Proposition 3.4.1. Assumew x Z U $ w I Z U . Thentheequilibriumis asymptotically
stable.

Proof. The setwhere
&�£��U is equivalentto 	 �%$'&!9"��	�U $ U� . Substitutingthis

result into the equationsof motion, we obtain P*QSR GJI>KP I �¤U , which holdsonly at !ON
in any small neighborhoodof !ON . Consequently, the equilibrium is asymptotically
stableby theinvarianceprinciple. ¥
Proposition 3.4.2. Theequilibriumis asymptoticallystableonly if w xH¦�VU .

Proof. The attitudeequationin (3.2.2)canbe written as
&g � g � � ^ w x � ,

where g is theconjugateangularmomentum.If w x ��U , then sts g 	 c  sts ; ��sts g 	�U� sts ;for all c � U since �O§¨§ © G � K §¨§ WW�>� � , g 0 &g �ªU . Hencefor any initial 	 �%$'&!( in any small
neighborhoodof the equilibrium suchthat g 	�U� ¦��U , sts g 	 c  sts ; ¦��U for all c � U .
Moreover, sincetheequilibriumis stable,4 	�!9 is boundedalongthesolutions.This
impliesthat 	 �%$�&!9 doesnot convergeto zeroas c�«�¬ . ¥

It is a challengeto obtain more concreteconditions. For simplicity, we focus
on two casesin the subsequentdevelopment:the first caseassumeswux to be posi-
tive definite,andthesecondcaseassumesw I to bepositive definite. Thefirst case
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makesuseof the observability rank condition to obtainresultsfor asymptoticsta-
bility. In thesecondcase,both linearandnonlinearobservability conditionsfail to
verify observability; thusanew approachis developed.In bothcases,weemphasize
how thecouplingbetweentheattitudedynamicsandtheshapedynamicscanleadto
asymptoticstabilitywithout full damping.

3.4.1 Asymptotic Stability Analysis: Ca �® , Cr ¯°®
Throughoutthis section,we assumewux to be positive definite. In this case,the

setwhere
&�±�²U is the set �³����	 �%$L&!9 s � �vU $ w I &!��vU|¢ . Let ´ be the largest

invariantsetin � ; solutionsin ´ mustsatisfythefollowing equations:

a � 476@; 	5!9 &! �a�c � U $ (3.4.1)

a � 4 ;8; 	5!9 &! �a�c � +, � &! 0 � 4 ;>; 	5!9� ! &! � ^ � ML�O	�!9� ! $ (3.4.2)w I &! � U $ (3.4.3)

where � &! 0 � 4\;>; 	�!*� ! &! � � � &! 0 � 4\;>; 	�!9� ! 6 &! $¶µ µ µ·$�&! 0 � 4];8; 	�!9� ! ~ &! � 0 �z� ~ _
Clearly, 	5! $'&!(��¸	�!XN $ U� is a trivial solutionto theseequations.

The generalconditionsfor asymptoticstability may be obtainedusingthe con-
ceptof “local distinguishability”in [6]. We presenta sufficient conditionusingthe
conceptof nonlinearobservability [4, 7]. Notethat(3.4.2)canbewrittenas

2 &! `!X? �º¹ &!4 n 6;>; 	5!9 � ^ &4\;>; 	5!9 &! e 6; � &! 0 P F WmW GJI8KP I &! � ^ P*QSR GJI>KP I �/»A BDC E¼ GtI<kmlI8K $ (3.4.4)

andwedefineanoutputfunctionaccordingto equations(3.4.1)and(3.4.3)½ � ¹ &476@; 	5!9 &! e 4:6<; 	5!9 4 n 6;8; 	5!9 � ^ &4\;>; 	5!9 &! e 6; � &! 0 P F WmW GJI8KP I &! � ^ POQ R GJI8KP I �w I &! »A BDC E¾(GJI8kmlI8K $
(3.4.5)

where ¿¸�À	�¿ 6 $Sµ µSµÁ$ ¿ ; ~  and each ¿/Â is a scalarfunction of 	5! $'&!( . Denotethe
observability co-distribution [4, 7] by a � definedas:

a �
	5! $Ã&!��� span� a [yÄ¼ ¿ Â 	�! $'&!( $ÆÅ � + $ µ µSµÃ$ , # $ÆÇ �VU $ + $ µ µSµ � _
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Proposition 3.4.3. Assumew x Z U . The equilibrium is asymptoticallystable ifÈ>É(ÊdË � a ��¢Ì� , # at 	5! $'&!(���	5!ON $ U� .
Proof. If È>É(ÊdË � a ��¢¡� , # holdsat 	�! $Ã&!(��Í	5! N $ U� , thenthesystemdescribedby

(3.4.4)–(3.4.5)is locally observableat 	�! N $ U� [4, 7]. This meansthat thereexistsa
neighborhoodÎ of 	�!XN $ U� suchthatfor any initial conditionin Î , theoutput ½ 	 c ��U $ c � U if andonly if theinitial conditionis equalto 	5!ON $ U� . Thisshowsthattheonly
solutionin Î thatlies in theinvariantset ´ is thetrivial solution !|	 c y��!ON $ c � U .
Hence,theequilibriumis asymptoticallystable. ¥

Checkingtheobservability rankconditionusingtheobservability co-distribution
may requirecomplicatedcomputations;a restrictive but computationallytractable
condition is basedon linearizationof (3.4.4)–(3.4.5)at the equilibrium. Because
observability of thelinearizedsystemimpliesobservability of thenonlinearsystem,
we havethefollowing result.

Corollary 3.4.1. Assumew x Z U . LetÏ �u��� ; M � 	�! N � ! ; _
Thentheequilibriumis asymptoticallystableif thefollowingpair is observable�¡Ð ^ 4:6@; 	5! N  4 n 6;>; 	5! N  Ï � $ w IDÑ $ 2 U Ò ~^ 4 n 6;>; 	5! N  Ï � U ? � _
Remark 3.4.1. A restrictivebut easilyverifiedsufficientconditionis that the inter-
sectionof thekernelof 4:6<; 	5! N  andthekernelof w I onlycontainsthezero element.
Notethat if 4:6<; 	5! N  hasfull columnrank(which impliesthat thenumberof shape
degreesof freedomcannotbemore thanthree),thenthecondition

Ker 	 4:6<; 	5! N <·Ó Ker 	 wux ��³�XU|¢
holdsregardlessof w I , evenwhen w I ��U . Thisobservationshowsthat asymptotic
stability canbeachievedvia couplingbetweentheattitudedynamicsandtheshape
dynamicswithoutfull dampingin theshapedynamics.

Remark 3.4.2. Suppose4:6<; and 4\;>; are constantfor all ! � � � and theelastic
potentialenergy M � 	�!9H� 6; 	5! ^ ! N  0 Ï � 	�! ^ ! N  , where

Ï � is a positivedefinite
constantmatrix. Thenthelinear observabilityconditionin Corollary 3.4.1is alsoa
necessaryconditionfor asymptoticstability.

3.4.2 Asymptotic Stability Analysis: Cr �® , Ca ¯°®
Throughoutthis section, w I is assumedto be positive definite, i.e., the shape

dynamicsare fully damped. In this case,the set where
&�Ô�±U is the set �°���	 �%$L&!9 s wux � �ÕU $Ö&!7�ÕUd¢ , i.e., � 	 c  is in the kernelof wyx while !|	 c Æ�Õ!O× for

someconstant!X× in a smallneighborhoodof ! N . Let ´ bethe largestinvariantset
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of solutionsof (3.2.2)thatlie in � . Thesolutions� 	 c  thatlie in ´ mustsatisfythe
following equations:

4 6>6 	�! ×  &� � Ø 4 686 	5! ×  ��Ù � �%$ (3.4.6)

4\;Y6 	�!X×= &� � +, � � 0 � 4 6>6 	5! × � ! � � ^ � M��O	5! × � ! $ (3.4.7)wyx � � U $ (3.4.8)

where � � 0 � 4:6>6 	5!O×Y� ! � � � � � 0 � 4:6>6 	�!X×=� ! 6 �%$ µ µSµÃ$@� 0 � 4:6>6 	�!X×Y� ! ~ � � 0 �z� ~ _
Usingasimilarargumentasin theproofof Proposition3.4.2,weseethattheequi-

librium is asymptoticallystableif andonly if thesolution � 	 c  in ´ is identically
zero.To seethis,notethatthemagnitudeof g 	 c �� 4:686 	5!O×> � 	 c  is conservedalong
thesolutionsin ´ . Thusif � 	 c  ¦��U at somec � U , then sJs g 	 c  sts ; cannotapproach
zero,which contradictsasymptoticstability. The sufficiency follows from the fact
thatif � 	 c ��VU $ c � U lies in ´ , then ! × mustequal!XN .

Theobservability rankcondition[4, 7] fails to show (nonlinear)observability at
the equilibrium when wux is strictly positive semi-definite. In fact, let (3.4.6) de-
scribethesolution � , anddefineanoutputfunctionaccordingto (3.4.7)–(3.4.8).It
canbeshown thattherankof theobservability co-distributionevaluatedat theequi-
librium � ��U is equalto rank	 w x  . Thus if w x is strictly positive semi-definite,
the observability rank condition,which is only sufficient, doesnot guaranteelocal
observability or asymptoticstability. In thefollowing, we provide analternativeap-
proachthatleadsto necessaryandsufficientconditionsfor asymptoticstabilitywhenwux is strictly positivesemi-definite.

A. Propertiesof solutionsin theinvariantset

Wefirst studysolutionsof (3.4.6)–(3.4.8)by representingit by thefollowing time-
seriesexpansion � 	 c ���Ú=Û e£ÜÝÄYÞ 6 Ú Ä c

ÄÇ'ß $
where Ú Ä �3�à�L$>Ç �¤U $ + $Sµ µ µ , areconstantandeach Ú Ä canbe viewed asthe Ç -th
ordertimederivativeof � 	 c  at c ��U . Substitutingthisseriesexpansioninto (3.4.6)–
(3.4.7)andequatingtheordersof time,weobtainthefollowing (nonlinear)algebraic
equations

4 6>6 	5! × Ç'ß Ú ÄDá 6 � ÄÝâ Þ Û +ã ß 	 Ç ^ ã  ß 47686 	5!X×=8Ú â ��Ú Ä n â $�Ç �VU $ + $ , $Sµ µ µ (3.4.9)
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and

4 ;=6 	5! × 8Ú 6 � +, � Ú 0Û � 4 6>6 	�! × � ! Ú Û � ^ � M��O	5! × � ! ä (3.4.10)

4\;Y6 	5!O×=Ç'ß Ú ÄDá 6 � +, ÄÝâ Þ Û +ã ß 	 Ç ^ ã  ß � Ú 0â � 4:686 	5!O×>� ! Ú Ä n â � $zÇ � + _ (3.4.11)

To bemorespecific,we list thesealgebraicequationsup to orderthreeasfollows:4 686 	5! × 8Ú 6 � 4 686 	5! × 8Ú Û �zÚ Û $4 686 	5! × 8Ú ; � 4 686 	5! × 8Ú Û �zÚ 6 e 4 686 	5! × <Ú 6 �zÚ Û $+, ß 4:686 	5!O×>8Ú � � +, ß 47686 	5!X×Y8Ú=Û¡�}Ú ; e 4:686 	5!O×>8Ú 6 �zÚ 6 e +, ß 4:686 	5!O×>8Ú ; �zÚ=Û $
and

4];=6 	5!X×=8Ú 6 � +, � Ú 0Û � 4:6>6 	5!O×Y� ! Ú=Û � ^ � M � 	5!X×=� ! $
4 ;=6 	5! × 8Ú ; � � Ú 0Û � 4 686 	5! × � ! Ú 6 � $+, ß 4 ;=6 	5! × 8Ú � � +, � , Ú 0Û � 4:6>6 	�!X×=� ! Ú ; e Ú 0 6 � 4:6>6 	5!O×=� ! Ú 6 � _

In addition,it is clearthat(3.4.8)holds,i.e.,w x � 	 c ���Uæå5ç È c � U $
if andonly if w x Ú Ä �VU $ Ç �3U $ + $ , $ µSµ µ _ (3.4.12)

We concludethat � 	 c  is asolutionof (3.4.6)–(3.4.8)if andonly if Ú Ä $>Ç � +
, gener-

atedfrom (3.4.9)for agiven Ú=Û satisfyequations(3.4.10)–(3.4.12) at some!X× .
Onecansolve Ú Ä $=Ç � +

, recursively via thealgebraicequation(3.4.9)for agivenÚ=Û ; this definesa sequence�OÚ Ä $=Ç � U|¢ . Thus(3.4.9) canbe viewed asa gener-
ating equation,while (3.4.10)–(3.4.12)can be viewed as constraintequationsforÚ Ä $>Ç � U . Solvingthealgebraicequation(3.4.9)for thesolution � 	 c  is mucheasier
thansolvingtheoriginalnonlineardifferential(3.4.6).Moreover, thismakesit possi-
ble thatasymptoticstability conditionsaredescribedby simplealgebraicequations,
which areeasyto checkvia computationaltools.

Thefollowing propertiescanbeeasilyverifiedfor Ú Ä generatedfrom (3.4.9):

P1. If Ú=Ûè�3U , then Ú Ä ��U for all Ç � +
and � 	 c ���U $ c � U ;
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P2. If Ú 6 ��U , then Ú Ä �¤U for all Ç � ,
for any Ú Û , andthus � 	 c "��Ú Û for allc � U ;

P3. For any
ã � +

, if Ú â �ÍÚ â á 6 � µ µ µ ��Ú ; â n 6 ��U , then Ú Ä ��U for all Ç � , ã
regardlesswhat Ú=Û $ Ú 6 $Sµ µSµÃ$ Ú â n 6 are;in this case� 	 c ���é â n 6Â Þ Û Ú Â �5êÂìë $ c � U .

We show two resultsthatwill beusedfor thesubsequentanalysis.

Lemma 3.4.1. Let Ú Ä $>Ç � + $ be generated via (3.4.9) for Ú=Û . Thenthe identityé Äâ Þ Û w Äâ Ú 0â 4:6>6 	5!O×Y<Ú Ä n â �3U holdsfor Ç � + $ , $ µ µSµ , where w Äâ � Ä ëâ ë G Ä n â K ë .
Proof. Notethat� 0 	 c  4 6>6 	�! ×  &� 	 c �� � 0 	 c  � 4 686 	5! ×  � 	 c u� � 	 c  � ��U:å5ç È É9ítí c � U

and a � � 0 	 c  4:6>6 	�!X×= � 	 c <�a�c � , � 0 	 c  4 686 	5! ×  &� 	 c ¶�3U $ å5ç È É9ítí c � Ud_
Hence,� 0 	 c  4:6>6 	5!O×Y � 	 c  is constantfor all c � U . Moreoverbecause� 0 	 c  4:6>6 	�!X×Y � 	 c î� � ÜÝâ Þ Û Ú â c âã ß � 0 4:6>6 	�!X×Y � ÜÝ Â Þ Û Ú Â c ÂÅ=ß � $� ÜÝÄDÞ Û � ÄÝâ Þ Û +ã ß 	 Ç ^ ã  ß Ú 0â 4 686 	5! × 8Ú Ä n â � c Ä � constant$
for all c � U , we haveÄÝâ Þ Û +ã ß 	 Ç ^ ã  ß Ú 0â 4 686 	5! × 8Ú Ä n â �VU]å5ç È�É9ítí¡Ç � + _
As a result,ÄÝâ Þ Û w Äâ Ú 0â 47686 	5!X×Y8Ú Ä n â � ÄÝâ Þ Û Ç'ßã ß 	 Ç ^ ã  ß Ú 0â 47686 	�!X×Y8Ú Ä n â �VU $àÇ � + _
Lemma 3.4.2. Let Ú Ä $=Ç � + $ be generated via (3.4.9) from Ú=Û . SupposeÚ ; �
span	mÚ=Û $ Ú 6  , then Ú Ä � span	�Ú=Û $ Ú 6  for all Ç � U .

Proof. We show this by induction. Clearly, Ú=Û $ Ú 6 $ Ú ; � span	�Ú=Û $ Ú 6  , following
from thegivenconditions.AssumeÚ â � span	�ÚYÛ $ Ú 6  for

ã ��U $ + $ , $ µ µSµ'$>Ç , whereÇ � ,
. Therefore,Ú â canbeexpressedas Ú â �ªï Ûâ Ú=Û e ï 6â Ú 6 for realnumbersï Ûâ $ ï 6â .
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Recalling w Äâ � Ä ëâ ë G Ä n â K ë andusing é Äâ Þ Û w Äâ ï Ûâ ï 6Ä n â ��é Äâ Þ Û w Äâ ï 6â ï Û Ä n â , we have

47686 	5!X×=8Ú ÄYá 6� ÄÝâ Þ Û w Äâ 4 686 	5! × 8Ú â ��Ú Ä n â $� ÄÝâ Þ Û w Äâ 47686 	5!X×Y � ï Ûâ Ú=Û e ï 6â Ú 6 � � � ï Û Ä n â Ú=Û e ï 6Ä n â Ú 6 � $� ÄÝâ Þ Û w Äâ Ø ï Ûâ ï Û Ä n â 4:6>6 	5!O×Y<Ú=Û���Ú=Û e ï Ûâ ï 6Ä n â e ï 6â ï Û Ä n â, � 47686 	5!X×Y8Ú=Û¡�zÚ 6e 47686 	�!X×Y8Ú 6 �zÚ=Û � e ï 6â ï 6Ä n â 4:6>6 	�!X×=<Ú 6 ��Ú 6 Ù $� ÄÝâ Þ Û w Äâ Ø ï Ûâ ï Û Ä n â 4:6>6 	5!O×Y<Ú 6 e ï Ûâ ï 6Ä n â e ï 6â ï Û Ä n â, 4:686 	5!O×Y<Ú ;^ 	mÚ 0 6 ÚYÛX@ï 6â ï 6Ä n â 4:6>6 	�!X×=<Ú=Û Ù $
whereweusetheidentitiesfor Ú 6 $ Ú ; andtheformula 4 686 	�! × 8Ú 6 ��Ú 6 � � 4 6>6 	5! × <Ú Û �Ú=Û � ��Ú 6 �Õ	�Ú 0 6 4:6>6 	5!O×Y<Ú=ÛO<Ú=Û ^ 	�Ú 0 6 Ú=ÛO 4:6>6 	�!X×Y<ÚYÛ�� ^ 	�Ú 0 6 Ú=ÛX 4:6>6 	5!O×Y<Ú=Û�_ Conse-

quently, we obtainÚ ÄDá 6 � ÄÝâ Þ Û w Äâ Øqï Ûâ ï Û Ä n â Ú 6 e ï Ûâ ï 6Ä n â e ï 6â ï Û Ä n â, Ú ; ^ 	mÚ 0 6 Ú=ÛO@ï 6â ï 6Ä n â Ú=Û Ù _ (3.4.13)

Hence,Ú ÄYá 6 � span	mÚ Û $ Ú 6  becauseÚ ; � span	�Ú Û $ Ú 6  . ¥
Thefollowing resultexpressesasymptoticstability conditionsin termsof these-

quenceÚ Ä .
Proposition 3.4.4. Assumew I Z U . In any small neighborhoodð of 	�Ú $ !9:�	�U $ !XN  ���à� á ~ , if for any 	�Ú Û $ ! ×  � ð with Ú Û ¦��U , there existssomeÚ Ä gener-
atedvia (3.4.9)from Ú Û thatviolatesoneof theconstraint (3.4.10)–(3.4.12), thenthe
equilibriumis asymptoticallystable.

Proof. Supposethe given conditionshold. Thenin any small neighborhoodofÚ:�±U ��� � , no sequence�OÚ Ä ¢ generatedfrom nonzero Ú Û is a solution in the
invariantset ´ . Considera sequence�*Ú Ä ¢ with Ú Û ��U . By P1,all Ú Ä �¸U $>Ç � +
andthey satisfytheconstraint(3.4.11)–(3.4.12)trivially. Thus Ú Ä ��U $=Ç � U , which
implies � 	 c 1��U $ c � U , is theonly solutionin ´ . This alsoimplies that !X× must
equal ! N using the propertiesof M � 	5!9 . Hence,the equilibrium is asymptotically
stable. ¥
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B. Conditionsfor asymptoticstability

Accordingto Proposition3.4.2,thedimensionof Ker	 wux  , the kernelof wux (or
thenull spaceof wux ), mustbeeitheroneor two for asymptoticstability. Weconsider
thesecasesindividually.

We refer to the following conditionsas A1: in any small neighborhoodð of	�Ú $ !9��¸	�U $ ! N  ��� � á ~ , thereexists 	�ÚYÛ $ !O×Y � ð with ÚYÛ ¦�3U satisfying:

A1.1 wux Ú=Ûè��U ;
A1.2 47686 	�!X×Y8Ú=Û"�zÚ=Ûè�3U ;
A1.3 6; � Ú 0Û P F�ñ�ñYGJI<ò@KP I Ú Û � �¤P*QXR GtI<òóKP I _

Beforeproceedingto thecasedim � Ker	 wyx =¢�� +
, we point out a necessarycon-

dition for asymptoticstability when wux is strictly positivesemi-definite.

Lemma 3.4.3. Assumew I Z U andA1holds.Thentheequilibriumis not asymptot-
ically stable.

Proof. It followsfrom P2: theconditionsin A1 imply thatin any smallneighbor-
hoodof theequilibrium,thereis � 	 c y��ÚYÛ ¦��U for all c � U in theinvariantset ´ .
Thiscontradictsasymptoticstability. ¥
Proposition 3.4.5. Assumew I Z U anddim� Ker 	 wux =¢b� +

. Thentheequilibrium
is asymptoticallystableif andonly if A1 fails.

Proof. It is obviousthatthenecessityfollowsfrom Lemma3.4.3.Beforeproving
thesufficiency, we first show for Ú=Û ¦��U , 	�Ú=Û $ Ú 6  arelinearly independentif Ú 6 ¦��U .
Supposeit is not. Thus Ú 6 mustbe in the form of Ú 6 ��ôàÚYÛ for a nonzeroreal ô .
Moreover, recallthat Ú 6 satisfies4 6>6 	�! × <Ú 6 � 4 6>6 	�! × <Ú Û ��Ú Û _
Therefore,Ú 0Û 4:6>6 	5!O×=<Ú 6 ��ôàÚ 0Û 4:6>6 	�!X×Y<ÚYÛè��Ú 0Û � 4:686 	5!O×Y<Ú=Û¡�zÚ=Û � ��Ud_
Since 4 6>6 	5!9 is alwayspositivedefinite,wehave ô��VU , which is a contradiction.

Now we show thesufficiency usingthe above resultandProposition3.4.4. It is
clearif A1.1 fails, thenProposition3.4.4holdsat Ç �ÍU , which meanstheequilib-
rium is asymptoticallystable.SupposeA1.1 holds. ThusKer	 w x ¡� span�OÚ Û ¢ by
the dimensionalassumptionfor Ker	 w x  . This implies Ú 6 � Ker	 w x ¡� span�OÚ Û ¢
which holdsonly if Ú 6 ��U or equivalently 4:6>6 	�!X×Y8Ú=Û��ÖÚYÛÆ��U . This meansthe
failure of A1.2 implies asymptoticstability. Using the constraint(3.4.10),we also
seethefailureof A1.3 impliesasymptoticstabilityevenif A1.1andA1.2holds.This
completestheproof. ¥
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Next, we studythe casewheredim � Ker	 w x =¢õ� ,
. We refer to the following

conditionsasA2: in any small neighborhoodð of 	�Ú $ !9���	�U $ !XND ��� � á ~ , there
exists 	�Ú Û $ ! ×  � ð with Ú Û ¦��U satisfying:

A2.1 ÚYÛ $ Ú 6 $ Ú ; � Ker	 wux  , i.e., wux Ú=Ûè� wux Ú 6 � wyx Ú ; �VU ;
A2.2 4 ;=6 	�! × 8Ú 6 � 6; � Ú 0Û P F�ñ�ñYGJI<ò@KP I Ú Û � ^ POQXR GJI<òóKP I , 4 ;Y6 	�! × 8Ú ; � � Ú 0Û P FÌñmñ=GtI<òóKP I Ú 6 � ,

and 4];=6 	5!X×Y8Ú � � � , Ú 0Û P F ñ�ñ GJI ò KP I Ú ; e Ú 0 6 P F ñ�ñ GJI ò KP I Ú 6 � ;

A2.3 ôöÛSô 6D4];=6 	5!X×Y8Ú=Û e 	 , ô·Û e ô ; 6  4];=6 	5!X×Y8Ú 6 e , ôöÛ P*Q R GJI ò KP I �fU when Ú 6 ¦�fU ,
where ô·ÛÌ� ^ Ú 0 6 47686 	5!X×=8Ú 6Ú 0Û 47686 	5!X×=8Ú=Û É9Ê/÷ ô 6 � ^ Ú 0Û Ú 6ô Û $

where Ú 6 $ Ú ; $ Ú � aregeneratedvia (3.4.9)from thenonzeroÚ Û .
Proposition 3.4.6. Assumew I Z U anddim� Ker 	 w x =¢b� ,

. Thentheequilibrium
is asymptoticallystableif andonly if A2 fails.

Proof. We first show the necessity. SupposeA2 holds. It is clearthat if Ú 6 that
satisfiesA1 is equalto zero, then the equilibrium is not asymptoticallystableby
Lemma??. We now focuson thecasewhere Ú 6 ¦��U . Thebasicideafor theproof
in this caseis asfollows: we show thatall Ú Ä $>Ç � +

generatedvia (3.4.9)from the
nonzeroÚ Û satisfytheconstraint(3.4.10)–(3.4.12) underthegivenassumptions;and
this impliesthatin any smallneighborhoodof theequilibrium,thereexistsanonzero
solution � thatlies in theinvariantset ´ .

As shown in the proof of Proposition3.4.5, Ú Û and Ú 6 are linearly independent
if Ú 6 ¦��U ( Ú Û ¦��U follows from the assumption).Thusspan	mÚ Û $ Ú 6 Æ� Ker	 w x sinceboth lie in the kernelof w x . Note that w x Ú ; �¤U implies Ú ; � span	mÚ Û $ Ú 6  .ThereforeusingLemma3.4.2,all Ú Ä � span	�Ú Û $ Ú 6 ¶� Ker	 w x  for Ç ��U $ + $ , $Sµ µSµ .
Thisshows thatall Ú Ä satisfy(3.4.12).

We now show that all Ú Ä satisfy (3.4.10)–(3.4.11).The conditionsin A2 have
shown thisholdsup to Ç � ,

; weshow it for theremainingÇ ’s. In thefollowing,we
expresseachÚ Ä as Ú Ä �Vï Û Ä*Ú Û e ï 6ÄOÚ 6 for real ï Û Ä andï 6Ä asin theproofof Lemma3.4.2.
Thususing(3.4.13),weobtainthecoefficients ï Û ÄYá 6 and ï 6ÄYá 6 for Ú ÄYá 6 $>Ç � U as

ï Û ÄYá 6 �VôöÛ ÄÝâ Þ Û w Äâ Øo	�ï Ûâ e ô 6 ï 6â <ï 6Ä n â Ùd$ (3.4.14)

ï 6ÄDá 6 � ÄÝâ Þ Û w Äâ Ø 	�ï Ûâ e ô 6 ï 6â @ï Û Ä n â Ù _ (3.4.15)
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To simplify thenotation,we denoteï Û ; and ï 6; by ô Û and ô 6 , respectively (i.e., Ú ; �ô Û Ú Û e ô 6 Ú 6 ). It is easyto verify via theequationsfor Ú ; and Ú � thatô·Ûè� ^ Ú 0 6 4:6>6 Ú 6Ú 0Û 4:6>6 ÚYÛzø U $
^ Ú 0 6 ÚYÛè�3ôöÛXô 6 $

and Ú � �3�(ô Û ô 6 Ú Û e 	 , ô Û e ô ; 6 <Ú 6 _
Usingtheseresults,weobtainthefollowing identity from A2:

Ø 4 ;Y6 	�! × 8Ú Û $ 4 ;=6 	5! × 8Ú 6 $ POQXR GJI<òóKP I Ù�ùú Uûô Û ��ô Û ô 6, ô 6 	 , ô Û e ô ; 6 , U U üý� Ø � Ú 0Û P F ñmñ GtI ò KP I Ú=Û � $ � Ú 0Û P F ñ�ñ GJI ò KP I Ú 6 � $ � Ú 0 6 P F ñmñ GJI ò KP I Ú 6 � Ùõùú + U , ô·ÛU +þ, ô 6UÿU + üý _
Therefore

� Ú 0 6 � 4 6>6 	�! × � ! Ú 6 � ��ô Û ô 6 4 ;Y6 	�! × <Ú Û ^ 	 , ô Û e ô ; 6  4 ;Y6 	�! × <Ú 6 ^�� ô Û � M��*	�! × � ! _
Moreover, for all Ç � +

,ÄÝâ Þ Û w Äâ Ú 0â 47686 	5!X×=8Ú Ä n â � ÄÝâ Þ Û w Äâ � ï Ûâ Ú=Û e ï 6â Ú 6 � 0 4:6>6 	5!O×= � ï Û Ä n â ÚYÛ e ï 6Ä n â Ú 6 �� ÄÝâ Þ Û w Äâ � ï Ûâ ï Û Ä n â Ú 0Û 4:6>6 	5!O×=<Ú=Û e ï 6â ï 6Ä n â Ú 0 6 4:6>6 	�!X×=<Ú 6 � _
UsingLemma3.4.1andtheidentityô Û � ^ Ú 0 6 4:6>6 	5!O×Y<Ú 6Ú 0Û 4:6>6 	5!O×Y<Ú=Û $
it canbefurthershownÄÝâ Þ Û w Äâ Øqï Ûâ ï Û Ä n â ^ ô Û ï 6â ï 6Ä n â Ù �VU $ Ç � + _ (3.4.16)
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With theseresults,we havefor Ç � � ,ÄÝâ Þ Û w Äâ Ø Ú 0â � 4:686 	5!X×Y� ! Ú Ä n â Ù � ÄÝâ Þ Û w Äâ Ø �mï Ûâ Ú Û e ï 6â Ú 6 � 0 � 4:6>6 	5!O×=� ! �mï Û Ä n â Ú Û e ï 6Ä n â Ú 6 � Ù� ÄÝâ Þ Û w Äâ Ø ï Ûâ ï Û Ä n â � Ú 0Û � 4:6>6 	5!O×Y� ! Ú=Û � e �mï Ûâ ï 6Ä n â e ï 6â ï Û Ä n â � � Ú 0Û � 4:6>6 	�!X×=� ! Ú 6 �e ï 6â ï 6Ä n â � Ú 0 6 � 4 6>6 	�! × � ! Ú 6 � Ù� , ÄÝâ Þ Û w Äâ Ø ï Ûâ ï Û Ä n â 4 ;Y6 	5! × <Ú 6 e ï Ûâ ï 6Ä n â e ï 6â ï Û Ä n â, 4 ;=6 	5! × 8Ú ;e ï 6â ï 6Ä n â ô·ÛXô 6 4\;Y6 	5!O×Y<Ú=Û Ù e , ÄÝâ Þ Û w Äâ Ø ï Ûâ ï Û Ä n â ^ ô·ÛXï 6â ï 6Ä n â Ù � M � 	5!O×Y� !^ ÄÝâ Þ Û w Äâ ï 6â ï 6Ä n â Øìô Û ô 6 4 ;=6 	5! × 8Ú Û e 	 , ô Û e ô ; 6  4 ;=6 	5! × 8Ú 6 e , ô Û � ML�9	5! × � ! Ù
� , 4\;=6 	5!X×Y8Ú ÄYá 6 ^ ÄÝâ Þ Û w Äâ ï 6â ï 6Ä n â Øìô·ÛXô 6 4\;Y6 	5!O×Y<Ú=Û e 	 , ô·Û e ô ; 6  4\;Y6 	5!O×=<Ú 6e , ô·Û/� M � 	5!O×Y� ! Ù � , 4\;=6 	5!X×Y8Ú ÄYá 6 $

following Lemma3.4.2,(3.4.14),(3.4.15),(3.4.16),andA2.3. Thus Ú Ä $>Ç � � , sat-
isfy (3.4.11).Finally, weconcludethatin any smallneighborhoodof theequilibrium,
thereexistsanonzerosolution � thatlies in theinvariantset ´ . Thiscontradictsthe
assumptionof asymptoticstability.

We now show thesufficiency. As in theproof of Proposition3.4.5,thefailureof
A2.1 andA2.2 impliesasymptoticstability, following from Proposition3.4.4at Ç �,
. Now supposeA2.1 andA2.2 hold but A2.3 fails, i.e., ô Û ô 6 4 ;Y6 	�! × 8Ú Û e 	 , ô Û eô ; 6  4];=6 	5!X×=8Ú 6 e , ôöÛLP*QSR GJI<òóKP I ¦��U for somenonzeroÚ=Û and Ú 6 atsome!O× , whereôöÛè�^ ��� ñ FÌñmñYGJI<òoK��óñ� �� FÌñmñYGJI<òoK�� � and ôöÛXô 6 � ^ Ú 0Û Ú 6 . This implies ô·Û ø U . Following theproof for the

necessityandusing é �â Þ Û w Äâ ï 6â ï 6Ä n â ���(ô 6 $ é 	â Þ Û w Äâ ï 6â ï 6Ä n â � , 	�
�ô Û e � ô ; 6  , we

seethat the identities 4 ;Y6 	5! × <Ú 	 � 6; é �â Þ Û w Äâ Ø5Ú 0â P F�ñmñ=GJI8òoKP I Ú Ä n â Ùd$ 4 ;Y6 	�! × <Ú�õ�6; é 	â Þ Û w Äâ Ø Ú 0â P F ñmñ GJI ò KP I Ú Ä n â Ù cannotbothhold. Thusby Proposition3.4.4,asymp-

totic stability follows. ¥
Wenow collectsomeconditionsthatareusefulin thesubsequentexamplesbased

on theaboveresults.As shown in Lemma3.4.3andin Propositions3.4.5and3.4.6,
a key stepfor asymptoticstability is to checkif thereexistsanonzeroÚ=Û � Ker	 wux suchthat 4:6>6 	5!O×=<Ú=Û��7Ú=Û:��U at any !X× in a small neighborhoodof ! N . Recall
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that this conditionhasbeenreferredto asA1.2. If A1.2 fails, asymptoticstability
is immediatelyestablished;otherwise,we needto checkother conditions. In the
following, we givesimplifiedstepsto checkthiscondition.

Proposition 3.4.7. Assumew I Z U . For each !X× in a neighborhoodof ! N , let �²�	�� 0 6 $ � 0; $ � 0�  0 $ � 0Â �]� � bea unitary matrix that diagonalizes4:6>6 	5!O×Y . Thenthe
followingstatementsare true:

1. Assumeall eigenvaluesof 4 686 	�! ×  are equal. ThenA1.2never fails at ! × : it
holdsfor any Ú Û �z� � ;

2. Assumeexactlytwo eigenvaluesof 4 6>6 	�! ×  are equal.Then

2.1 In thecasedim� Ker 	 wux Y¢�� +
, A1.2fails at !X× if andonly if Ker 	 wyx öÓ� span	�� 0� � span	�� 0 6 $ � 0; =¢Ì���XUd¢ , where � 0� correspondsto thedistinct

eigenvalue;

2.2 In thecasedim� Ker 	 wux =¢�� ,
, A1.2never fails at !X× , i.e., there always

existsa nonzero Ú=Û � Ker 	 wyx  such thatA1.2holdsat !X× ;
3. Assumeall eigenvaluesof 4 6>6 	�! ×  are distinct. ThenA1.2 fails at ! × if and

only if � 0Â��� Ker 	 w x  , Å � + $ , $ � .
Proof. Since 4:686 	5!9 is symmetricandpositive definite for all ! , it canbe di-

agonalizedby a unitary matrix � at any fixed ! , i.e., 4:6>6 ��� 0 � � at !X× , where� � diag	�� 6 $ � ; $ � �  is diagonal.Moreover, we canalwaysassume÷��� 	��¡Ì� e +
(sinceif ÷��� 	��¡�� ^ + , wecanchoosetheunitarymatrix thatsimultaneouslydiago-
nalizes4:686 	5!O×Y and wux as ^ � ). This implies � canberegardedasarotationmatrix
in SO(3).With theseresults,weexpress

4:6>6 	�!X×Y<ÚYÛ¡��Ú=Ûè� � � 0 � �¡ÚYÛ � �zÚ=Ûè��� 0 Ø � � �¡Ú=Û � � � �"Ú=Û � Ù $
wherewe use �
	��õ���èz��� ���!� � for any � $ � ��� � and � � SO(3). Let¿H��	�¿ 6 $ ¿ ; $ ¿ �  0 �"�¡Ú=Û ��� � , we furtherhave

4 686 	5! × 8Ú Û �zÚ Û ��� 0 ùú 	�� ; ^ � �  	�� � ^ � 6  	�� 6 ^ � ;  üý ùú ¿ ; ¿ �¿ � ¿ 6¿ 6 ¿ ; üý _ (3.4.17)

With this result,weseethatStatement1 holds.Now weshow Statement2. With-
out lossof generality, we assume� 6 �#� ; ¦�$� � . We seefrom (3.4.17)thatA1.2
holdsfor a nonzeroÚ Û if andonly if ¿ � �²U or ¿ 6 �¤¿ ; �¤U but not both. SinceÚ=Û �%� 0 ¿ , this condition is equivalentto Ú=Û � span	�� 0 6 $ � 0;  or Ú=Û � span	�� 0�  .HenceStatement2.1 holds. Whendim � Ker	 wux =¢õ� ,

, we claim that theremust
be somenonzeroÚ=Û � Ker	 wyx  that lies in span	�� 0 6 $ � 0;  . To seethis, notethat if
the claim wasnot true, thenthe planeof Ker	 wyx  mustbe parallel to the planeof
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span	�� 0 6 $ � 0;  but this contradictsthefact that thetwo planesintersectat theorigin.
Hence,A1.2 alwaysholdsin this case.This shows that Statement2.2 is true. Fi-
nally, we prove Statement3. In this case,using (3.4.17),we seethat A1.2 holds
for a nonzeroÚ Û if andonly if two of 	�¿ 6 $ ¿ ; $ ¿ �  arezero,which is equivalenttoÚ Û � span	�� 0 6 &� span	�� 0; '� span	�� 0�  . ThusStatement3 holds. ¥

The following result,which only requiresknowledgeof 47686 	5!9 at ! N , follows
from Statement3, Proposition3.4.5,andthecontinuityof 4 	5!9 .
Corollary 3.4.2. Assumew I Z U . If all eigenvaluesof 4 686 	5!ON  are distinct, then
there existsa positivesemi-definitew x with dim� Ker 	 w x =¢
� +

such that theequi-
librium is asymptoticallystable.

Anotherresultis adirectconsequenceof Statement1.

Corollary 3.4.3. Assumew I Z U , and in any small neighborhoodð of 	mÚ $ !9��	�U $ !XN  , there exists 	�Ú Û $ ! ×  � ð with Ú Û ¦�²U and Ú Û � Ï ïX!|	 w x  such that all the

eigenvaluesof 4 686 	�! ×  are equaland that 6; � Ú 0Û P F�ñmñ=GJI8òóKP I Ú Û � �£POQXR GJI<òóKP I , thenthe

equilibriumis not asymptoticallystable.

Corollary 3.4.4. Assumew I Z U andin anysmallneighborhoodÎ of !ON , there ex-
ists a ! × � Î such that 4 686 	5! ×  and w x are simultaneouslydiagonalizableby a

unitarymatrixandthat 6; � Ú 0 P FÌñmñ=GtI<òóKP I Ú � � P*QXR GtI<òóKP I holdsfor any Ú � Ker 	 w x �Ó)( ,

where ( is anysmallneighborhoodof U ��� � . Thentheequilibriumis asymptoti-
cally stableif andonly if w x is positivedefinite.

Proof. Thesufficiency is obvious; we show thenecessity. Let � be the unitary
matrix that simultaneouslydiagonalizes4 6>6 	�! ×  and w x , i.e., 4 686 	5! ×  ��� 0 � �and w x �*� 0 + � , where

�
and

+
arediagonalmatricesand � � SO(3)asshown

in theperviousproposition.Moreover, let ¿��¸	m¿ 6 $ ¿ ; $ ¿ �  0 �"�¡Ú Û , 4 6>6 	�! × <Ú Û �èÚ Ûcanbeexpressedin theform in (3.4.17).Supposew x is not positive definite. Then
at leastoneof the diagonalelementsof

+
is zero; without lossof generality, we

assumethe first elementto be zero. Choose Ú=Û��-,� 0 ï 6 , where , ¦��U andï 6 ��	 + $ U $ U� 0 , thus wux Ú=Û
�.,� 0 + ï 6 ��U and ¿õ��	�¿ 6 $ ¿ ; $ ¿ �  0 �/�¡Ú=Û��.,=ï 6 ,thus ¿ ; �³¿ � �ªU . This implies 47686 	5!X×=8Ú=Û��}Ú=Û"�ªU . Thesecondconditionmeans

that 6; � Ú 0Û P F ñmñ GJI ò KP I ÚYÛ � � P*Q R GtI ò KP I holdsfor the Ú=Û definedabove in any smallneigh-

borhoodof 	�Ú $ !9"�f	�U $ ! N  by choosing s ,*s sufficiently small. Hence,in any small
neighborhoodof 	mÚ $ !9���	�U $ ! N  , all theconditionsin A1 aresatisfied.Thereforeby
Lemma3.4.3,weclaim theequilibriumis not asymptoticallystable. ¥
3.5 Examples

In this section,we apply the generalresultsin the previoussectionsto two classes
of multibody attitudesystems:one classincludesan elasticrotationaldegreesof
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freedom,theotherclassincludesanelastictranslationaldegreesof freedom.

3.5.1 A Multibody Attitude System with Elastic Rotational
Degrees of Freedom

A. Systemdescriptionandequationsof motion

Theelasticsubsystemconsistsof # elasticrotationalcomponentsthatareattached
to the basebody throughrotational linear elasticsprings. We further assumethe
centerof massof thesystem,which is constantandindependentof shape,is always
at thepivot point. Thusgravity hasno influenceon thedynamics.

All the # componentsareassumedto have anaxial symmetricmassdistribution
with respectto their rotation axeswhich are fixed with respectto the basebody.
Moreover, they are assumedto have identical physicalproperties. Let 0 I be the
identicalmassof the rotationalcomponents.Denotethe constantmomentsof in-
ertia of eachrotationalcomponentby 1 � along its spin axis and by 1 I along its
transverseaxes. Define a body-fixed orthogonalcoordinateframe for eachcom-
ponentwith origin at the centerof the componentso that its first axis is alongthe
spinaxisof thecomponent.Let therotationmatrix from the Å -th componentframe
to the basebody framebe 2ÌÂ . It canbe shown that the inertia matrix 1�Â of the Å -
th rotationalcomponent,expressedin the basebody coordinateframe,is given by
1�Â��%2ÌÂ diag	31�� $ 1 I $ 1 I 32 0Â . Choosea basebody coordinateframe whoseorigin
is locatedat the pivot point. Let 4 Â be theconstantpositionvectorof the centerof
massof the Å -th component,and 165 betheinertiamatrix of thebasebody, bothex-
pressedin thebasebodycoordinates.Theshapecoordinatesare !
�v	�7 6 $ µ µSµÃ$ 7 ~  ,therotationanglesof thecomponents.

Let M��*	5!9¶� 6; ! 0 Ï �>! betheelasticpotentialenergy, where
Ï � is symmetricand

positivedefinite,andwithout lossgenerality, weassumethatzeroshapecorresponds
to zeroelasticpotentialenergy. ThereducedLagrangianis[ 	 �%$ ! $�&!9�� +, - � &!/.è032 4 686 4 6@;4 06@; 4 ;8; ? - � &!L. ^ +, ! 0 Ï � ! $
where

4 6>6 �81 5 e ~Ý Â Þ 6 � 0 I �4 0Â �4 Â e 1�Âo� $ 4 6<; �81�� Ð 2 6 ï 6 $¶µSµ µÃ$ 2 ~ ï 6 Ñ $ 4 ;>; �81 �=Ò ~ _
Note thatall the inertiamatrix componentsareconstantandareindependentof the
shape. Moreover, 2 Â ï 6 in 4:6@; denotesthe direction of the spin axis of the Å -th
componentexpressedin the basebody frame. We call the rotationalcomponents
“independent”if 2 Â ï 6 $æÅ � + $ µ µSµÃ$ # $ are linearly independent.The equationsof
motionaregivenby2 4 686 4 6<;4 06@; 4 ;>; ?�2 &� `!/? � 2 g � �^ Ï �>!�?�^�2 w x �w I &!�? _ (3.5.1)
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Clearly, 	 �%$ ! $'&!(��¸	�U $ U $ U� is anisolatedstableequilibriumof (3.5.1).Furthermore,
becausetheequilibriumis globally stable,we have:

Proposition 3.5.1. Theequilibrium 	 �%$ ! $'&!(
� 	�U $ U $ U� is globally asymptotically
stableif andonly if it is locally asymptoticallystable.

B. Asymptoticstabilityanalysis: wux Z U $ w I � U/_
It is easyto seethatthiscasesatisfiesall theconditionsin Remark3.4.2.Thuswe

obtain:

Corollary 3.5.1. Assumewyx Z U . Theequilibrium is asymptoticallystableif and
only if thefollowingpair is observable

�"Ð ^ 4 6<; 4 n 6;>; Ï � $ w I Ñ $ 2 U Ò ~^ 4 n 6;8; Ï � U ? � _
Corollary 3.5.2. Assumew x Z U . Thefollowing statementshold:

1. Supposethenumberof rotationaldegreesof freedomisnomorethanthree, i.e.,+ �3#]�V� , andthey are independent.Thentheequilibriumis asymptotically
stableregardlessof theshapedampingw I .

2. Supposethere are more than three rotational degreesof freedom,of which
three are independent.Thenthe equilibrium is asymptoticallystableif the
remaining 	�# ^ �� degreesof freedomare fully damped.

C. AsymptoticStabilityAnalysis: w I Z U $ wux � U
In this case,theshapeis fully damped.Theequationsthatcharacterizeasolution� 	 c  in theinvariantset ´ aregivenby

4:686 &� � 4:6>6 � � �%$ 4\;Y6 &� � ^ Ï � !X× $ wux � ��U $
where !O× is someconstant.Theresultsin Section4.2 canbegreatlysimplifiedand
refinedusingthefactthat 4 is constant.Thefollowingpropositiondescribesasymp-
totic stabilityconditionsfor thiscase.Particularly, weobtainconcretenecessaryand
sufficient conditionsfor thecasedim � Ker	 w x Y¢è� +

.

Proposition 3.5.2. Assumew I Z U . Let �Õ��	�� 0 6 $ � 0; $ � 0�  0 be a unitary matrix
thatdiagonalizes4:6>6 , where � 0Â �z�à� . Thefollowingstatementshold:

1. Assumeall eigenvaluesof 4:686 are equal. Thentheequilibriumis asymptoti-
cally stableif andonly if wux is positivedefinite.

2. Assumeexactlytwo eigenvaluesof 4:6>6 are equal.
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2.1. Supposedim� Ker 	 w x Y¢�� +
. Thenthe equilibrium is asymptotically

stableif andonlyif Ker 	 w x XÓÌ� span	�� 0� 9� span	�� 0 6 $ � 0; Y¢Ì�³�OU|¢ , where
� 0� correspondsto thedistincteigenvalue.

2.2. Supposedim� Ker 	 w x Y¢Ì� ,
. Thentheequilibriumis not asymptotically

stable.

3. Assumeall eigenvaluesof 4:686 aredistinct.

3.1. Supposedim� Ker 	 wyx Y¢�� +
. Thenthe equilibrium is asymptotically

stableif andonly if � 0Â �� Ker 	 wux  for Å � + $ , $ � .
3.2. Supposedim� Ker 	 wyx Y¢�� ,

. Thenthe equilibrium is asymptotically
stableonly if � 0Â �� Ker 	 wux  for Å � + $ , $ � .

Proof. Wefirst simplify conditionsA1 andA2 usedin Lemma3.4.3andin Propo-
sitions3.4.5and3.4.6.Since 4:6>6 is constant,A1.3 is satisfiedif andonly if !X×æ�VU
and for all Ú=Û �¸� � . Thuswe remove this condition from consideration.There-
fore, satisfactionof A1 is equivalentto existenceof a nonzeroÚ=Û � Ker	 wux  sat-
isfying 47686 Ú=Ûb�\Ú=Ûz��U , or equivalently the conditionA1.2. Similarly, usingthe
fact that 4:686 is constant,we seethat satisfactionof A2 is equivalentto existence
of a nonzero Ú=Û and !X× satisfying 	mÚ=Û $ Ú 6 $ Ú ;  � Ker	 wux  and 4\;Y6 Ú 6 � ^ Ï � !O× ,4 ;Y6 Ú ; �ÍU $ 4 ;=6 Ú � �ÍU , ô Û ô 6 4 ;Y6 Ú Û e 	 , ô Û e ô ; 6  4 ;=6 Ú 6 e , ô Û Ï �>! × ��U whenÚ 6 ¦��U , whereô Û $ ô 6 aregivenin A2.3.

We usethesesimplifiedconditionsandProposition3.4.7to provethestatements.
If all theeigenvaluesof 47686 areequal,thenA1.2 holdsfor any Ú=Û ¦��U . This means
A1 is satisfiedfor any Ú Û ¦��U . By Lemma3.4.3,theequilibrium is asymptotically
stableif andonly if w x ispositivedefinite.TheStatement2.1followsfrom Statement
2.1 in Proposition3.4.7, the simplified A1 condition andconstant4 6>6 . We now
proveStatement2.2.By Statement2.2in Proposition3.4.7,weseethattherealways
exists a nonzero Ú Û � Ï ïS!|	 w x  suchthat Ú 6 � U which implies Ú ; ��Ú � �ºU
and !O×b��U . ThusA2 holdsfor such Ú=Û . By Proposition3.4.6, the equilibrium is
not asymptoticallystable.Statement3.1 is dueto Statement3 in Proposition3.4.7
andthefact thatA1 is equivalentto A1.2; Statement3.2 is a directconsequenceof
Statement3 of Proposition3.4.7: if oneof � 0Â lies in Ker	 wux  , thenwe canalways
find a nonzeroÚ=Û � Ker	 wux  suchthat Ú 6 �fU , which leadsto Ú ; �fÚ � ��U and!X×y�VU . HenceA2 is satisfiedandtheequilibriumis not asymptoticallystable. ¥

It canbeseenfrom Proposition3.4.7thatit is moredifficult to achieveasymptotic
stability whendim � Ker	 wux =¢z� ,

. This agreeswith physicalintuition. Note that
Statement3.2 only gives a necessarycondition for asymptoticstability; we now
presentasufficientconditionthatmakesuseof couplingeffectsbetweentheattitude
dynamicsandtheshapedynamics.

Corollary 3.5.3. Assumew I Z U andassumethat w x satisfies

dim� Ker 	 wux =¢Ì� , É(Ê/÷ � 0Â �� Ker 	 wux Áå5ç ÈàÅ � + $ , $ �d_
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Moreover, supposerank� 4 ;Y6 ¢Ì��� . Thentheequilibriumis asymptoticallystable.

Proof. We show in thefollowing that 4\;Y6 Ú ; ¦��U for any Ú=Û ¦��U underthegiven
conditions.Thisthusimpliesthefailureof A2 andleadsto asymptoticstability. Note
that if � 0Â �� Ker	 wux  for Å � + $ , $ � holds,thenfor any nonzeroÚ=Û � Ker	 wyx  , Ú 6cannotbe zero. Supposeboth Ú 6 and Ú ; lie in Ker	 w x  . (If they arenot, we have
asymptoticstability.) As shown in Proposition3.4.6, Ú ; ��ô Û Ú Û e ô 6 Ú 6 , whereô Û ø U . Recallthat 	mÚ Û $ Ú 6  arelinearly independentasshown in Proposition3.4.5.
Therefore,Ú ; ¦�3U . Consequently, if rank	 4 ;=6 ��3� , then 4 ;Y6 Ú ; ¦�VU asdesired. ¥
Corollary 3.5.4. Assumew I Z U andsuppose4 6>6 and w x are simultaneouslydi-
agonalizableby a unitary matrix. Thenthe equilibrium is asymptoticallystableif
andonly if w x is positivedefinite. ¥

This resultis a consequenceof Proposition3.4.6andconditionA1 andhassome
interestingimplications. It shows that if both 4:6>6 and wux arediagonalor all the
eigenvaluesof 4:686 areequal,bothspecialcasesof Corollary3.5.4,then wux mustbe
positivedefinitefor asymptoticstability.

We presentanexampleto illustratetheseobservations.

Example. Considera multibodyattitudesystemwith thefollowing inertiaand
dampingassumptions:

4 686 � ùú 1 6>6 1 6@; U
1 6<; 1 ;8; UU U 1 �8� üý Z U $ 1 6<; ¦�VU $ w x � diag	�: 6 $ : ; $ : �  � U/_

We considertwo cases:

1. Assumedim � Ker	 wux =¢z� +
. If : 6 ��U $ : ; Z U $ : � Z U or if : 6 Z U $ : ; �U $ : � Z U , then the equilibrium is asymptoticallystable. If : 6 Z U $ : ; ZU $ : � ��U , thentheequilibriumis notasymptoticallystable.Theseconclusions

follow from Proposition3.5.2. In fact, considerthe first casewhere wux �	�U $ : ; $ : �  . ChooseÚ=Ûè�Vï 6 � Ker	 wux  ; weobtain 4:6>6 Ú=Ûà�ÌÚ=Ûè� ^ 1 6<; ï � ¦�VU .
Thisshowsasymptoticstability.

2. Assumedim � Ker	 wux Y¢�� ,
. If : 6 �;: ; ��U $ : � Z U , thentheequilibriumis

not asymptoticallystable.To seethis, let M �]� ; { ; bea unitarymatrix that
diagonalizestheupper

, � , blockof 4:6>6 . Thusthefollowing unitarymatrix

�³� 2 M UU + ?
simultaneouslydiagonalizes4:6>6 and wyx . Therefore,the equilibrium is not
asymptoticallystable.If : 6 Z U $ : ; �.: � ��U or : ; Z U $ : 6 �.: � ��U , then
theequilibriumis notasymptoticallystablebecausewecanchooseÚ=Ûè��ï � �
Ker	 wux  suchthat 47686 Ú=Û¡��ÚYÛè�VU .
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3.5.2 A Multibody Attitude System with Elastic Translational
Degrees of Freedom

A. Systemdescriptionandequationsof motion

Theelasticsubsystemsconsistof # idealizedmassparticlesthatareattachedto
the basebody throughlinear elasticsprings.We assumethat the particlesarecon-
straintedto translatein a symmetricmodesuchthattheirmotionsdo not changethe
centerof massof thesystem,which is assumedto beat thepivot point. Thusgravity
doesnot influencethedynamics.

We choosea basebody coordinateframewith its origin at the pivot point. Let
165 denotethe inertia matrix of the basebody expressedin this frame. Eachmass
particleis assumedto translatealonga particulardirectionfixedwith respectto the
basebodythat is denotedby theunit vector <9Â . Theshapecoordinate!SÂ denotesthe
positionalongthis directionwith respectto the basebody frame. Thusthe shape
coordinatesare ! �v	5! 6 $Sµ µSµÃ$ ! ~  . Let 4 Â Û denotetheconstantoffsetpositionvector
from theorigin to zeroshape( i.e., !SÂö��U ) of Å -th massparticle,assumingnoelastic
deformationat thezeroshape;this is assumedto correspondto zeroelasticpotential
energy. Thepositionvectorsof themassparticlesexpressedin thebodycoordinate
frameare 4 Â 	�!9¶��4 Â Û e ! Â < Â $àÅ � + $ µ µSµ'$ # andthemassof the Å -th massparticleis
denotedby 0 Â .

Let theelasticpotentialenergy be M��*	�!*%� 6; ! 0 Ï �>! , where
Ï � definesthestiff-

nessmatrixof theelasticsubsystemand
Ï � is assumedto besymmetricandpositive

definite.ThereducedLagrangianis[ 	 �%$ ! $�&!9�� +, - � &!/. 0 2 4:6>6 	�!9 4:6<;4 06@; 4\;>; ? - � &!L.�^ +, ! 0 Ï � !*_
where4 686 	5!9¶�81 5 e é ~Â Þ 6 0�Âo�4 0Â 	�!9>�4 Â>	�!9 , 4 6<; � Ð 0 6 	�4 6 Û �=< 6  $àµSµ µÃ$ 0 ~ 	�4 ~ Û �< ~  Ñ , and 4\;>; � diag	�0 6 $Sµ µSµÃ$ 0 ~  . Note that the matrices 4:6<; and 4\;>; are
constantanddo not dependon theshape.Theequationsof motion for thedamped
multibodyattitudesystemaregivenby2 4:6>6 	�!* 4:6@;4 06@; 4\;8; ?õ2 &� `! ? � 2 ^ &4:6>6 	5!9 � e g � �P 0 GJiLk I8kmlI8KP I ^ Ï � ! ? ^ 25wux �w I &! ? $ (3.5.2)

whereg � 4:6>6 	�!* � e 4:6<; &! is theconjugateangularmomentum.Clearly 	 �%$ ! $'&!(��	�U $ U $ U� is anisolatedstableequilibriumof (3.5.2).

B. Asymptoticstabilityanalysis: wux Z U $ w I � U
It is easyto seethat all the conditionsin Remark3.4.2aresatisfiedin this case

since 476@; and 4\;8; areconstantand M � 	�!*�� 6; ! 0 Ï � ! . Hence,Corollaries3.5.1
and3.5.2areapplicableto this case.

An interestingspecialcaseis thatall theoffsetpositionvectors4 Â Ûb��U . In this
case,476@; is identicallyzero. By Corollary3.5.5,we concludethat theequilibrium
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is asymptoticallystableif andonly if the pair 	 w I $ 4 n 6;>; Ï �Y is observable. Note
that this conditionis muchmorerestrictive thanthegeneralconditionfor 4 6<; ¦�ªU .
Since 4 6@; characterizesthe couplingbetweentheattitudedynamicsandtheshape
dynamics,this observationdemonstratesthatthiscouplingcanprovideanimportant
mechanismfor asymptoticstability.

C. Asymptoticstability analysis: w I Z U $ w x � U
In thiscase,theshapedynamicsarefully damped.Theequationsthatcharacterize

a solutionin theinvariantsetaregivenby4:686 	5!O×> &� � 4:6>6 	�!X×= � � �%$ 4 06@; &� � ^ Ï � !X× $ wux � �VU $
for someconstant!X× .

We now obtain asymptoticstability conditionsusing the structureof 4:686 	5!9 .Notethat 4:6>6 	�!9 canbewrittenas

4 686 	5!9¶�81 5 e ~Ý Â Þ 6 0ÆÂ@�4 0Â Û �4 Â Û e
~Ý Â Þ 6 0�Â � �4 0Â Û � <*Â e � < 0Â �4�Â Û � !XÂ e

~Ý Â Þ 6 0�Â�� < 0Â � <*Â�! ;Â $
andwecanwrite� Ú 0 � 4 686 	5!9� ! Ú �� , ù>>ú 0 6 � 4 6 Û¡�zÚ � 0 � < 6 ��Ú �...

0 ~ � 4 ~ Û¡��Ú � 0 � < ~ �zÚ � ü
??ýA BYC E@�GA�mK e , diag� 0 6 sJs < 6 �1Ú9sJs ;; $¶µ µSµÁ$ 0 ~ sts < ~ �1Ú9sts ;; �A BDC EB GA�mK !*_

ThusconditionA1.3 is equivalentto Cb	mÚD%� ^ D Ï � ^ E 	�Ú �Fq! . Since
Ï � is positive

definiteandis invertible,for sufficiently small sJs Ú9sts , E 	mÚD is sufficiently smallsothatÏ � ^ E 	�ÚD is invertible.Thusweseethatby choosing! × � ^ D Ï � ^ E 	�Ú Û �F n 6 Cb	mÚ Û  ,A1.3 is satisfiedfor any sufficiently small Ú Û . Usingthis observation,we obtainthe
following resultsimilar to Corollary3.4.2.

Corollary 3.5.5. Assumew I Z U andsupposeall eigenvaluesof 4 686 	�U���$1 5 eé ~Â Þ 6 0�Â@�4 0Â Û �4 Â Û aredistinct.Let �ª��	�� 0 6 $ � 0; $ � 0�  0 bea unitarymatrix thatdiago-
nalizes4 6>6 	�U� , where � 0Â �}� � . Thentheequilibriumis asymptoticallystableonly
if � 0Â �� Ker 	 w x  $öÅ � + $ , $ � . Moreover, if dim� Ker 	 w x Y¢Ì� +

, thenthisconditionis
alsosufficientandsuch wux alwaysexists.

We considera specialcaseusingPropositions3.4.7and3.5.2.

Corollary 3.5.6. Assumew I Z U . Supposetheoffsetpositionvectors 4 Â Û"�³U $ Å �+ $Sµ µ µÃ$ # . Thenthefollowing statementshold:
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1. Assumeall eigenvaluesof 1 5 are equal. Thenthe equilibrium is asymptoti-
cally stableif andonly if w x is positivedefinite.

2. Assumeexactly two eigenvaluesof 165 are equal. Thenthere exist a wux with
dim� Ker 	 wux Y¢�� +

such that the equilibrium is asymptoticallystable; the
equilibriumis not asymptoticallystableif dim� Ker 	 wyx =¢Ì� ,

.

3. Assumeall eigenvaluesof 1G5 are distinct. Thenthere existsa wux satisfying
dim� Ker 	 wux Y¢Ì� +

such that theequilibriumis asymptoticallystable.

Proof. Note that 4 Â ÛÖ�°U $æÅ � + $Sµ µSµÃ$ # , implies 4\;Y6 �ÕU , 4:686 	�U����1G5 and� Ú 0 P F�ñ�ñYGJI>KP I Ú � � , E 	�ÚD@! . ThusA1.3 andthe first conditionin A2.2 aresatisfied

if andonly if !O×"��U for any sufficiently small Ú=Û . Hence,the satisfactionof A1 is
equivalentto satisfactionof A1.2. Thestatementsthusfollow from Proposition3.4.7.¥
3.6 Conclusions

In thispaperwehavestudiedasymptoticstabilityof aclassof multibodyattitudesys-
temsusingpassive damping.Emphaseshave beengivento thenonlineardynamics
in a noncanonicalHamiltonianform andto thecouplingeffectsbetweentheattitude
dynamicsand the shapedynamicsthat canenableasymptoticstability. Under the
statedassumptions,the equilibrium is always stablein the senseof Lyapunov. A
numberof resultsthat guaranteethat the equilibrium is asymptoticallystablehave
beenobtained.Theseresultshave beenpresentedin both a generalform, andspe-
cific resultshavebeenpresentedfor typicalmultibodyattitudeexamples.Linearand
nonlinearobservability rankconditionsleadto asymptoticstability resultswhenthe
attitudedynamicsarefully damped;but they fail for thecasewheretheattitudedy-
namicsarepartially damped.Our resultsalsosuggestthe importanceof coupling
effectsin achieving asymptoticstability.

A key assumptionmadein this paperis that thereareno gravity effects in the
multibody attitudesystem. If the centerof massof the systemdoesnot remainat
thepivot, thengravity effectsmustbeconsidered.This fundamentallychangesthe
equilibriumstructureof themultibodyattitudesystemandits stabilityproperties.
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