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Abstract

Estimation of monotone functions has broad applications in statistics, engineering, and
science. This paper addresses asymptotic behaviors of monotone penalized spline estimators
using constrained dynamical optimization techniques. The underlying regression function is
approximated by a B-spline of an arbitrary degree subject to the first-order difference penalty.
The optimality conditions for spline coefficients give rise to a size-dependent complementarity
problem. As a key technical result of the paper, the uniform Lipschitz property of optimal spline
coefficients is established by exploiting piecewise linear and polyhedral theory. This property
forms a cornerstone for stochastic boundedness, uniform convergence, and boundary consistency
of the monotone estimator. The estimator is then approximated by a solution of a differential
equation subject to boundary conditions. This allows the estimator to be represented by a
kernel regression estimator defined by a related Green’s function of an ODE. The asymptotic
normality is established at interior points via the Green’s function. The convergence rate is
shown to be independent of spline degrees, and the number of knots does not affect asymptotic
distribution, provided that it tends to infinity fast enough.

1 Introduction

Various static or dynamic models of biologic, engineering and economic systems contain shape
constrained functions; a typical example is monotone functions. Since the exact knowledge of these
functions is usually unavailable and measurements pertaining to these functions are contaminated
by random noise and disturbances, estimation of these functions becomes a critical problem across
many fields [6, 24, 30]. In this paper, we consider the following monotone regression problem:
estimate an unknown, nondecreasing function f : [0,1] — R using the sample {y;}, where y; =
f(x;) + o0z, i =1,...,n, z; is the ith design point, y; is the ith sample, o is the noise level, and
z;’s are independent standard normal variables. In particular, we are interested in asymptotic
behaviors of a monotone estimator, i.e., how an estimator behaves for a large n as it is expected
that the estimator will be close to the true function f when n — oco. Focused issues in asymptotic

analysis include consistency, asymptotic distribution, and convergence rates as n — oo.
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The monotone regression problem has received considerable attention in statistics. For example,
Brunk’s estimator [1]

Fn(x:) = max min Yst Y
s<i t>i t—s—+1

(1)
is a well-known nonparametric maximum likelihood estimator [17]. This estimator has a non-
normal asymptotic distribution and its convergence rate is of order n'/3 [32]. Further, Brunk’s
estimator is not satisfactory when the regression function f is smooth. Another relevant approach
is monotone smoothing (spline) estimation formulated as a constrained optimal control problem,

i.e., to find a nondecreasing function f which minimizes

n 2 1 2

> (w= @) +a [ (1) @ (2)
i=1 0

where A > 0 is the penalty parameter. Asymptotic properties of this estimator have been de-
veloped for m = 1, and the attained estimator turns out to be a piecewise linear function [16].
However, a piecewise constant or linear function may not yield a satisfactory approximation in
some applications. An example is estimation of the mass of a galaxy in astrophysics [30]. It is
known that the mass behaves as a cubic function in certain range, where a piecewise constant or
linear fit exhibits poor asymptotic behaviors. In order to obtain a smoother estimator, the second
or higher order derivative of the regression function is needed in the penalty term. But this usually
leads to tremendous difficulties in both asymptotic analysis and numerical computation due to the
presence of the monotone constraint; see [8, 9, 28] for more discussions. Also see [27] for a recent
application to (unconstrained) optimal control via smoothing splines. An alternative approach is
the polynomial spline technique that has been extensively studied in approximation theory and
statistics. Especially the penalized spline regression (simply P-splines or P-spline smoothing)
[10, 29] has become popular over the last decade thanks to its highly tractable computation us-
ing low rank bases. The methodology and applications of P-spline estimators for unconstrained
regression problems are discussed in [20], and their theoretical properties can be found in [2, 5, 7].

In this paper, we consider a monotone estimator via P-splines and investigate its asymptotic
properties using optimization and ODE techniques, along with statistical theory. The first-order
difference penalty is imposed but a B-spline can be of an arbitrary degree. This offers great flex-
ibility for various applications, e.g., the galaxy estimation problem discussed above. The major
difficulties of analyzing the monotone P-spline estimator lie in two aspects. First, due to the mono-
tone constraint, the optimal spline coefficients are the solution of a size-dependent complementarity
problem and are piecewise linear in y = (y1,...,%,)?. Unlike the unconstrained case, however,
the explicit forms of these piecewise linear functions are generally unavailable and the number of
linear pieces grows exponentially with respect to the number of knots. This complexity hinders
a further investigation of analytic properties of the estimator. Second, the monotone condition
hampers one from establishing an equivalent kernel of the estimator via matrix techniques widely
adopted for the unconstrained counterpart. To overcome these difficulties, new optimization and
ODE techniques are proposed that constitute the following contributions of the paper:

e The uniform Lipschitz property of optimal spline coefficients is established via piecewise lin-
ear and polyhedral theory (cf. Theorem 3.1). To the best of our knowledge, this critical property
is the first of this kind established for a general class of P-spline estimators. Using this property,
it is proved that the estimator is stochastically bounded and converges to the regression function
in probability uniformly. These results lay a foundation for the subsequent asymptotic analysis.



For example, they lead to consistency of the estimator at boundary.

e Inspired by smoothing spline estimators [11, 16, 25], the monotone P-spline estimator is
shown to be approximated by the solution of a dynamical complementarity system subject to
boundary conditions. The estimator can be characterized by a kernel estimator, using a Green’s
function obtained from a related boundary value problem for an ODE. The asymptotic normality
of the estimator and the convergence rates are established for different choices of spline degrees
via the Green’s function.

e The convergence rates of the estimator are shown to be independent of spline degrees and
the number of knots, as long as the latter tends to infinity fast enough; see Theorems 4.1 and 4.2.
Whereas this observation is pointed out in [7] for certain unconstrained cases, no rigorous justifi-
cation has been given for the monotone P-spline estimator before. Furthermore, it is shown that
if the number of knots grows sufficiently fast, then the modeling bias due to spline approximation
is negligible compared to the shrinkage bias due to estimation by a penalized rather than ordinary
least squares.

The rest of the paper is organized as follows. The monotone P-spline estimator is formulated
and its optimality conditions are characterized in Section 2. Section 3 establishes the uniform
Lipschitz property of optimal spline coefficients and indicates its critical implications. In Section 4,
the monotone estimator is treated as an approximate solution of an ODE subject to boundary
conditions, and the estimator is represented by a kernel regression estimator defined by a related
Green’s function; its asymptotic behaviors and convergence rates are obtained. Simulations and
discussions are given in Section 5, where the proposed monotone estimator is compared with other
estimators and various extensions are discussed. Section 6 concludes the paper with summary and

remarks on future work.

2 Problem Formulation and Optimality Conditions

The regression function f is approximated by fP)(z) = Z,l::”f P ka,Ep ] (), where {B,[Cp Ik =
1,..., K, —|—p} is the pth degree B-spline basis with knots 0 = ko < kK1 < -+ < Kk, = 1. The
value of K,, depends upon n as discussed below. The spline coefficients b= {Bk, kE=1,...,K,+p}
subject to the first-order difference penalty are chosen to minimize

n Kn+p Kn+p
Z [yi — Z ka,[cp](xz)]2 + /\* Z [A(bk>]2, (3)
i=1 k=1 k=2

where A* > 0 and A is the backward difference operator, i.e., Aby, = by — by_1. The P-spline
estimator is fIP(z) = ngpr lA)kB,[vp] (z). We consider the case where both the design points and
the knots are equally spaced on the interval [0, 1]. We also assume that n/K,, is an integer denoted
by M,. Hence every My,th design point is a knot, i.e., k; = x;p, for j = 1,..., K,. A more
general, unequally spaced case is discussed in Subsection 5.2.

When the knots are equally spaced, it is easy to verify that if the B-spline coefficient sequence
{by} is nondecreasing, then fP!(z) is nondecreasing. Let the polyhedral cone Q = {b € RE~+P .
by < by < ... < bKn+p}. Therefore the monotone P-spline coefficients are the unique solution of
the following constrained quadratic programming problem

R 1
b= arg l{rélg B bT(Fn + )\DTD)b — bTﬂ, (4)



where D is the (K,, + p — 1) x (K, + p) difference matrix with Db = [A(b2), ..., A(bk, +p)]T and

-1 1 0 0 -~ 0 0]
0O -1 1 0 -~ 0 0
D=|0 0 -11 - 0 0], (5)
0 0 0 0 -~ —1 1|
and
A* 1 1
A=, TI,=—XTX, and gy=-—X"y.
B B B

Here 6, = >, (B,Ep](xi))2 for k = p+1,...,K, and the n x (K, + p) design matrix X =
[B,Lp}(:cj)]jyk. Due to the equally spaced design points, all 3,’s are equal for all k =p+1,..., K,.

To characterize the optimality conditions, we introduce more notation. Let C' be the (K, +
p— 1) x (K, + p) matrix given by

[ 0 0 0 0]
0 0 0

C = 10 0 0
1 1 11 - 10

Given two vectors a and b, we write a > 0 (resp. b > 0) if each component of a (resp. b) is
nonnegative and write a L b if @ and b are orthogonal, i.e., a’b = 0. Hence, 0 < a L b > 0 means
a>0,b>0and a’b = 0. This condition is known as the complementarity condition [3, 4]. With
this notation, we obtain the following lemmas for optimality conditions that show b is the solution
of a mixed linear complementarity problem [3, 4].

Lemma 2.1. The vector b is the (unique) optimal solution of (4) if and only if

0< Dbl —-CT,b+ADb+Cy > 0, (6)
and
Kn+p R
> ((Tab)i — i) =0. (7)
=1

Proof. Let h(b) = %bT(Fn + ADTD)b — b”y be the objective function for a given 7. Since h

is strictly convex and € is convex, b is the unique (global) minimizer of A on € if and only if
(Vh(b), b) = 0 and (Vh(b), b) > 0,¥ b € Q, where the gradient Vi(b) = (I, + ADTD)b — .
Define v' € REn™ as o' = ( 0,---,0, 1,---, 1)T for i = 1,--- K, + p. Therefore, Q is
—
(i—1)—copies
(positively) finitely generated by {v!, —v! 02, ... oKn*P} Indeed each b = (b1, -+ , bk, +p)T € Q
is positively generated as b = max(0, b1)v! + max(0, —by)(—vt) + Zfi";p(bi — bi—1) v'. Let the
matrix V = [v! (—v!) v? -+ 0" *P] such that Q = {Vu|u > 0}. Hence, letting the vector u* > 0
be uj = max(0, 51), ub = max(0, —131) and u = bi_1—b;_9,Vi=3,---,K,+p+1, the optimality
conditions are equivalent to 0 < u* L w > 0, where w € RE»PH1 with w; = —wy = (VA(b), v')
and wiy1 = (Vh(b),v"), i = 2, , K, +p. Thus the equivalent optimality conditions become
Kntp
0<Db L -C[(Tn+AD"D)b—y] >0, and > [((Tn+AD"D)b), — 5] =0.
i=1



Since CDT = —I and Zfi”lﬂ’(DTD b); = 0, the lemma follows. O

Lemma 2.2. The optimality conditions (6)-(7) are, respectively, equivalent to

n

J
)\*(bj_H—b [ZZB[]J xi) f ZZB][CP] xz 1:| ) (8)

k=1 i=1 k=1 i=1
forj=1,....K,+p—1, and
n n
> )= u (9)
i=1 i=1

Proof. Given \* > 0, the optimality condition (6) is equivalent to
XDb = [B.CTub—A"Db—B,Cy+A"Db], = [CX"Xb—-CX"y],
which is further equivalent to (8). It is also clear that (7) is equivalent to (9). O

It shall be shown in Section 4 that the optimality conditions (8)-(9) can be approximated by
an ODE with a constrained right-hand side subject to suitable boundary conditions for all large
K,,. Indeed, such an ODE gives rise to a dynamic complementarity system [22, 23].

3 Uniform Lipschitz Property of Optimal Spline Coefficients

Since (T, + ADT D) in (4) is positive definite for each X > 0, b = (by,--- ,bx,+p)7 is a (vector-
valued) continuous piecewise linear function of 7 [4, 23]. However, the closed form of b is hard to
obtain due to the combinatorial nature of the problem, and this poses a major technical difficulty
for asymptotic analysis. In this section it is shown that I;(gj) satisfies the uniform Lipschitz property
in the sense of the {o-norm, regardless of K, and A, for all sufficiently large n (see Theorem 3.1
below). This property plays a crucial role in establishing stochastic boundedness and uniform
consistency of f P discussed at the end of this section. It should be emphasized that this property
is different from the conventional Lipschitz property of a linear complementarity problem of fixed
size [3] since the Lipschitz constant attained here is invariant to size variation.

Theorem 3.1. The following hold:

(a) Let p=0. For any K, >2 and A > 0, [|b(5') = b(7®)|lec < ko |7 — 7%|loc with ko =1 for all
gt y* € RN

(b) Letp =1. There exists k1 > 0 such that for all sufficiently large X > 0 and n/K,, with K, > 2,
16(5") = b(7*) oo < K117 =5 llc for all §', 5% € REHL,

(c) Let p > 2, 0 € (0,1), and v € (0,1). Suppose that K, ~ n? and X\ ~ n*0=9) . Then for all
n sufficiently large, there exists k, > 0, dependent on p only, such that ]\B(gl) — (}(52)“00 <
kip |T1 — 7|0 for all g, 7% € REnFP,

To prove this theorem, we establish a piecewise linear formulation of b first. Let A, = (T, +
ADTD)/(1+2X), b=b/(1+2)), and z = 5/(1 4 2)). The optimality conditions (6)-(7) become

Kn+p
0<Db LC(Ab—2)>0, and > [(And)i — 2] =0, (10)
=1



where the (K, +p — 1) x (K, + p) matrix C is given by

0 1 ]
00

C=|: @ . . (11)
00 -~ 0 1
00 - 0 0 1]

It is observed from (10) that for each z, the corresponding optimal solution b is characterized

by an index set o = {i| (é(AnB —2)), =0} € {l,---, K, +p — 1} (a may be empty). For
the given b and «, define a vector b as follows: b{* = by and b%, = by, for i > 1, where

livg = - 121}? {j] b; > bf}. Hence, the elements of b* strictly increase as their indices increase.
SG<Kn+p

Moreover, for each gf‘, define the index set 8¢ = {j € {1,--- , K, +p}| b; = 51-0‘ }. This gives rise to
a (finite and disjoint) partition of {1, - -, Ky +p}, namely, U, B = {1, , K, +p} and B¢NGY = 0
whenever j # k. It can be shown that b, and thus Ba(z) which denotes b(z) corresponding to
the index set o, is a linear function of z. Hence, for any z € RE»*? b(z) € {b"(2)}a, where b (2)
is called a selection function of b(z). Therefore, the solution mapping z + b is a (continuous)
piecewise linear function with 2(571P) gelection functions. The same holds true for the mapping
(0%

g b, ie., bX(y) = ZJK:"pr ag; y;, where the coefficients ag;

Since the proof of Theorem 3.1 is technical, we sketch its main ideas and outline the key steps

pertain to each index set «.

as follows. To motivate the main ideas, consider p > 2 first. In this case, it can be seen from the
above construction and Lemma 3.1 that each selection function 5" (z) is a linear function whose
coefficients are defined by the inverse of a (2p + 1)-diagonal matrix, denoted by A®. Each A® can
be decomposed into the sum of a tridiagonal matrix similar to that for p = 1 and a perturbation
matrix that consists of “small” terms (of order A~! indeed; see Lemma 3.4). Hence, a suitable
uniform bound of (A/NXO‘)_1 in case of p = 0 or 1 will not only establish the uniform Lipschitz property
for p = 0,1 but also for all p > 2. In order to apply this perturbation technique for the latter case,
a tight bound is expected for p = 1. A major difficulty of finding such a tight bound for p = 1
is that the size and elements of (7\‘”)_1 vary, and the number of A¥'s grows exponentially with
respect to K,,. To handle this complexity, we exploit the tridiagonal structure of A® and show that
all (7\0‘)_1 are completely determined by certain sequences with similar properties uniform in c.
By fully making use of these properties, it is shown in Proposition 3.1 that for any «, each element
of (A®)~L is positive and bounded above by the (1,1)-element of A;! for all large . Based on this,
it is then proven in Proposition 3.3 that the sum of (positive) coefficients of a selection function
defined by (A%)~! is bounded above by the infinity norm of some At with the same size as that
of (A)~1. An upper bound of ||A;;||o uniform in n is further obtained in Proposition 3.4. These
results yield the desired bounds for p = 0 in Proposition 3.2, p = 1 in Proposition 3.5, and all
p > 2 in Proposition 3.6, respectively. Finally, the polyhedral theory leads to the uniform Lipschitz
property for b with an arbitrary p € Z, in Subsection 3.3.

3.1 The Caseof p=0and p=1

For p = 0 or p = 1, define oy, = Y., Bi(x;)? for k = 1,K, +p, By = > vy Br(xi)? for
k=2,...,Kn,+p—1, and v, = >;" | Bi(®i)Bys1(x;) for k =1,..., K, +p — 1. Moreover, let
On = an/Bny T = Yn/On- It is easy to see that (i) for p =0, 6,, = 1 and 7, = 0 for all n; and (ii)



for p =1, gn — 5* and 7, — 7. as n/K,, — oo, where 5* = 1/2 and 77, > 0. We thus have

anp Yn 0 o --- 0 O, 7 O o --- 0
Yo Bn W 0 - 0 i 1 @ 0 - 0
X'X = , Iy= = _ _ :
M Bn M O Bn M 1 nn O
L 0 0 0 m an ] L 0 0 0 7771 en_
and . _
0 n 0 0
n 1 n 0 0
r ADTD . .. .
_ nt _ . . . . ’ (12)
1+2X n 1 n 0
n 1 17
Lo 0 --- 0 n 6]

where the subscript n in A,, is dropped for simplicity, 6 = (6,4))/(14+2), and n = (G, —A)/(142)
with A > 0. Note that —1/2 < n < 0 for all large A. Using the notation introduced below (11), we
show as follows that each b®, or equivalently the selection function b, is linear in z.

Lemma 3.1. For each index set o« C {1,--- , Kn+p—1}, b is the (unique) solution of the linear
equation A*b* = zZ¢, where the £ x £ matrix A® and the (-vector Z% are given by

di n 0 o 0
n dea M
Aa: 9 d]]: Z Ap(p Z]OLZZZIC
n o die-1ye-1y N P a<hy heoy

0 - 0 n dy |

_ B Kn+p _
Moreover, A% is invertible and b?(z) = Z ag; 2, Vi, where ag; = [(AY)™Yp if j € By
j=1
T

Proof. For the given index set «, define the matrix C, = , where 1 = (1,---,1)” and

Coe

6’a. denotes the rows in C indexed by a. Hence, Cy Ab = Cy z. It can be shown via elementary

row operations and induction that C, is row equivalent to the matrix éa whose ith row is given

~ 1, iftjepg” .

by: (Ca)ij = ’ J ﬁ_l Let & be the complement of o in {1,--- K, + p—1}. In
0, otherwise

view of the complementarity condition in (10), (6 (Ab — Z))O7 > 0 implies (Db)q = 0 and, in turn,
bj = bj+1 for each j € a. This shows b = (6Q)T50‘. Therefore, we have C., A(@a)TEO‘ =C, 2.
Letting A = éa A(aa)T and z¢ = CA’a z, we obtain the desired linear equation for b, Since 6a
is of full row rank, A® is positive definite and hence is invertible. Finally, the expression for the

corresponding b follows from the structure of C‘a and the definition of 3. O



In the following, let m$ = |3%| be the cardinality of the index set 3%. Let K, > 2. Defining

h$ =mg — 1, it can be shown that for a given index set & C {1,--- , K, +p — 1},
6+ h$(1+2n) if £>2andie€({l,/¢}
dii = § 14 h§(1+ 2n) if >2andi€{2,---,0—1} (13)

20+ n)+ (Kp+p—2)(1+2n) if =1

Note that 1+ 27 = (1 + 27, )(1 +2X)~! > 0 for a large n and all A > 0. Furthermore, for a given

index set o with ¢ > 2, let h* = (h{,--- , h{) and its corresponding A® can be written as
[d11(RY) n 0 0 ]
no da(hy) n
A%(h®) = , (14)
n d—1yu—1)(hg,) n
L 0 0 7 dee(h7) ]

where each d;;(h{') is defined in (13). To estimate the inverse of each A%, we present two lemmas
regarding the sequences that characterize (A%)~! in Proposition 3.1 as follows.

Lemma 3.2. Let XA > 0 be sufficiently large. Consider the sequence {p;};°, defined by

p1 = 37 Div1 = y VieN. (15)

L —np;
Then the following hold:

2
<o
14+ 4/1—4n?

(b) for a given £ > 3,0 <pp_1 —pi —pr—1—i < (1 —0)/(—n) foralli=1,--- 0 —2.

(a) {pi}s2, is a strictly increasing sequence with —1 < p; <

Proof. Statement (a) can be proved via mathematical induction. In fact, the sequence {p;}2,
monotonically converges to the negative root 2n(1 + /1 — 4n2)~! of the equation nz? —x +n =0
from the initial term p; = (7, — A)/(6n + A) > —1. In what follows, we prove (b). The positivity
of py—1 — pi — pr—1—; follows from (a). To establish its upper bound, define the function r(z) =
(n —x +nx?)/(1 —nx). It is easily verified that 7(p;) = pi11 — p; and +’'(z) < 0 for all x € [—1,0],
i.e., r(x) is decreasing on [—1,0]. We consider ¢ = 1 first. In this case,

Pe—1 —P1 —Pe—2 = (Pr—1 —pe—2) —p1 = 7(Pe—2) —p1 < r(p1) —p1,

where p; < py_s (cf. (a)) is used in the last step. By making use of the definitions of 6 and 7, it
can be shown via direct but somewhat tedious calculations that for all large A > 0,

n _2ﬁ B n(6? — 20 + 2n?) < 1-6

-7 0 00-n) T -

r(p1) —p1 =

As a result, (b) holds for ¢ = 1. Furthermore, since {p;}$°, is increasing and r(x) is decreasing,
we have 7(p;) > r(pr—i—2) for all 1 < i < (|£/2] — 1), where || = max{n € N : n < z}.
This shows that p;+1 — p; > pr—i—1 — Pe—i—o or equivalently p;+1 + pr—i—2 > p; + pe—i—1. Hence
Do—1 — Pit1 — DPo—i—2 < Pe—1 — Pi —DPe—i—1 foralli =1,--- (|¢/2] —1). This result, along with that
for ¢ = 1, yields the desired upper bound for all i = 2,--- £ — 2. O



Lemma 3.3. Let A > 0 be sufficiently large. Consider the sequence {qj};’il defined by

n n .
Q=7 qj+1 = , VjeEN, 16
di1(h1) " dij+1)(+1) (hi+1) —ng; 10

where di1(h1) = 0 4+ hi(1 4+ 2n) and d;j(h;) = 14 hj(1 +2n),V j > 1 with real h; > 0 for all j.
Let {p;} be the sequence defined in (15). Then the following hold:

(a) =1 < ¢q; <O forall j;
(b) For any ¢ €N, if hj € Z4 for each j =1,--- £, then Pt (14hy) < q.

Proof. (a). We show by induction that —1 < ¢; < 0 for all j. Since 1+2n > 0, di; > 6 > 0. Hence
—1 < n/0 < ¢ <0. Now suppose —1 < ¢; <0 forall j =1,--- ,k with & > 1, and consider gj;.
It is easy to verify via the induction hypothesis that d(y1y(x+1) =19k > d(g+1)(k+1) 1 = 1+1 > 0.
In view of —1/2 <1 < 0, we have —1 < gr41 < 0. Consequently, —1 < ¢; < 0 for all j.

(b). We prove this result via induction on ¢. Consider ¢ = 1. It is obvious that the desired
inequality holds when h; = 0. Now assume that it also holds for hy = 0,1,--- |k, where k € Z,..
Let hy = k+ 1. Using the fact that n < 0, we obtain

2 2

0 _ 0
G Ry kD42 = (7 k(1 + 2n)

and thus 1 — n?/[0 + k(1 + 2n)] < 6 + (k + 1)(1 + 2n). This result, along with the induction
hypothesis pyx < n/[0+ k(14 2n)], implies 1 —np1yk < 0+ (k+1)(1+2n). Therefore py1x < q1,
and this completes the proof for £ = 1.

+[0+k(1+2n)]) +(1+2n) > 2[n|+1+2n =1,

To carry out an induction for a general ¢ € N, we show the following inequality first:
Pit(h+1) < 1 d -

+ h(l + 277) —Npi

where p; € (—1,0) is the ith term of the sequence {p;}. Clearly, this inequality holds when h = 0.
Suppose that it holds for h = 0,1,--- .k, where k € Z,. Let h = k + 1. By the definition of
Pit+(h+1), it is sufficient to show 1 —np; g1y < 1+ (k+1)(1 + 2n) — np;, which is equivalent to

(k+1)(1420) > 19(pi — Pitk41)) (18)

To prove (18), define the real number a = 1+k(1+2n) > 1 and the function g(z) = x —n/(a—nx).
Notice that ¢'(z) = [a +n(1 — 2)][a — (1 + 2)]/(a — nz)? > 0 for all x € [~1,0], where we use
—1/2 < n < 0 for all \ sufficiently large. Hence ng(p;) < ng(—1) = (—n)(a + 2n)/(a + n). Since
a+2n = (k+1)(142n) > 0and 0 < —n/(a+n) < 1, we then have ng(p;) < ng(—1) < (k+1)(1+2n).
Moreover, using the induction hypothesis, we further deduce

R ) = 19w < (102,
Consequently, the inequality (18), as well as (17), holds.

YV heZy, (17)

n(pi — Pitet1)) < n(pz- —

Returning to the proof for a general ¢ € N, we assume that the lemma holds for 1,--- /.
Consider ¢ + 1. Using the inequality (17) and the induction hypothesis, we have

_ n
Pyittaen) = PSeh)+0he) = T4 hpoy (14 20) — T
j=1 J
d = q
L+ hepr(142n0) —nqe
It follows from the induction principle that (b) holds true. O



In the following, let ¢ = |a| and Rﬁ denote the nonnegative orthant of R¢. The next proposition
shows that each element of (A%)~! is positive and is bounded above by the (1,1)-element of A !
under suitable order conditions. The latter result shall be used in Proposition 3.6 of Subsection 3.2.

Proposition 3.1. The following hold:
(a) Let p =10 or 1, A > 0 be sufficiently large, and K,, > 2. For a given index set o with £ > 1
and any h € Rﬂ, each element of (Ao‘(h))_1 is positive.

(b) Let p=1. Suppose that n/K,, — 0o, A(n) — oo, and K, /+/A(n) — 0o as n — co. Then for
all n sufficiently large, each element of (AC“)_1 is not greater than (A=1)11 for any index set
a C {17 7Kn}

Proof. (a). The statement holds trivially when ¢ = 1; we address £ > 2 as follows. Given an
index set @ C {1,--- , K, +p—1},let € = ( 0,---,0, 1,0,---,0)7 € R, and (A%(h)) 'e¥ =
————

(i—1) copies

(e, - ,C,%)T. To ease the presentation, we consider (Ka(h))fle‘f‘ first. In this case,
_du(hl) n 0 cee 0 1T Cﬁ i [ 1 i
n dxhy) 7 cfh 0
n dy—ne—1y(he—1) m 1le=1) 0
| 0 i 0 n dee(he)| | ey 1 L0
The above linear equation is row equivalent to
_dll(hl) — Q-1 0 0 0_ i Clal i i 1 i
qr—1 10 cly 0
: = (19)
qs 1 0 Cloé(g_l) 0
i 0 e 0 @ 1] | ey ] | 0 ]
where q1 = n/dg(h), and ¢41 = n fori = 1,---,¢ — 2. It follows from

i) (¢=i)(he—) — 71 i
(a) of Lemma 3.3 that —1 < ¢; < 0 for all i. By the definition of dj; (cf. (13)), we have

diy — q-1m > dip +n = (9~n + hi(1 4+ 21,) + 7,)/(1 + 2X) > 0. Hence, ¢y > 0. Since each
—1 < q& < 0, this further shows 0 < cf‘j < ¢fi,V j = 2,--- ¢ and thus completes the case of
(/N\a(h))_lef‘. Moreover, note that (/N\‘“(h))_1

Hence each element of (Ka(h))_le? is also positive.

T
ef = (cfy,cfyy s cfpcfy) due to symmetry.

Next we consider (Ka(h))_lef‘ with 1 <4 < £. It can be verified that (¢, - - ,C%)T satisfies
the following linear equation
1w 0 0 0] [ e [0
1 wi—1 0 - 0] [
0 -+ 0 diuhi)—n(wi—1+q—;) 0 - 0 i = 1 (20)
qo—i 1 C3lit1) 0
o - .- 0 0 ¢ 1] ey L 0
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where
n n

= 5 wj == ’
di1(hy) T dj+1)G+1)(hjs1) — nw;

w1

and
Ui Ui .
q1 = ’ qk = 7Vk:1,“',£—l—1.
Y du(he) T d e (he—k) —nan
Following (a) of Lemma 3.3, we have —1 < wj, ¢ < 0 for all j,k. Since d;;(h;) = 1+ hi(1 + 2n),
where h; > 0 and —1/2 < 1 < 0 for all sufficiently large A\, we have d;;(h;) — n(wi—1 + qv—;) >
dii(hi) +2n = (h; +1)(1 + 2n) > 0. Hence, ¢j; > 0, which further implies 0 < ¢f; < ¢,V j # i.

1)

To show (b) for p = 1, we address two cases as follows:

(b.1) a = {1,---,K,}. Here A* = A is of order £ = (K, +1) > 3. Note that (A1)} =
(A Y = (1 —=npe—1)™t and (A V) = (1 — n(pe—i + pi—1)) L for all 2 < i < £ — 1, where {p;}
is defined in (15). It follows from (b) of Lemma 3.2 that 6 — npy—1 < 1 — n(ps—; + pi—1) once
2 < i < /¢ —1. Further, (a) of Lemma 3.3 shows that p,_1 > —1 (corresponding to h; = 0) such
that @ — npy_1 > 6 +n > 0. Therefore (A=1);; > (A71);; for all 2 <4 < ¢ — 1. By observing from
the proof of (a) that (A~1);; is greater than off-diagonal entries in the ith column, (b) follows.

(b.2) « is a proper subset of {1,---,K,}. Consider two subcases: (i) £ = 1; (ii) £ > 2. For
subcase (i), note that for all large n, A% = 2(0 + 1) + (K, — 1)(1 +2n) ~ K, /(1 4+ 2)) and

2 —e+‘/1_4772_1 VA
1++/1—4np2 2 142X\
By the given asymptotic behaviors of K, and A, we have (A%)~! < (A=);; for all large n. For

subcase (ii), it suffices to show that ¢ < (A71)y; for all i = 1,--- ,£. Consider i = 1 first. It
is seen from (19) that the sequence {qj}g;% is defined by some h; € Zy,j = 1,--- ,{ satisfying

/(A D=0 —npr, <0—n

Z§:2(1 + hj) = K,, — hi. Moreover, by noticing that each h; here corresponds to heyi—; in (16),

we deduce from (b) of Lemma 3.3 that pg,, —p, = Pyt < q¢—1. Therefore,
j=2

1+h]')
dir(h1) —nge—1 > 0+ hi(14+29) —npK,—n, > 0 —npk, > 0,

where the second inequality follows from (18). Hence, ¢y < (A71)q;. Similarly ¢§, < (A71)1;. Now
consider i € {2,--- ¢ — 1}. It is seen from (20) that we have two sequences {wj};-;ll defined by

h;j € Z and {qj}f;i defined by hy_jy1 € Z. Let 51 = Z;;ll(l +hj) and sy = Zﬁ;’i(l + he—ji1)-
Hence, s1 + s2 = K;, — h;. By (b) of Lemma 3.3 we have w;—1 > ps, and q—; > ps,. As a result,

dii(hi) — n(wi—1 + qe—i) > 1+ hi(1+2n) —n (ps, —i—p(KH_hi)_sl)

1-6
> 1+4+hi(142n)—n (PKn—hi - 7) (via (b) of Lemma 3.2)
-0

= 0+ hi(1+2n) —npK,—h,

> 0, (via (18))
This yields ¢ < (A™1)yq for all i € {2,--+ ,£—1}. O

Recall that for each piecewise linear function b;(z) with i € {1,---, K, + p}, its selection

function (corresponding to «/) is given by 5?(2) = Zf:"i P aj;z. According to Proposition 3.1, we

conclude that each af; is positive for any 4, j and a.. The following proposition establishes an upper

bound of ZJK:’H |agy]-
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Proposition 3.2. Let p = 0 and X\ > 0. For each index set « C {1,--- , K,, — 1} with K,, > 2,

Kn _ Ky _
ijl ]a% = ijl a?j =142\

Proof. Let z* = (1 +2)\)~! 1, where 1 denotes the vector of ones. By making use of the matrix
A defined in Lemma 3.1 and the formula of d;; in (13), it can be verified via straightforward
computation that b®(z*) = 1, and thus b”(z*) = 1, for each a C {1, , K,, —1}. The proposition

thus follows in view of b; (z*) = Z]K:n1 ay/(1+2A) for each i =1, , K. O

In what follows, we focus on p = 1 and establish a uniform bound for the sums of the coefficients
of each selection function E? (z), regardless of i, K, A, and «. Note that for each 4, the sum of the
positive coefficients of b; is equal to b; (1) and further equals to the ith element of (Ka(ha)) - (1+
h®), where h® = (h¢,--- ,h$)T € RY. We show below that each element of (Ka(h))_l(l + h)
attains its maximum at h = 0. This implies that the sum of the positive coefficients of 5? is

bounded above by || (KO‘(O))AHOO.

Proposition 3.3. Let p = 1, and let n/K,, and A\ > 0 be sufficiently large with K, > 2. For a
given index set o and each i € {1,--- {},

(Ae@)a+n)] < [E©0) 1], ¥ 0£neR]

3 K3

Proof. The case of ¢ =1 is easy to verify and thus omitted. We assume that £ > 2 in the sequel.
For the given « and i, define the real-valued function g(h) = el (Ao‘(h))_1 (1+h). Clearly g(h) is
continuously differentiable on an open covering of ]Rﬂr. For each j,

_10A%(h)
ah;
_ ((Ka(h))‘lei)j — (1 +2n) ((K“(h))_lei)j ((Ka(h))‘l(l + h))j

= (Rom)e) [1-@+2m)(Em) (1 +n)) |

J J

dg(h)
dh;

= el (A7) ej + el | (R2(n) (o) | (1 +h)

We deduce from (a) of Proposition 3.1 that ((Ka(h))_lei)j > 0 for all h € RY. Noticing A%(h)1 =
(O+n+hi(1+2n), (1+h2)(1+2n), -, (L+he1)(1+2n), 0 +n+he(l+ 277))T, we further have

1-(t+2)((Rom) T (@ +h) = (RR) T [AW1- A+ 2m)(1+h)]
= (0—-n—1)(A*(n)) "(e1+er) <O, (21)

where we use the facts that 6 —n — 1 < 0 for all large n/K,, A and (Ka(h))fl(el +e) >0

for all h > 0. As a result, the gradient Vg(h) = (aag}(:),--- ,%g—fs))T < 0 for all h € Rﬁ. For
a nonzero h* in the convex cone R%, let (0,h*) = {uh* : u € (0,1)} be the open line segment
joining 0 and h*. It follows from the Mean Value Theorem that there exists z € (0, h*) such that

g(h*) = g(0) + (Vg(2),h*). Consequently, g(h*) < g(0). O

In view of the above proposition, it suffices to show that each element of (7\& (O)) s uniformly
bounded, regardless of K,,\ and a. This is proven in the following proposition, where A%(0) is

denoted by Ag for notational convenience.
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Proposition 3.4. Let p =1, and n/K,, and X\ > 0 be sufficiently large. Then for any ¢ € N, the
following holds for each Ag € RE¥E:

0 < €; (Ao)

Proof. When ¢ =1, we have Ag > 2(0+n) > 0 (cf. (13)). Hence the proposition follows. Consider
0> 2. Let v; = e] (Ag)~'1 for each i. Let p = (1 — /1 —4n?)/(—2n) be the root of the equation
nx? 4+ x +n =0 with 0 < p < 1. It is known from [7] that

(X5=607) [0 +np) = p"2(n+0p)] P

(O +np)2 =D+ 0p)2 (O+mp)+ o2+ 0p)
Moreover, it can be shown by direct calculation that for n/K, sufficiently large, 8 + np > 0 and
n+0p < 0. Hence, (04 np) + p2(n+0p) > (0 +np) + (n+0p) = (14 p)(6+n) > 0 for all £ > 2.
This shows v = vy > 0. Furthermore, notice

V1 = Uy =

(Zﬂ) (0+n) = [(0+np) + > (n+0p)]

1— p£—2 3 1— pZ—Z 1— p€—2

————+0p) = (1= )p = ——— [n+9p—np+np2} = (9—77— 1>p,
- -p —-p

where 1p? 4+ p+n = 0 is used. Since § —n — 1 < 0 for n/K,, sufficiently large, we have v; = v, <

1/(04mn) = (14 2X)/(0n + 7).

To obtain the desired result for other i’s, we see from (21) that
(1+2n)v; =1+ (1+n—0) [ ((AO)‘lel)i + ((Ao)‘1e4>i}

It follows from Proposition 3.1 that [(Ao)flel]i > 0 and [(Ag)fleg]i > 0. Hence v; > 0. Further-
more, [(Ao)fleg]i = [(Ao)flel]g_i. Therefore, [(Ao)flel]i + [(Ao)fleg]i <el(Adg) M1 =v <
(6 4+ n)~t. Consequently,

1 } _ 12 [1 ﬁn+1—§n}< 14 2)

1+(n+1-6 < — = < =

v; <
1+ 2n
O
Combining Propositions 3.3 and 3.4 and recalling 6,, — 6, and Mn — 1 as n/K, — oo, where
0. > 0 and 7, > 0, we have

Proposition 3.5. Let p = 1. For all sufficiently large n/K, and X\ > 0, and for each index set
aC{l, -, K, +p—1}, the coefficients af; of each selection function b (2) satisfy

Kn“’p Kﬂ+p

Z jag| = 3 gz < 2LE2N gy

= O + 1
Remark 3.1. We point out two observations to be used in the following subsection.

(1) In view of Propositions 3.3 and 3.4, we conclude that for all sufficiently large n/K, and
A >0, [[(A%(h) ™ (1 + R)|oo < 2(1 4 2X) (0. + 71) " for all @ and h > 0;

(2) All the results in this subsection remain true if 7, is replaced by an arbitrary positive number
(with 6, = 1/2). This observation is instrumental to the case p > 2 as shown in Proposi-
tion 3.6.
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3.2 The Case of p> 2

In this case, X7 X is a (2p + 1)-diagonal matrix of order (K, + p), i.e.,

XTx =
Ain V(2,1)n V(p,1)n Yin 0 e 0 0
Ve nn Q2n Yin tet 0 0
V(p,p—1)n 0 0
V(p,1)n V(p,p—1)n Qpn Tpn Yin 0
Yin Ypn ﬂn Ypn s Yin 0
. . 0
N 0
0 0 Yin Ypn /Bn Ypn
0 0 0 Yin Ypn Qpn V(p,p—1)n
0 0 0 0 D Vpp-in
0 0 0 0 0  vin
L 0 0 0 0 0 0 Yin V(p,1)n
Define \* ) .
A="-, T,=—-—X'X and gy=—XTy
/671 ’ BTL ’ /Bn
and
’ék _ Ogp = _ VG, E)n ﬁk _ Vkn
n= k) = — o — n= -
Bn ) (4, k)n ﬂn 3 5’” 3

Q2n

Ve, )n

Yin

V(p,1)n

Y1)n
Q1n

which satisfy 0 < éln < e < gpn <1,0< Ny, < < Mpp < 1 with Z?:l njn dependent on p
only, and 0 < 7(; jjn < T(i—1jm < L and 0 < 7(; jy, < T(ij+1)n < 1. Moreover, define A (whose

subscript n is dropped as before) as

A= (1420 (Tn+AD"D) =

O1n T(2,1)n T(p,1)n Min 0 e 0 0
T(2,1)n Oan, ; Mn - 0 0
T(p,p—1)n 0 0
T(p,1)n T(p,p—1)n 017” Mpn Mn 0
Min Tlpn 1 Tlpn Mn 0
0
0
0 0 Mn Npn 1 Npn
0 0 0 Mn Npn 617’"« T(Pypfl)n
0 0 0 0 7-(p,p—l)n
0 0 0 0 0 7Mn O2n
| 0 0 0 0 0 0  mMn T(p,1)n T(2,1)n
where
?(j,k)n_)‘ k=1 Mhen — A
" _ Ok +2) o) Ty MEEIT N
n = 1+ 2\ 5 (J, k)n = 7-(],7 k)n ) 5 n — Mkn
T1an otherwise 1+on
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Following the similar discussions near Lemma 3.1, we obtain the matrix A® from A pertain-
ing to each index set o C {1,---,K, + p — 1}. Specifically, let {B{,---,5;'} be the parti-
tion of {1,---, K, + p} corresponding to . Then the elements of A* are given by (A%);; =
Zseﬂg,teﬁf Ag¢. For a given p > 2, choose 6, = 1/2 and let 7, = Z?:l Njn > 0 (dependent on p

~

only). Define 6. = (0 +\)/(1+2)) and . = (7 — A)/(1 +2X). Hence n. = >-%_, ;. Moreover,
for each given K, define a tridiagonal matrix A, of order (K, + p) with the similar structure as
that of A defined in (12) but with § and »n replaced by 6, and 7, respectively. Thus for each index
set « C {1, ---,K, + p— 1}, we obtain the corresponding matrix /NXf as in the prior subsection.
Let AA® = A% — K‘j‘. The lemma below shows that each element of AA® is of order AL

Lemma 3.4. For any given p > 2, there exists a positive constant x,, dependent on p only, such
that for each given K, and index set o C {1,--- , K, +p— 1}, any row and column of AAN® has at

< xp (142071

most (2p + 1) nonzero elements, each of which satisfies (AZ\’Q),-j

Proof. If AA® is of order no less than (2p + 1), then it is a (2p + 1)-diagonal matrix. Hence a row
or column of AA® has at most (2p + 1) nonzero elements. To establish the desired upper bound
for nonzero elements, we consider two cases: (1) i # j; and (2) i« = j. For case (1), recall that
BN ﬂjc-“ = (). Hence, Ape Be is a sub-block of A above or below the diagonal of A and Age Be contains
at most p(p+1)/2 nonzero elements of A. Moreover, for s € ff, t € 3, we have: (i) if [s —t] > 2,
then |Ag; — (Aw)se] = [Ase] < (1+20)71 and (ii) if [s — t] = 1, then |[Ag; — (Av)se| < Fu(1+2X) 7L,
where 7, > 0 depends on p only. Consequently, |(AKO‘)ij| < p(p + 1)max(1, 7x)/[2(1 4+ 2))] once
i # j. In what follows, we consider case (2) where i = j, i.e., Age e is a principal submatrix
of A. Recall h; = |3%| — 1. Letting d = min(p, h;), it is noticed that (A%);; = Do+ 23¢_, Dy,
where Dy is the sum of the diagonal entries of Age B and Dy, is the sum of the (one-sided) kth
off-diagonal entries of Age Bo- Since at most 2p diagonal entries are different from 1 and each
difference is bounded by (1 + 2X\)~!, Dy = (1 + h;) + eg with |eg| < 2p(1 + 2X)~!. Similarly,
at most (p — 1) 1Ist off-diagonal entries are different from 7,, and each difference is bounded
by (1 +2X\)~'. Thus Dy = hinpn + €1 with |e1] < (p — 1)(1 + 2X)~'. In general, we have
Dy, = (hi+1—k) npi1—k)n+ex with |eg| < (p—k)(142X) 7" for each 1 < k < d. Consequently, by
observing d < p, (A®);; = (1+hy) + 34, 2(hi + 1 — k) s 1_k)n + & where [&] < G(1+2X) 7" for
some constant ¢, > 0, dependent on p only. In light of (13), we have (A$);; = (1+h;) +2h; ns + €/,
where |¢/| < 2(1+2X\)"!. Using n. = Y .7_, nkn and Mpt1-kynl < (1 + 2)\)~! for all & > 2, we
obtain [(AA®);| < S0¢1 20k — 1) [0yt —rynl + (G +2)(1+20) 71 < (p? + ¢ +2)(1+22)~". Hence
Xp = max (p(p+ 1) max(1,7.)/2, p? +(p+ 2) is the desired upper bound, dependent on p only. []

We introduce more notation for the subsequent development. For a given matrix A = [a;;], let
|A| = [|aij|] denote the matrix formed by the absolute values of the elements of A. It is easy to
verify that for matrices A and B, |||A[l|,, = [|All and [|AB|];; < [[A] - |Bl]ij, ¥ 4, J.

Proposition 3.6. Let p > 2, o € (0,1), and v € (0,1). Suppose that K, ~ n? and X\ ~ n>7=2),
Then there exists k, > 0, dependent on p only, such that for all n sufficiently large and for each
Ky, and any index set « C {1, , Kn+p— 1}, the coefficients af; of each selection function b; (2)

satisfy Z;i"fp lag;| < kp(1 4 2A).

Proof. Tt is easy to verify that the given orders of K, and A(n) satisfy the conditions in (b) of
Proposition 3.1. Hence, for the 6, and 7, corresponding to the given p, as long as n is sufficiently
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large, each element of (Kf)_l is positive and is not greater than (A;')y; for any K, and index
set a. Letting p, € (0,1) be the solution of the equation 7.2 + = + 7, = 0, it is shown via a
similar argument as in [7] that under the given order conditions, p» ~ exp(—cn?) with ¢ > 0 such
that (A71)11 — (0x + 1mep) "1 ~ /A(n) as n — oo. Therefore, for all large n and any index set
«, each element of (K‘j)_l is of order no greater than \/W . Since Lemma 3.4 shows that each
column of AA® has at most (2p + 1) nonzero elements of order A~!, we have, for all n sufficiently

large, [|(A2)~! (AAY)|oo ~ A~1/2(n) for cach «, where H HOO denotes the induced infinity matrix
norm. Hence (A%)™1 = (A2 + AA)~t = (3032 0[ (A2)~ L(AAY)]") (A2)7L. Let h® € RY be
defined similarly as in the last subsection, i.e., = ¥ —-1,Vi=1,---,{ For the selection

function b; (z) = Z]K”fr P af;zj, it follows from the similar argument before Proposition 3.3 that

S P lag] < 1A™) 7Y 4 h) |- Since [(A%) 7y < [(521(A2) ! (AA)[) [(A2) 1], for
all 4,7 and 1 4+ hA® > 0, we deduce that

[+ )

< |2 IR @R F) 1R+ h?)
=0

oo [e.e]

IN

(Z” (A2)~ (ARY)IE ) 1A~ (1 + 5%

where the last inequality is due to the fact that each element of (Kf)_l is positive. Therefore, we
have |||(A%) (1 +hY)|loe < 2[[(A2) 11 + h?)||oo for all K, A and all « as long as n is sufficiently
large. Since it is observed from Remark 3.1 that ||(A2)™1(1 + h%)||es < 2(1 + 2X)(8, + ) for
all K, A and « (for any large n), where 0, + 7« depends on p only, the proposition follows. O

3.3 Proof of Theorem 3.1

Since z = §j/(1 + 2)), each function b2 () = Z]K”frp ag; i, where af; = af; /(1 +2X) > 0,V i,j =

, K, + p for each index set a. By virtue of Propositions 3.2, 3.5 and 3.6, we have, for any
p € Z4, under the specified conditions in each proposition, the mapping § — EZ is a continu-
ous piecewise linear function whose each selection function l;io‘ : RE»+P R satisfies ’lA)ZO‘(g])’ <
(Z;i"f P |df‘j|) max(|7i|) = kp || ¥lleo, ¥ ¥, namely, each b® has the Lipschitz constant r,, regardless
of K,,, A\, @ and i. Hence, for a given p and a fixed K,, b; admits a conic subdivision of REn+?
[4, 21, 23], i.e., REn*P is partitioned into finitely many polyhedral cones and b; coincides with one
of its selection functions on each cone. For arbitrary u,v € RE»+P_ the line segment joining v and
v is partitioned by the conic subdivision into finitely many sub-segments, on each of which b; has
the same Lipschitz constant x,. It thus follows from the similar proof of [4, Proposition 4.2.2] that

|bi(w) — bi(v)] < Kp [ — V][00,V u, v € REnHP, O

3.4 Implications of Uniform Lipschitz Property

The uniform Lipschitz property of b leads to two important consequences that pave the way to
asymptotic analysis: stochastic boundedness and consistency at the boundary. Specifically, let
b= b(E(Jn)), where E(-) denotes the expectation operator, and define f!!(z) = Zf:"frp IV)kB,Ep} ().
According to Theorem 3.1, we have

sup |fP(z) = fP(z)] < [Ib(H) = BEG)lo < 7 —E@)lloc = Op(Vn Ky log Ky ), (22)

z€[0,1]
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where “a = O,(b)” means that a/b is bounded in probability. Let u = A*/(nK,). It shall be shown
that, under mild conditions on f,

u 7[}1; — f(2)| = O(M)? ifp:l
s [79(0) = 1) {O(M)JrO(K;l), fp=1 -

The development of (23) is a special case of Theorem 4.1. Combining (22) and (23), we have

ol ) Ou(Vn 'K, log Ky, ) + O(p), ifp=1
iy 7 f(””"{op(mwomwomm ipr1 Y

Brunk’s estimator (1) is inconsistent at boundary points [31], which is known as the spiking problem.
In contrast, (24) shows that fI?! is stochastically uniformly bounded and fIPl(0) is consistent if
n~'K,logK, — 0 and 4 — 0 as K,, — oo and n — oo. This result is critical to estimation of
error terms in asymptotic analysis in Section 4; see the proof of Lemma 4.1, for example.

4 Asymptotic Properties of Monotone P-Spline Estimator

4.1 Linear Splines: p=1

We first concentrate on f [Pl with p = 1. The closed form representation of f (] is unavailable from
(8), which makes it difficult to study its properties. In this subsection, we replace the difference
equation (8) by its analogous differential equation to establish its asymptotic distributions.

Let w be the uniform distribution on z1, .. xn, and let g be the piecewise constant function
for which g(z;) = y; for i = 1,...,n. Define F f f M(y)dy and

G(z) = /0 g(y)de(y) = %Zyi Iz €R|z <},
=1

where I denotes the indicator function of a set. Denote G the greatest convex minorant of the
cumulative sum diagram G, i.e., G is the supremum of all convex functions lying below G (see [3,
p.11] for a similar discussion on a convex hull of a given set of points). Hence, G is a convex and
piecewise linear function. It is shown in [15] that G and G are close when the derivative of the
true regression function f is bounded away from zero, and |G — G| = O,((n~'logn)*/?), where
| Il = supjoq) [f(z)]. The subsequent norms are defined in the same way. For any = € (0, 1), let
d=|Kuz]|. It is clear that F"(z) = K, (bgi2 — bay1). Let

d+1 n d 1 n
Ri@) = [Fa) — 0@)] — [+ 33 B f e, Sl @] @)
k=1 i=1 k 1i=1

Recall that p = A\*/(nKy). Thus, the optimality condition (8) becomes the following ODE with a
constrained right-hand side and thus a complementarity system [22, 23]: ,uF "= [F —-G—R; ] N
Define Ry = (F — G) — pF". Then, F solves the differential equation

pE"(t) = F(t) = G(t) — Ro(t), te€[0,1], (26)

with two boundary conditions F'(0) = 0 and F(1) = G(1) 4 e; by (9), where e; = F(1) — F(1) is of
order O,(n~1) since f11 is bounded with probability one according to (22) and (23). The following
lemma shows that || Rzl is small and of order O,((n~'logn)?3) + O,((n 'K, log K,,)'/?).
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Lemma 4.1. Assume that either (i) p and K,, satisfy un?/3 — oo, uyn?/®> — 0, and p=/?log K,/ K,, —
0; or (ii) p= c*n=%/% and K, ~ nY with v > 1/5. Then

IRl = op(<7> ) + 0 ().
Proof. Let d = |nz|. Define F(x =y FU(y)dw(y). Note that
d+1 n dMn (d+1) M,
1
ZZBH D) = Zf[l i) Z Bd+1 i) [N (ws)
=1 i=1 " i=ddy 41
1 d (d+1) My,
= F(a) -~ S = N B (@) ().
i=dMnp+1 ’L dM,+1
Similarly, we have
1 1
B,E] zi)yi = G(x) — — Z yz—i—* Z Bc[lllxl

k=1 i=1 " i=ddy 1 i=dMp+1
Hence, it follows from (25) that

) i (d+1) My,
Ri(z) = F(z) - Z Z Bd+1 ;) ( [1]( i) = Yi)
i=dM,+ z dMp+1
= F(z) - F(z) + Wi(z )+W2( ),
where
d (d+1 VM,
Wl(ﬂi) = Z f[l Z Bd+1 CCZ ]( ) f(l"z)),
=dM,,+ z dM,+1
i (d+1) M
WQ(Z‘) = Z - yz - Z Bc[illl xl ) - yz)
=dMn+ z dMn+1

It is clear that |F — F| = op(n—l) [16]. From (24), we have ||[Wi|| < 2n~'M,||fM — f| =
Op(+/log K, /(nkKy,)). Note that Wa(z) is a normal random variable with mean zero and variance
of order O((nK,)~1), and hence ||Ws|| is of order O,(1/log K,,/(nK,)). Therefore, ||R;| is of order
0p(v/1og K,/ (nK,)) + Op(n~1). Since Ry = uF” — (F — G), we have
IRoll = I(F =G =Ri)y = (F =G| < |(F=G)s = (F =G|+ I(F =G| + || B

< NG=GI+I(F=G)- ||+ 1F = Fl[ + [ Rl

_ logn 93 log Kn\1/2 1

= (S o) +0n(3)

n nk,

where ||(F — G)_|| = O,(n~") is given by [16, Lemma 2]. Hence, the lemma follows. O
Denote by € = p~Y/2. The solution to (26) can be expressed explicitly by the corresponding

Green’s function [16]: x,(t,s) = 271 & exp(—¢|t — s|), 0 < t < 1. Using this, we have

1 ~ 1
F(z) = /O Xu(,8)G(s)ds + /0 Xu(T, 8)Ra(8)ds + co(€)e ™% + ¢ (€)e 812, (27)

where both ¢y and ¢; can be obtained from the boundary conditions and it can be shown that
lco(§)] + le1(§)] < 6[|G + Rof| + 4[| F]|, for £ > 1.
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Theorem 4.1. Assume that the true regression function f is twice continuously differentiable.
Then, the function f s given by

Al _ " —€|m—a4 n 2/3
@) = f@)+nf'() Z 24 O (o) /*)E
log K, 1/2 —fx(l—zx)
0, (™) )5+ 0,(€) (28)
uniformly in A and x € (0,1). Moreover, if f is three times continuously differentiable, then
d . 1
Eaapripy _ / 1" —2/3\ ¢2
/@) = 7@ @) o)+ 0p(g) + 0 () )
log Kn\1/9\ 2 | —¢a(i—2) 2
O, (™)) € 4 e &0, (€2) (29)
uniformly in X and x € (O 1).
Proof. Let F(z) = [y f(y)dy and F(z) = [ f( ). Obviously, |F' — F|| = O(n™!). Differen-

tiating p01ntW1se of equatlon (27), we have
; Lo = Lo
fe) = / g (@ 8)G(s)ds + /0 o X, 8) Ra(s)ds — €e™ e (€) +&e< e ()

_ /dsxuxs (s)ds + Vo () + Vi (z) + Va(z), (30)

where

1 1
o) = [ Sl s)i66) ~ Felds = = [ e slGes) - Flds

1
— (@ De) - FO)) + /0 xu(x,s)[dG(s)—dF(s)]

;Z‘

_ o—E0-2) S Elo—ai get
= 2n £- Z 02z —|— Ze oz = ( \/ﬁ

V@) = /0 2 u(2,)[Gls) + Rals) — F(s) — Gls) + F(s)]ds,

) ; Z e 8l ””"Jz

Vala) = —€eEeo(6) + e 0Ty (€) - Lee ORI = 00, 6).

However, since ||[F' — F|| = O(n™1),

Vi(2)] < ;HG—G+RQ—F+F’H/0152e—§'x—sczs _ o,,(( - 2/3>§ o ((logK )1/2>§

logn nk,
Furthermore,
1 o 1
/ a—xu(x,s)F(s)ds = / —xu(z,8)F(s)ds = —xu(x, 1)F(1) +/ Xp(z,8)f(s)ds
0o or s 0
- e+ [ s
0

Note that fo(z fO Xu(z,s)f(s)ds satisfies the equation pfy = fo — f. By equation (6.4) in

[14, Theorem 2 2], we obtain fol Xu(z,s)f(s)ds = f(x) + pf"(x) + o(w). This gives rise to the
representation of f in (28). By differentiating (30) again, (29) can be established similarly. O
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Theorem 4.1 indicates that the monotone P-spline estimator is approximately a kernel re-
gression estimator. The equivalent kernel is the double-exponential or Laplace kernel and the
equivalent bandwidth is of order u. The asymptotic mean has the bias uf”(z) + o(p), which is
negligible if p is reasonably small. On the other hand, p can not be arbitrarily small as that will
inflate the random component. The admissible range for p given in Theorem 4.2 is a compromise
between these two.

Theorem 4.2. Suppose that f is twice continuously differentiable with bounded second order

derivative on [0, 1].

(a) If u and K, satisfy pn?/® — oo, un®/®> — 0, and p=/?log K, /K, — 0, then

2

nut (f(2) = f(@) — N(0.5) (31)
in distribution as n — oo.
() If u=c*n~%% and K, ~nY with v > 1/5, then
. 2
ni (@) = f@) — N (@), ) (32)

i distribution as n — oo.

Proof. Let T, (z) = 0¢/(2n) Y1, e~¢1#=ilz,. For any fixed z, the Lindeberg-Levy Central Limit

Theorem gives
2
Vg2 T, () — N(O, %)

in distribution. When p and K, satisfy pn?/? — oo, un?/® — 0, and =2 log K,/K, — 0, it is
easy to see that the remainder terms in (28) are o,(1). If u = ¢>n=2/%, we have \/nul/2uf"(z) =
c2f"(x). Hence the theorem follows. O

When g ~ n~2/3) this yields the slowest rate of convergence (~ n'/?) in the limit, which
is the same as that of Brunk’s estimator in (1). The asymptotic results in Theorem 4.2 provide
theoretical justification of the observation that the number of knots is not important, as long as it is
above some minimal level [18]. A comparison to [7, Theorem 4] shows that both the unconstrained
P-spline estimator and the monotone P-spline estimator share the same asymptotic distribution
given in (32). It is also interesting to notice that the monotone linear P-spline estimator and the
monotone linear smoothing spline estimator in [16] are asymptotically equivalent. However, many
challenges emerge for both algorithms and asymptotic analysis when we shift from linear monotone
smoothing splines to higher-degree counterparts. On the other hand, it is relatively easier to obtain
monotone P-spline estimators of other degrees. We discuss these estimators in Subsection 4.2.

4.2 Splines of Other Degrees: p # 1

In this subsection, we study the asymptotic properties of f Pl(z) = EK”+p by, B[p ]( ) when p # 1.
We first define a piecewise linear function fP!, where f ] and fIP! share the same set of spline
coefficients. In particular, define fl%(z) = STir, l;kB,[C”(:c), and flPl(z) = Sorn it b[p Bm( ) if
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p > 2. Note that fl% is defined on [0,1 — 1/K,]. Denote F(z fo fIPl(y)dy. For any = € (0,1)
and d = | Kpz ], let

d+1 n d+1 n
Rs(@) = [F@)-G@)] - [ S5 B fwn - 33 Bl @y (33)
k=11i=1 k=1 i=1
Thus, the optimality condition (8) becomes pF" (z ) [F—G — R3]. Define Ry = (F —G) — uF".

Then, F solves the differential equation uF" (t) = F(t)—G(t)— Ry(t), t € [0,1], with two boundary
conditions F(0) = 0 and F(1) = G(1) + e, where ez = Op(n~"). Following the same discussion
as in Subsection 4.1, we can establish the asymptotic distribution for f?! as in (31) and (32),
respectively, under different admissible ranges of p and K.

Lemma 4.2. For any x € (0,1), let d = | K,z |. Then,

. - £[0]
F9@) = 7w + 5 T [ =0 — (0= v = 1 ] (34)
and forp > 2,
p d+g+1 d £p] 7d
) =@+ > - ol ( B (4 )BT (). (35)
q=2 i= d+2

Proof. Direct algebra yields

@) = Ku(F(kas1) = F(ka)) = Kn(F(ka+1) — F(r4)) — %(i?dw — bay1)

i (0] (
= 79w+ 5O i — 2 - = - .

The B-spline basis functions have the recurrence relationship such that

Py = Bn( 1] Ko, g1
B (z) = ) <w n]_p_1>Bj_1 (x) + p (/ij ar)Bj (x).

Let flP~U(z) = f"frp Yoy B[p ]( ) with the same first (K, + p — 1) coefficients of fP!. For
& € (Kq, Kdy1), the difference between fIP/(z) and fIP~1(z) is given by

d+p+1

n Kn —
) =17 = ) [bzﬂ* — hip) b (S (i — ) — 1) B (@)
i=d+2 b
d+p+1
K, _
= Y e —b) (2@ = ki) BP (a). (36)
i=d+2 p
Therefore,
. N p d+g+1 K X
) = ) +3 Y (in _bi)<7n(x_,%_q))31[q— (@)
q=2 i=d+2 q
~ p d+q+1 df[p( d) . )
= f[P] +Z Z ( ( — Ki_ q)>B[q 1](35)'
=2 i=d+2 q
Hence, the lemma follows. -

21



Theorem 4.3. Suppose that f is three times continuously differentiable with bounded third order
derivative on [0,1]. Let p # 1.

(a) If p and K, satisfy un®/® — oo, un?/> — 0, and p~"?log K, /K, — 0, then

2

Vi (79) = 1) @) — x(0,%) (37)

in distribution as n — oo, where

Pl(z) = 2an/( z) fp=0
" Fla) Yy S Yo — ki) B ) ifpz 2.

(b) If p = An~%% and K,, ~ nY with v > 1/5, then
2
3(Flel (g — _ plrl . 21y O
nd (@) = fla) = rll(@)) — N (" @), T ) (38)
in distribution as n — oo.

Proof. We may go through the same proof as of Theorem 4.1 to establish the asymptotic distri-
bution of fP/(z). For x € (0,1), equation (34) shows that the difference between fI%(z) and a
piecewise linear function f%(z) is

Fl0l(
LI et ] "
By (29), we have
d - / " 1 n ._
%f[O} () = fl(z)+pf"(x)+o(pn)+ Op<ﬁ> + Op((@) 2/3)52

log K,
O, (™)) e 0700,().

Hence, (39) is equal to —f'(z)/2K,, + 0,(1/+/nu'/? ). Combining the results in Theorem 4.2, part
(a) follows. By (29), we also have

d - d . d 1
%fm(ﬁfn) = fl(= )+O(K )+uf (x+K—)+o( )+Op(ﬁ)
+O <(lo7gL )~ 2/3)52_1_01)((1??}5 )1/2>§2_’_€ fx(1-2) ) (52)

For any x € (0,1), the difference between fll (z) and a piecewise linear function fIP!(z) is given by

p_dtatl . g7l id
1dfP(x + Z2) _
D I P AL €D

q=2 1=d+2
P dtatl - . } X
Thus (b) follows easily. -
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Figure 1: Monotone penalized spline estimator with p = 2 (dashes), Brunk’s estimate (dots),
quadratic regression spline estimator (dot-dash), and the true regression curve (solid).

An interesting observation is that the convergence rate of f [Pl does not depend on the spline
degree p. Comparing Theorem 4.2 with Theorem 4.3, it is clear that the asymptotic distributions
are the same except that the asymptotic bias term of f [Pl has a higher order when p # 1, where
both 7 and ) defined in Theorem 4.3 are of order O(K,'). Further, the modeling bias due
to approximating f by a spline is asymptotically negligible if K,, ~ n? with v > 2/5. While the
similar observation is attained in [7] for the unconstrained P-splines, it is the first time that this
is rigorously established for the monotone P-spline estimator.

5 Examples and Discussions

5.1 Simulation Examples

In this subsection, simulation results are presented to compare the performance of the following
three estimators: the Brunk’s estimator (BK), the monotone quadratic regression spline estimator
(QUAD) developed by [12], and the proposed monotone penalized spline estimator (PM) with
p = 2. We choose the number of knots for both quadratic regression splines and monotone
penalized splines as K,, = 20,60, 100, respectively. The z;’s are defined in the interval [0, 1] with
sample size n = 200. The noise distribution is normal with standard deviation 0.2. Figure 1
shows the true functions of the three examples together with the estimates obtained from the
estimators. The performance criterion is the mean squared error n=1 Y7 | { f(xi) — f(x;)}2, where
f and f represent the true function and estimating function, respectively. The average value of
this criterion over 1000 simulations is computed and summarized in Table 1. In addition, we also
compare the performance of the estimators at the boundary point = 0. The average value of
the difference between f(0) and f(0) over 1000 simulations is summarized in Table 1 as well. The
asymptotically optimal penalty parameter u can be found by minimizing the asymptotic integrated
mean square error, which is given by

2 ! "0, 2 o’ 4/5
d —n~ 7,
1 /0 ' (x) 9:+4Cn
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Table 1: Average mean square errors from three estimation methods

BK QUAD PM

K,=20 K,=60 K,=100| K,=20 K,=60 K,=100
Step 0.0028 | 0.0038 0.0031 0.0030 0.0043 0.0042 0.0042

MSE  Logistic | 0.0028 | 0.0017 0.0023 0.0025 0.0024 0.0024 0.0024
Cubic 0.0036 | 0.0023 0.0030 0.0032 0.0023 0.0023 0.0023
Step 0.0258 | 0.0074 0.0207 0.0235 0.0086 0.0092 0.0097

MSE Logistic | 0.0268 | 0.0073 0.0198 0.0240 0.0058 0.0058 0.0057

at 04 Cubic 0.0255 | 0.0143 0.0229 0.0249 0.0092 0.0093 0.0098

Therefore, the asymptotic optimal p is

1 —-2/5
= [16710_2/ f”(:n)Qd:E] .
0

Meyer and Woodroofe [13] gave a consistent estimate of o2. We also use the kernel estimator of
f to obtain an estimate of the second derivative of f in practice. In the following examples, the
penalty parameter is chosen as 0.04.

Ezxample 1. In this example, consider an increasing step function

1
0, OS$<§,

fla)y=1q 3, $+<z<?
1, 2<zx<1
, 35z < L.

Ezample 2. This example focuses on the logistic function f(z) = [1 4 exp(—20z + 10)] 1.
Ezample 3. The third example involves the cubic function f(z) = 1073(20z — 10)3.

Since the true regression function in Example 1 is a step function, the Brunk’s estimator out-
performs the other two smooth estimators. In this case, the quadratic regression spline estimator
shows a slightly better performance than the monotone penalized spline estimator. When the true
regression function is smooth and monotone in Examples 2 and 3, the penalized monotone estima-
tor and the quadratic regression spline estimator demonstrate better behaviors than the Brunk’s
estimator. It is shown that both the quadratic regression splines and the monotone penalized
splines are robust to the number of knots. However, they behave quite differently at the boundary.
As the number of knot increases, the boundary behavior of the quadratic spline estimator tends to
that of the Brunk’s estimator. In contrast, the monotone penalized spline estimator demonstrates
consistent estimation at the boundary. This agrees with the asymptotic analysis performed before.
Finally, to be fair to unpenalized splines, it should be pointed out that unpenalized splines do not
use many knots in practice. On the other hand, more knots are expected in penalized splines since
the penalty parameter reduces the effective degrees of freedom.

5.2 Discussions

We have so far focused on the equally spaced design points and knots. When the design is not
equally spaced, one can use the ideas of [7, 26]. In specific, assume that x;’s are in (a,b). Find a
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smoothing monotone function H such that H(z;) = i/n from (a,b) to (0,1). We use the P-spline
smoothing to fit (i/n,y;), and thus the regression function is given by f o H~!. We place knots
at sample quantiles so that there are equal numbers of data points between consecutive knots.
Further study of this issue is beyond the scope of this paper and will be reported in the future.

Our methods can be applied to an estimator defined in (3) with a higher-order difference
penalty. It is conjectured that this will improve the convergence rate. Nevertheless its development
becomes much more complicated and we intend to address it in the future. We have worked
on the B-spline bases in this paper while [19] used truncated polynomials as basis functions for
unconstrained estimation. As pointed out in [20], these two bases are algebraically identical in the
unconstrained setting. For example, the penalty term in the latter case is \* f:"fr P a%, where ay’s
are the coefficients.

6 Conclusions

This paper develops an asymptotic theory of monotone P-spline estimators with arbitrary spline
degrees and the first-order difference penalty from a constrained dynamic optimization perspec-
tive. The presence of the monotone constraint complicates asymptotic analysis of the estimator.
For example, the optimality conditions of spline coefficients are given by a size-dependent comple-
mentarity problem and are approximated by a dynamical complementarity system. Various tools
from constrained optimization, ODE and statistical theory are exploited to establish consistency,
asymptotic normality, and convergence rates of the estimator. These techniques can be extended
to handle additional constraints. Hence, the results developed in this paper open a door to more
complex nonparametric estimation problems subject to both dynamical and shape constraints.
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