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Abstract

This paper presents a stability analysis of switched homogenous systems on cones under arbi-
trary and optimal switching rules with extensions to conewise homogeneous or linear inclusions.
Several interrelated approaches, such as the joint spectral radius approach and the generating
function approach, are exploited to derive necessary and sufficient stability conditions and to
develop efficient algorithms for stability tests. Specifically, the generalized joint spectral radius
and the generalized joint lower spectral radius are introduced to characterize the radii of do-
mains of strong and weak attraction. Furthermore, strong and weak generating functions and
their radii of convergence are employed to derive stability conditions; their analytic properties,
numerically effective approximations and convergence analysis are established. Extensions to
conewise homogeneous or linear inclusions are made to address state dependent switching dy-
namics. Relations between different stability notions in the strong or weak sense are studied;
Lyapunov techniques are used for stability analysis of the conewise linear inclusions.

1 Introduction

Stability analysis of hybrid and switched dynamical systems is a fundamental problem in systems
and control and has received growing interest in the last few years, driven by a number of important
applications in complex systems with hierarchical and multi-modal structure [18, 29, 35]. Switched
systems and their extensions, i.e., differential or discrete inclusions [11], are subject to possible
abrupt changes in dynamics and possess inherent nonsmoothness that complicates the study of
their stability. Numerous techniques have been proposed for the stability analysis of switched
systems, particularly switched linear systems, e.g., the Lie-algebraic approach [17], the Lyapunov
framework [8, 13, 20, 26], the geometric approach [2, 18], the joint spectral radius method [15, 23, 32],
the variational approach [19, 22], and the recent generating function approach [14, 27, 28].

Most literature on switched systems concentrates on those on the Euclidean space. However,
many applied systems have their states confined within certain regions. A prominent example is
positive systems [10] that model a wide range of engineering, biological, and economic systems. In
a positive system, the system trajectories are restricted to the nonnegative orthant of R™. Thus,
when analyzing its stability, it is more meaningful and less conservative to concentrate on this
restricted set. Certain tools, such as the common Lyapunov function approach [6, 9, 12, 21], have
been developed for switched positive systems and their extension, i.e., switched systems over cones.

This paper performs stability analysis for discrete-time switched systems on closed cones and
their extensions (namely, conewise inclusions) from several different, albeit interconnected, per-
spectives, such as the joint spectral radius approach and the generating function approach. The
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focus is on switched homogeneous systems (SHSs) on cones. This class of switched systems includes
not only the well studied switched linear systems (SLSs) on R™ as a special case but also a wide
spectrum of switched nonlinear systems on constrained regions. A key feature of the SHSs on cones
is the scaling property. By using this property and other techniques, we show that various results
for the SLSs can be generalized to switched nonlinear systems in a unified framework, which also
leads to important new results. Particularly, we consider stability notions under two switching
policies: arbitrary switching which is the most studied switching law, and the optimal switching
which is much less explored and more difficult to characterize. We refer to these stability notions
as strong and weak stabilities, respectively. Unlike the SLSs whose local and global stabilities are
equivalent, the SHSs of homogeneous degree strictly greater than one demonstrate strong nonlin-
earity such that their strong (resp. weak) stability is only valid on a certain domain called the
domain of strong (resp. weak) attraction. One of the goals of this paper is to develop necessary
and sufficient conditions and efficient algorithms to characterize the strong and weak stabilities of
the SHSs, e.g., their domains of attraction. Specifically, the paper addresses the following critical
issues that constitute the contributions of the paper as compared to the existing results:

e For the SLS, it is well known that the joint spectral radius of subsystem matrices determines
the exponential growth rate and the exponential stability of the SLS under arbitrary switching.
This paper generalizes this notion to nonlinear SHSs on cones. Particularly, the generalized joint
spectral radius (GJSR) and the generalized joint lower spectral radius (GJLSR) are introduced
via such techniques as the extended Fekete’s Lemma. These radii are exploited to determine the
domains of strong and weak attraction of the SHS on cones, respectively.

e A generating function approach is proposed to develop a unified, numerically efficient frame-
work for the stability characterization of the SHSs on cones. Informally speaking, a generating
function is a suitably defined power series whose coefficients are determined from the systems tra-
jectories under certain switching rules [14]; its radius of convergence characterizes the exponential
growth rate of the system trajectories. A generating function is closely related to the value func-
tion of a properly defined optimal control problem and admits efficient numerical approximations.
Originally introduced for the SLS on the Euclidean space R™ in [14], the generating function notion
is extended to both the SLSs on cones and the (more general) nonlinear SHSs on cones. For the
former, we establish a connection with the generating function on an invariant subspace containing
the cone and extend algorithms for the SLS on R” to that on a convex closed cone. For the latter,
due to the nonlinearity and switching induced nonsmoothness, we develop various new techniques,
e.g., semicontinuity and Dini’s Theorem, to establish analytic properties, stability implications,
effective numerical approximations and convergence analysis of the generating functions.

e The third part of the paper extends the stability analysis of the SHSs to that of discrete-time
conewise homogeneous or linear inclusions (CHIs or CLIs), even more general switched systems
with state-dependent switchings. The state domain of a CHI is covered by finitely many cones,
with different homogeneous dynamics defined on each cone. The state dynamics takes multiple
values on the intersections of cones, thus making the system an inclusion. The strong and weak
stability notions are investigated; their subtle connections are illustrated via examples. A Lyapunov
framework is developed for the stability of the CLIs, and its relation with the SLSs is established.

The paper is organized as follows. The SHSs on cones and their stability concepts are introduced
in Section 2; the notions of the GJSR and GJLSR are defined and used to characterize the domains
of attraction. Sections 3 and 4 focus on the strong and weak generating functions for the SLSs and
the nonlinear SHSs on cones respectively. Numerical approximations and convergence analysis are
developed for the strong and weak generating functions. In Sections 5 and 6, stabilities of the CHIs
and CLIs are studied. Conclusions are drawn in Section 7.



2 Switched Homogeneous Systems on Cones

A discrete-time switched homogeneous system (SHS) on a closed (but not necessarily convex) cone
C C R" is defined by

r(t+1) = Fyp(z(t), teZy, (1)

where o(t) € M :={1,...,m} for each ¢t € Z is the switching sequence; and for each i € M, F; is
a continuous R™-valued function on an open set containing C and is positively homogeneous on C
of degree v > 1 with v € R, i.e., F;(0) =0, and F;(azx) = o’ Fi(z), V a > 0, x € C. We assume that
each vector field F; is positively invariant on C, i.e., F;(C) C C. This assumption ensures that a
trajectory starting from C remains in C for all positive times under any switching sequence. As an
example, on the positive cone C = R}, all F; may be chosen to be vector-valued maps with entries
being homogeneous multivariate polynomials with positive coefficients. In the simplest case when
the homogeneous degree v = 1, the SHS (1) becomes the well studied switched linear system (SLS)
on C: z(t+1) = Aypx(t), t € Zy, where A; € R™™", i € M, are matrices satisfying A;C C C. As
an important class of SHSs on cones, the SLSs will be the focus of Section 3 later on.

Denote by z(t; z,0) the solution of the SHS (1) under the switching sequence o starting from
z € C. It is easy to see that for any a > 0, z(t; az,0) = a”ta:(t; z,0),Vt € Zy. Thus, for z # 0,
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In what follows, we derive some preliminary bounds on the growth of ||z(¢; z,0)||. Since each Fj is
continuous and the intersection C N'S™~! is compact, the quantity defined below

= F; 3
ppo=max max [ Fi(2)] (3)

must be finite. It follows immediately from the above definition and the r-homogeneity of F; that
|F;(2)|| < pallz||¥, Vzel,ie M. (4)

Thus [[z(1; 2, 0)[| = [|Fo0) ()| < pmll2]]”. Further, [[2(2; 2, 0)|| = [[Foq) ((1; 2, 0))[| < pall2(1; 2, 0)[[
< (|| 2]1Y)” < (1) Y2||”*. By induction, we have the following growth estimate under any o

le(t: 2, 0)ll < () =" |21, VzeC, tezy, (5)

where (M1>E§;10 " characterizes the super-exponential growth of system trajectories when v > 1.
In Section 2.3, more accurate growth estimates will be established.

It is worth mentioning that the SHS (1) is a special case of the discrete-time conewise homoge-
neous inclusion (CHI) to be discussed in Section 5. Hence the SHSs share favorable properties of
the CHIs, e.g., the equivalence of strong stability notions (cf. Theorem 5.1).

2.1 Stability Notions of the SHSs on Cones

It is clear that when v =1 (i.e., the SLS case), the local and global stability notions are equivalent.
However, this is not the case for v > 1, because of the super-exponential growth in (5). In the
following, we introduce local stability notions first.

Definition 2.1 (Local Strong Stability of SHS). At z. = 0, the SHS (1) on C is called

e locally strongly stable if for any € > 0, a neighborhood N of z. in C exists such that for any
ze N, ||z(t;2,0)|| <&, VteZ;, under any switching sequence o;



e locally strongly convergent if for each z in a neighborhood N of z. in C, z(t;2,0) — 0 as
t — oo under any switching sequence o;

e locally strongly asymptotically stable if it is locally strongly stable and strongly convergent;

e locally strongly exponentially stable (with the parameters x > 0 and r € [0, 1)) if for any z in a
neighborhood N of z. in C, ||z(t; 2, 0)|| < krt||z||, V¢ € Z4, under any switching sequence o.

In the above definitions of strong stabilities, by replacing “any switching sequence” with “at least
one switching sequence,” we can define the corresponding local weak stabilities, namely, the local
weak stability, local weak convergence, local weak asymptotic stability, and local weak exponential
stability. In this paper, these strong stabilities are also called stabilities under arbitrary switching;
while the weak ones are often referred to as stabilities under optimal switching. In the following,
we show that for v > 1, the SHS is always locally strongly exponentially stable on C.

Lemma 2.1. Let v > 1. The SHS (1) is strongly exponentially stable with the parameters k = 1
1
and any r € (0,1) on the set N := {z‘ 2] < (r/ul)ﬁ} NncC.

Proof. Tt follows from (5) that for any z € N and any switching sequence o,

vt—1

vio1 - vl o\ vt vt
2 (t; z,0)[| < () = 2”2l < ()= (m) Izl = 7= ||zl <7Mll2ll, ViteZy,

where ¥ t:ll = Z;;E v) >t and r € (0,1) is used in the last inequality. O

v

A justification of the choice of A in the above lemma is that if ||z|| < (r/p1)Y*~Y, then by (4),
| Fi(2)]| < pallz||” = pallz||” Y| 2|| < 7|z, i-e., each F; is a contraction on N.

As Lemma 2.1 suggests, the neighborhood N in Definition 2.1 where the stability holds may
not be small. To highlight the domain of stability, we introduce the following concepts.

Definition 2.2 (Non-local Strong Stability of SHS). For a given (possibly large) set S C C,
the SHS (1) on C is called

o strongly asymptotically stable on S if for any z € S and any switching sequence o, 1tlim x(t;z,0) =
—00

0. In this case, the set S is called a domain of strong attraction [3];

o strongly uniformly asymptotically stable on S if for any £ > 0, there exists T. € Z, (indepen-
dent of z and o) such that for any z € S and any switching sequence o, ||z(t; z,0)| < € for
all t > Tg;

e strongly exponentially stable on S if there exist k > 1 and r € (0,1) (independent of z and o)
such that for any 2z € S and any switching sequence o, ||z(t; z,0)| < xrt||z||, Vt € Z.

Similarly, weak asymptotic (resp. uniform asymptotic, exponential) stability on the set S can be
defined for the SHS (1) by replacing “any switching sequence” with “at least one switching sequence
(possibly dependent on z)” in the above definitions. Especially, if the SHS is weakly asymptotically
stable on S, then S is called a domain of weak attraction.

We next show that the above three strong (resp. weak) stability notions are equivalent on the
intersection of C and any closed ball; see a related result for » = 1 in [1]. Denote by B, := {z €
R™ | ||z|| < p} the open ball of radius p > 0, and let B, := c1 B, = {x € R"| ||z| < p} be its closure.

Proposition 2.1. Suppose v > 1. If the SHS (1) is weakly asymptotically stable on Ep N C for
some p > 0, then it is also weakly exponentially stable on Bp NC.
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Proof. Since the SHS is weakly asymptotically stable on Ep NC, for each z € pS" ' NC, a switching
sequence o, exists such that z(¢;z,0,) — 0 as t — oo. For fixed o and ¢, since z(t;z,0) is a
continuous function of z, we have ||z(T%; 2,0.)|| < p/2 for some finite time T, € Z; and all 2’ in an
open neighborhood U, of z. As all such U, constitute an open cover of the compact set pS*~'NC,
there is a finite subcover, i.e., there exist finitely many points {z],...,2,} in pS™ 1N C and their
open neighborhoods {U 2 M, covering pS" 1 N C such that on each U »r, & switching sequence o
and a finite time 7;" can be found with |z(7}; z,07)|| < p/2 for all 2z € U,+. Define

a:=max max max [z(t;z,0))| < . (6)

ieM zeclu, . 0<t<TY
For any initial state z € pS"™ 1 NC, z € U, for some i € {1,...,p}. By the definition of o

and 17, x(T1) == x(T}; 2z, o)) satisfies ||z(T1)| < p/2. Assume x(T1) # 0 without loss of generality.
Then, px(T1)/||z(T1)[| € Uz for some j € {1,...,p}. By (2), #(T2) := z(T}; x(T1), 0}) satisfies

T*

stanres)|< ()5
x| T , —.
’(JH H % 2

Similarly, pz(12)/[|z(T2)|| € Us; for some k € {1,...,p}, and x(T3) := x(T}; 2(13), 0}) satisfies

*

oy = (L0

P
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()] = (”x(f?)”) k.

pr(13) p
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Continuing this process via induction, we obtain a switching sequence o, that is the concatenation
of 0f,0%,0},..., under which the trajectory z(¢;2,0,) at times 0 <17 <Th < T3 < - -- satisfies
T, —T

1’]7
N _pf LN _pf 1 N\
ltizo < (3)  5=2(5m) <L(3m) =i

which is exponentially decaying. Using (2) and the definition of a in (6), we obtain |z (¢; 2z, 0)|| <
rt, YVt € Z,, for some properly defined constants x > 0 dependent on « and r = 1/2”7T1 € (0,1).
Finally we consider a general nonzero initial state = € B, N C. Noting that 2’ := pz/|z| €

pS"1 N C, by the above result, there exists a switching sequence o,/ such that

I/t
z z K
lx(t; z,0.)|| = <Hp”> ‘x <t; |'|OZ”,JZ/) H < ;TtHZH, VteZs.

This proves that the SHS is weakly exponentially stable on Bp NncC. O

Corollary 2.1. Suppose v > 1. The following hold for the SHS on S = B, N C for p > 0:

weak asymptotic stability < weak uniform asymptotic stability < weak exponential stability
Proposition 2.2. Let v > 1. The following hold for the SHS on S = B, N C for p > 0:
strong asymptotic stability < strong uniform asymptotic stability < strong exponential stability

Proof. 1t suffices to prove that strong asymptotic stability implies strong uniform asymptotic sta-
bility, which further implies strong exponential stability. To show the first implication, suppose
that the SHS (1) is strongly, but not uniformly, asymptotically stable on S. Then there exist a
constant £y > 0, a sequence of initial states {2z} C S, a sequence of switching sequences {c*},



and a strictly increasing time sequence {t;} with 5 T co such that ||z(tg; 2z, oF)|| > o for all k.
Due to the local strong exponential stability given by Lemma 2.1, there exists a constant p > 0
such that z € B;NC = ||z(t;2,0)|| < o for all t € Z; and any o. This implies that for each k,
|z (t; 2, o%)|| > p for all t € {0,1,...,#}. In view of the compactness of S, the closedness of C, the
continuity of Fj, and the growth rate estimate (5), it follows from a similar argument as in the proof
of [27, Proposition 1] with an extension to the homogeneous vector fields (also c¢f. Theorem 5.1)
that there exist z, € S and a switching sequence ¢* such that ||x(¢; z.,0*)|| > p for all t € Z. But
this contradicts the strong asymptotic stability of the SHS on S.

To show that strong uniform asymptotic stability implies strong exponential stability, let p’ =
p + ¢ for some ¢ > 0. By the strong uniform asymptotic stability, we can find T} € Z, dependent
on p’ only, such that for any z € S and under any switching sequence o, ||z(Ty;z,0)| < p'/2. By
extending the argument in the proof of Proposition 2.1 (though there is no need to use the open
covering argument), we have, for any z € C and under any switching sequence o,

vt vt—1 t
, &l a (|2 a (=]
[(t; 2, 0) §a< P S; ra B §; 2 2ll, VteZy,

where o :=  max max ||z(t; z,0)||. This implies the strong exponential stability on S. [
zep' SP—INC t€[0,T], o

Proposition 2.3. If the SHS (1) is strongly asymptotically stable on B, NC with p > 0, then it is

strongly exponentially stable on B,_. NC for any € € (0, p).

Proof. For the given p and € € (0, p), let p’ = p— 5. Since the SHS is strongly asymptotically stable
on B,NC, so is it on the compact set Ep/ N C. The rest follows directly from Proposition 2.2. [

2.2 Domains of Attraction of the SHSs on Cones with v > 1

It is well known that the SHS of homogeneous degree v > 1 is not globally asymptotically stable in
general. A question arises naturally: what is the largest possible domain of attraction in the strong
or weak sense? Specifically, we define two radii of the domains of attraction:

(1) The radius of the domain of strong attraction:

p* :=sup{p > 0| the SHS is strongly asymptotically stable on B, NC }.

(2) The radius of the domain of weak attraction:

p« ==sup{p > 0| the SHS is weakly asymptotically stable on B, NC }.

By Propositions 2.1 and 2.3, the asymptotic stability in the above definitions can be equivalently
replaced by exponential stability. Clearly, 0 < p* < p, < 0o. The last inequality is strict if

- A .
¢:=min min [F)] (7)

is strictly positive, since || F;(z)|| > (||z]|¥, Vz € C, i € M. It then follows from a similar argument
v.—1

for (5) that ||lz(t; z,0)| > ¢ vt ||z||”,Vz € C,t € Z, under any switching sequence o. We also
have, by the proof of Lemma 2.1, that if ||z|| > (1/O)Y®~=Y, then |lz(t; 2,0)| > ||z||,Yo. This
implies that p, < (1/0)Y¢~1 < .

The next proposition shows that the boundary p*S"~'NC (resp. p«S" 1 NC) contains an initial
state whose trajectories are not strongly (resp. weakly) convergent. Thus p* (resp. p) is exactly
the first radius where the SHS starts to lose the strong (resp. weak) asymptotic stability. This
result will be used in Section 4 for stability analysis via generating functions.




Proposition 2.4. Let p* and p, be finite. Then the following hold:

(1) There exist z9 € p*S" ' N C and a switching sequence o, such that x(t; 29,0s,) does not
converge to 0 as t — oco. Thus the SHS is not strongly asymptotically stable on Bp* NncC.

(2) There exists zg € p«S"~1 N C such that z(¢; 20, 0) does not converge to the origin as ¢t — oo
under any o. Thus the SHS is not weakly asymptotically stable on B,, NC.

Proof. (1) We prove this result via contradiction. Suppose that the SHS is strongly asymptotically
stable on Ep* N C. By Proposition 2.2, the SHS is strongly exponentially stable on Bp* N C. Hence,
there exist £ > 0 and r € [0,1) such that for any z € B, N C and under any o, ||z(t;z,0)| <
krt||z||,V t. Therefore, there exists T, > 0 such that for any z € p*S* ' NC, ||2(Ty; 2,0)| < p*/3
under any o. Note that there are finitely many switching segments on the time window {0,..., Ty}
and that z(T%; z,0) is continuous in z for each fixed o; the latter is due to the continuity of F; on
an open set containing C. Following a similar open covering argument in Proposition 2.1, we obtain
finitely many points 27, ..., z; in p*S"INC and the open balls B(z}, ;) (with respect to the topology
of R") centered at z} with the radius ; > 0 covering p*S"~! N C such that ||z(Ty; z,0)| < p*/2.5
under any o, for all z in each open ball.

For a given x > 0, let the set U, := {z € C : p* < ||z|| < p* + x}. Define X := sup{x :
U, C UP_B(zf,&)}. We claim that ¥ > 0. Geometrically speaking, the claim implies that the
open covering of the boundary surface p*S™! N C can be extended to a thin layer growing above
the boundary surface. We prove the claim by contradiction. Suppose ¥ = 0. Then there exists a
sequence (z;) in C such that p* < ||zx| < p* 4+ 1/k and z, & U_B(2},¢;) for all k € N. Since the
sequence (zj) is bounded, it has a convergent subsequence which can be assumed to be (z) itself.
Thus the limit of (z;) satisfies ||2*|| = p*. Since C is closed, we have z* € p*S*~! N C. Therefore, z*
must be in the interior of some open ball B(z},¢;). As (z;) — 2%, 2z, € B(2},¢;) for all k sufficiently
large. This yields a contradiction.

Due to the above claim, there exists p > p* such that (pS"1 NC) C UY_ B(z},e;) and that for
any z € pS"'NC, ||x(Ts; z,0)|| < p/2 under any . The rest of the proof is similar to the argument
below (6) in Proposition 2.1 with “at least one switching” replaced by “arbitrary switching”. Thus
the SHS is strongly asymptotically stable on Bﬁ N C, contradicting the definition of p*.

(2) The proof is is similar to the above argument and that of Proposition 2.1, and is omitted. [

2.3 Generalized Joint Spectral Radii of the SHSs on Cones

The notion of the joint spectral radius (JSR) has been introduced to characterize the maximum ex-
ponential growth rate of the trajectories of SLSs on R™ with a set of matrices {A; };c\m; see, e.g., [15,
32, 34]. Specifically, the JSR is defined as p* := limy_.oo (sup{||4;, e A MRy, € M}).
It is known that the SLS is strongly exponentially stable if and only if u* < 1. Other related
stability measures of the SLS under different switching policies include the joint spectral sub-radius
[15, 32] and the joint lower spectral radius [31]. In this section, we extend these notions to the SHSs
on cones, which treat the above mentioned quantities as special cases.

2.3.1 Generalized Joint Spectral Radius of the SHSs on Cones

For notational simplicity, denote hj := Zi':ol V' for k € N. Define, for each k € N,
IS sup{HFi1 0. oFik(z)Hl/hk Sy ip €M, ze SV HC} . (8)

Note that ;1 defined in (3) becomes a special case of the above definition for £ = 1. The following
result, which relies on the generalized Fekete’s Lemma [25, Section 2.6], shows that the sequence
(ug) converges to the infimum of the set {ux} as k — oo.



Theorem 2.1. The limit of the sequence (u) exists with klim e = inf{pug}.
—00

Proof. Without loss of generality, we assume that each p;, > 0. Note that for any p,q € N, i1,...,p,
iptly--siprq € M and any z € S N C, we have

VP

FE:

Ip41 ©---0 Ep+q (Z) < (Mp)hp (Mq)hqyp'

H Fi, o Fi, ., © "'OFip+q(Z)H < (/‘p)hp‘

p terms q terms

This implies (pprq)"*+e < (1) (114)"*". Hence, by defining ¢ := hylogux, k € N, we have
Cprqg < cp + VP -cq, ¥V p,g € N. Fix £ € N. Using the above inequality repeatedly, we obtain

cor < cp+vhep < (1 + 09, egp < e +vhegy < (1418 +1%)cy, . ... In general, we have
h c ¢
Cpeé<1+I/+--~+V(p_1)€)6z=ﬂ6£ = <X vpeN
he hpe = he

Furthermore, for any p € Nand ¢ =0,...,¢—1,

Cpt+a _ Cq + vy Cq v hpy co Cq cy

= = = 7
hp€+q hpZ—l—q hpé-i—q hp€+q he hp€+q hy

where the last inequality is due to v - hpp < hppig.
Let p’ € N be arbitrary. Then any & € N with & > p’¢ can be written as k = pf + ¢ for some
p>p and q € {0,...,¢ — 1}. Using the above inequality, we obtain

Cr , Cq cy ) Cq
sup{h:k:>p€} < sup sup (h +h> Shf—i- sup . .
k peEN, p>p’ ¢q€{0,...,0—1} pl+q 4 £ ge{0,...4—1} "p'ltq

Letting p’ — oo and noting that s, — oo while ¢, is finite for each ¢, we have

limsupc—k = lim sup{}clk k Zp’ﬁ} < %.
k 4

k—o0 k p'—00

Since ¢ € N is arbitrary, limsup ¢ /hr < inf{cy/h¢|¢ € N}. On the other hand, it is obvious that

liminf ¢, /hy > inf{cy/he| ¢ € N}. Therefore, the following limit exists: hm log g, = hm Z—k
k

}ng ;—e = linlfw log pix. The theorem thus follows by the continuity of the logarithmic functlon. O
eN hy €

We remark that in the above proof, it is possible that inf{cy/hr} = —oo. In this case, (ug)
converges to 0 as k — oo. In all other cases, (u) converges to a finite positive number. We define
the generalized joint spectral radius (GJSR) of the set of v-homogeneous continuous maps {F; }ie a1,
or alternatively, the GJSR of the SHS (1) on the closed cone C, as u* := klglgo - By Theorem 2.1,

w* = inf{ur}. When C = R™ and F;(z) = Az, u* is exactly the standard JSR of {4;}iea.
2.3.2 Generalized Joint Lower Spectral Radius of the SHSs on Cones
Define, for each k£ € N,

ar =  sup (inf{HElo---oFik(z)Hl/hk : il,...,ike./\/l}). 9)

zeS"—INC
The following result shows that the sequence (ay) converges to the infimum of the set {ay}.

Theorem 2.2. The limit of the sequence (ay) exists with klim ay = inf{az}.
— 0



Proof. Let a, = inf{ax}. For any € > 0, there exists a; such that a, < ay < a. + . Hence,

sup (inf{ HFZ1 0. oFiz(z)H DA, ..., 00 €M }) < (ax —i—s)hf.
zesSn—InC
Therefore, for any z € S"~1 N C, there exists a switching sequence segment o, ¢ of length ¢ such
that ||2(¢;2,0.4)|| < (as +€)™. By the continuity of F; and the compactness of S*~! N C, there
exists a constant x > 1 (independent of z and o) such that for all z € S*™ 1 NC, ||z(t; 2,0,0)| <
k(ax+e),Vt=0,...,0 Foragiven z € S""1NC, define z := z({; 2,0, 0)/||2(¢; 2, 0..0)|| € S*~1NC,
where x(¢; 2,0, /) is assumed to be nonzero without loss of generality. Then, there exists another
switching sequence segment oz, of length ¢ such that ||z(¢;Z,03.)| < (ax + e)h, and

|zt 2(0;2,0..0),050)|| = ||2(t; 2, 05,0) || - HJU(E;Z,Uz,e)HVt < R(aw + ) - (as + )Y = K(an + o),

for all t = 0,...,¢, where hy + v*h; = hyyy is used. Let 0.,2¢ be the concatenation of o, and o3 .
Thus, under the switching sequence segment o, 9 of length 2, ||z(2¢;2,0,2)| < (ax + )¢ and
|z (t; 2,0500) || < K(ax + ), V¢ =0,...,20. Repeating this argument and using induction, it can
be shown that for any z € S*~! N C, there exists a switching sequence &, such that ||z(t; z,5,)| <
#(a. + )", ¥t € Z,. This implies

ar < sup H:L‘(kr;23,67’,2)“1/}”c < k'™ (a,+¢), VkeN.
zeSn—1nC

Therefore, in light of k!/" — 1 as k — oo, we obtain limsup,_,_(ax) < (ax +¢€). Since € > 0 is

arbitrary, limsup;_, .. (ax) < a. = inf{a}. This proves the desired conclusion. O

We define the generalized joint lower spectral radius (GJLSR) of the set of v-homogeneous
continuous maps {F;}ieaq, or alternatively, the GJLSR of the SHS (1) on C, as a, := hm a. It is

— 00
worth pointing out that u* and a, are independent of the vector norm || - || used in the1r definitions.

2.3.3 Application of the GJSR and GJLSR to the SHSs with v > 1 on Cones

The GJSR and GJLSR characterize the growth rates of the trajectories of the SHSs on cones.
Indeed, it follows from the definitions of u* and a, that for any € > 0, (i) there exists k} > 1 such
that for all z € C, ||z(t; 2,0)|| < & (u* + €)™[|z]|",Vt under any o; and (i) there exists . > 1
such that for any z € C, ||z(t; 2, 02)|| < Kse (ayx +€)hi H |“",¥ ¢ under some o,. Noting from (1) that
|2(t; 2z, 0)|| < K2 [(0* + &)l || 2|V~ ||z| and hy = 2=, we deduce that if [|z|| < (u* +¢)" 7~ 1, then
x(t; z,0) converges to the origin under any o. This hints that the radius of the domain of strong

1
attraction p* = (u*)” »-1; the similar observation can be made for p.. The following theorems
rigorously justify these observations; a generating function approach will be discussed in Section 4.

Theorem 2.3. Let v > 1. The radius of the domain of strong attraction of the SHS (1) on C is

where p* is the GJSR of the SHS (1). Thus, if u* = 0, then the domain of strong attraction is C.
Proof. Denote p:= (p*)~Y =1 which is infinity if 4* = 0. We claim that the SHS (1) is strongly
asymptotically stable on B, NC for any p € (0, p). Indeed, for any given p € (0, p), we can always
find 7 > 0 such that (u* + 7)Y #=Y = p. Since limy_o ptp = p*, e < p* +n/2 for all k > T for
some sufficiently large 7" € N. Thus for any z € B, N C and any o, we have

t * n he t_ * n hi * —Q
otz o)l < ppllel” < (w4 3) " el = (w4 5) T )T

(’””/2) ol < (“M*”/Q) el visT,

et

IA
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where h; = 11 is used. This yields the strong exponential (hence asymptotic) stability on B, NC.

As p € (0, p) is arbitrary, it follows that p* > p. As a result, when p* = 0, we must have p* = oc.

Next we show that p* < p, or equivalently, the SHS (1) is not strongly asymptotically stable

on pS"~ 1 NC for any p > p. Without loss of generality we assume p* > 0, hence p < co. For any
1

given p > p, there exists n € (0, u*) such that p = (u* — 1) »=1. Then for any z € pS" ! NC and

under any switching sequence o,
t

t __v
=t 2, 0)|| = llzlI" [l(& 2/l 2l o)l = (" —n) @D ||z (& 2/]z]l, o) - (10)
Since S* 1 N C is a compact set and F;’s are continuous maps, we deduce from (8) that for any
fixed time ¢t € N, there exist some z; € pS" ! N C and some switching sequence o' such that
Hx(t; 25280, 0| = ()™ > (u*)". For this trajectory, equation (10) implies

t ek Lo\ P\
w(t; 2,00 = (p" —n) @0 (p* t—ﬂ*—n_”_l(> Zp( )
[l (t; 27, 07) || = ( ) (w)™ = ) o e
This shows that the SHS is not strongly uniformly asymptotically stable on p S* ' NC, and thus not
strongly asymptotically stable in view of Proposition 2.2. Therefore, p* < p, and hence p* = p. O

Theorem 2.4. Let v > 1. The radius of the domain of weak attraction of the SHS (1) on C is

_ 1

Px = (a*) v-l,
where a, is the GJLSR of the SHS (1). Thus, if a, = 0, then the domain of weak attraction is C.

Proof. Let p := (a*)_ﬁ, which is infinity if a, = 0. We first show that the SHS (1) is weakly
asymptotically stable on B,NC for any p € (0, p). Indeed, for any given p € (0, p), there exists n > 0
such that p = (a. + 77)*1/(”*1). Since limy_,o ap = ax, a, < ay + %,Vk > T for a sufficiently large
T € N. By similar arguments as in the proof of Theorem 2.2, there exists a constant x > 1 such
that for any z € B, NC, we can find a switching sequence 7, (concatenated by sequence segments,
each of which is of length T) such that |lz(t; 2/| 2|, 02)|| < k(as +n/2)",Vt € Z,. Hence,

vt AN vi—1 n\ P ENAESE
(e 2,5l < llatts o @)l ol < (et )" 07 el = s (e ) (o) ™5 2]
h t
2\ 2
§H<a*+77/> 2] < ,€<a*+77/) Izll, VtezZ,.
ax + 1 ax + 1

This yields the weak exponential (hence asymptotic) stability on B, N C. In the special case when
asx = 0, p = oo and therefore p, = co. That is, the domain of weak attraction is the entire C.

We next show that p, < p, or equivalently, the SHS (1) is not weakly asymptotically stable on
pS*1NC for any p > p. Without loss of generality we assume a, > 0 such that p < co. For any
given p > p, p = (as — n)_ﬁ for some 7 € (0, a). Then for any z € pS"~! N C and under any o,

Vt
|zt z,0)[ = 121" (s 2/ 2], o)l = (@ —n) @D Ja(t:2/]12],0)].
Since S~ NC is a compact set and F;’s are continuous maps, we deduce from (9) that at any fixed
time ¢ € N, there exist some 2z} € pS"~'NC and indices j1,...,j; € M such that inf | Fj0---0

01 yeey it €
F@t(zf/||zg‘||)||1/ht = || F} o F (2 /z DIM™ = as. As a result, under any switching sequence
a(t; 2 /|21, 0)|| = at ht > (as)". Hence, under an arbitrary o,
vt h 1 Qs hi s ¢
b2t > (@ —n) @D t — (g, — ) o1 > _
Jofti55,0)1 2 (0 =) T () = (e =y 71 (L2 ) 2 ()

This shows that the SHS is not weakly (uniformly) asymptotically stable on pS"~! N C, in light of
Proposition 2.2. We thus conclude that p, < p, and hence p, = p. O
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3 Stability of SLSs on Cones: A Generating Function Approach

The next two sections perform stability analysis and related numerical studies of the SHSs on cones
via the generating function approach. We start our analysis from the simplest case where v = 1.
In this case, the homogeneous dynamics are given by F;(x) = A;x for some matrix 4; € R™*"™ for
each i € M and the SHS (1) becomes the SLS on the closed cone C:

z(t+1) = Aa(t)ﬂj(t), teZ,. (11)

Here, all the A;’s are positively invariant with respect to C. A particular example of SLSs on cones
is switched positive linear systems, where C = R’ is the nonnegative orthant of R", and all A;
are positive matrices [6, 9, 10]. The linear structure of the SLSs simplifies stability analysis and
enables us to develop global results. For example, different from SHSs with v > 1, the growth of
system trajectories of the SLSs is exponential rather than super-exponential (cf. (5)) and local and
global stabilities are equivalent in each sense defined in Section 2. Using similar arguments as in
Propositions 2.1 and 2.3, we have the following result.

Proposition 3.1. The following hold for the SLS (11) on the closed cone C:
strong convergence < strong asymptotic stability < strong exponential stability

weak convergence < weak asymptotic stability < weak exponential stability

It is worth pointing out that the SLS (11) on C can be thought of as embedded in a SLS on
R™ with the latter having the same dynamics (11) but in the larger state space R™. The various
stability notions for the SLS on R" can be defined similarly as in Definition 2.1 by setting v = 1
and C = R™. Conversely, given a SLS on R™ and a closed cone C C R" invariant under A;’s, the
restriction of the SLS on R™ to C yields a SLS on the cone C. Stability of the former SLS in any
sense implies that of the latter, but not the other way around. Thus, the stability study for SLSs
on cones poses new challenges beyond that for SLSs on R™.

We briefly review some basic notions of cones used later; see [5] for details. A cone C is pointed if
the condition that 1+ -+, =0 withz; € C, i =1,...,k, implies that x; = 0 for all . A convex
cone C is pointed if and only if C N (=C) = {0}, or equivalently, C does not contain a nontrivial
subspace. For example, R’} is pointed. A convex cone C can be decomposed as C = K +V, where
K is a pointed cone and V = C N (—C) is a subspace (i.e., the linearity space of C) orthogonal to K:
K L V. A cone C is solid if it has nonempty interior. For example, R"} is solid and hence proper
(i.e., closed, convex, solid, and pointed.)

3.1 Strong Generating Functions of the SLSs on Cones

In the recent paper [14], the notion of strong generating functions is proposed to study the strong
exponential stability of the SLSs on R™. The strong generating function of the SLS (11) on R" is
the map G : Ry x R” — R4 U {oo} defined as follows: for each z € R™ and A > 0,

o
Ga(2) :=G(\,2) == sup Y _ N |x(t;2,0)|9, (12)
7 =0
where the supremum is taken over all switching sequences, ¢ is a positive integer, and || - || is an

arbitrary norm on R". Note that G(z) is non-decreasing in A > 0. The radius of strong convergence
of the strong generating function on R™ is defined as Ajn := sup{A > 0|G)(z) < o0, V z € R"}.
The following result, proved in [14, Theorem 2], shows that the radius of strong convergence A\
completely characterizes the strong exponential stability of the SLS on R".

11



Theorem 3.1. The SLS (11) on R™ is strongly exponentially stable if and only if A%, > 1.

We now extend the above strong generating function to the SLS (11) on a closed cone C. Define
W to be the smallest subspace of R™ that contains the cone C and is invariant to {A;}ieaq, or
equivalently, the set of all states generated from elements of C through multiplications by matrices
in {A;}iem and linear combinations: W := span{ C, UiemAiC, Ui jemAiA;C, ... } In particular,
if C is solid, then W = R™. If C is polyhedral, i.e., it is finitely (and positively) generated: C =
{Zf;:l ay v | a; > 0} for some vectors v¥ € R" k= 1,--- £, then

W= Span{{vk}ﬁzl, UiemAi{vF Y1, Uijem A A {0}y, o }

Note that C C W C R" form a cascade of sets invariant to {A;};cm. Hence, the SLS (11) restricted
to each set is well defined and G\(z) in (12) defined on R" can be extended to that on C and W as
well. Specifically, the strong generating function of the SLS (11) on C is defined as

Gi(z) := supZ)\tHx(t; z,0)|9, Vzel, A>0. (13)
7 =0

Here, the same notation G(-) is used since G (+) in (13) is exactly the restriction of Gx(-) in (12)
on the cone C. For this reason, we simply refer to (13) as the strong generating function on C.
Similarly, we can define G)\(-) on W as the restriction of (12) on W.

Define the radii of strong convergence on C and W respectively as

A =sup{A > 0| Gi(2) < o0, V2 €C}, Ay :=sup{A > 0|Gx(z) < o0, Vz € W}.

For each A > 0, define the three subsets: G\(C) := {z € C|Ga(z) < o0} C C, G\(W) = {2z €
W|G(z) < oo} CW, and GA(R") := {z € R"|Gx(2) < oo} C R™, which satisfy G»(C) C G\(W) C
Gxr(R"™), and G»(C) = GA(R") NC, GA(W) = GA(R™") N V.

Obtained through the above restriction, the strong generating functions on C and W inherit
many of the properties of their counterpart on R™ established in [14], as listed below.

Proposition 3.2. For any ¢ € N and any vector norm || - ||, the strong generating function G (z)
of the SLS (11) on C (or on W) has the following properties.

1. (Bellman Equation): For all A > 0 and z € C (or W), Gx(2) = ||z]|? + X\ - max;ep Ga(Ai2).

2. (Sub-additivity): If C is convex (in addition to being closed), then for each A > 0,

(Ga(z1 + zz))l/q < (G,\(zl))l/q + (G/\(ZQ))l/q, V 21,20 € C (or W).

3. (Convexity): If C is convex, then for each A > 0, (G,\(~))1/q is convex on C (or W).

4. (Invariant Cone): Let A > 0 be arbitrary. If C is convex, then the set G)(C) is a closed convex
cone in C invariant to {A4;}iepm. Further, if C is polyhedral, so is G5 (C).

5. (Invariant Subspace): For any A > 0, the set Gy(W) is a subspace of W invariant to {A;}icm-

6. G(-) is finite everywhere on C for 0 < A < (max;enq ||4;]|7) ™!, where the matrix norm is
induced from the vector norm || - ||.

12



Proof. 1. This follows directly from the dynamic programming principle.
2. By the convexity of C, for any 21, 20 € C, 21 + 29 € C. Further, due to the linearity property
of the SLS, z(t; 21 + 2z2,0) = x(t; 21,0) + x(t; 22,0) under any o. Then, by the definition of G},

o0 o
q
Gzt + 2) = sup ) Na(t: 21,0) + 2t 20,0)[7 < sup Y N (Jlalts 21, 0)| + 2t 22, )] )
7 =0 7 =0

00 1/q 00 1/q
< sup KZAtHx@;zl,a)nq) " (ZAtnx(t;zQ,a)nq) ]
t=0 t=0

q

= &Gwn)”q + <cu<z2>>”qr’

where the second inequality is due to the Minkowski inequality. The case for W is entirely similar.
3. This is due to the sub-additivity and the positive homogeneity of (G )\(‘))1/ 1
4. The conic property and the convexity of G(C) follow from the positive homogeneity and the

convexity of (G ,\(-))1/ ? respectively. The invariance to {A;};er is a consequence of the Bellman
equation. To show that G)(C) is a closed cone, note that G,(C) = Gx(R™) N C, where G»(R") is a
subspace due to the sub-additivity property on R™. Thus, G5(C) as the intersection of the closed
cone C and a subspace must be closed itself. Further, it is polyhedral whenever C is so.
5. Gy(W) = G, (R™) N W is clearly a subspace, and the invariance is due to the definition of W.
6. This follows from (13) and |z(t; z,0)||9 < (max;enm ||A:]|9)|2]| for all t € Z. O

In addition to the above inherited properties, the strong generating functions on C and on W
also have some other shared properties. Obviously, the former is the restriction of the latter on the
cone C. Less obviously, we have the following.

Proposition 3.3. The strong generating functions G (z) of the SLS (11) on C and on W satisfy:
Gr(z) <00, VzeCl <= Gi(z)<oo, VzeEW.

Proof. AsC C W, it suffices to show the “=" direction. Suppose G,(-) is finite on C, i.e., G\ (C) = C.
Since GA(R™) is a subspace of R™ invariant to {4;};cam and contains G(C) hence C, it must also

contain W, as W is the smallest subspace containing C invariant to {A;};caq. In other words,
W C G,(R™), which implies that G)y(z) is finite for all z € W. O

As a result of Proposition 3.3, the radii of strong convergence on C, W, and R™ satisfy:
Corollary 3.1. A\; = A}, > A\g.. In particular, if C is solid, then A} = A},, = Aj..

We next prove some additional properties of G\ on its growth and continuity.
Proposition 3.4. The following hold for the strong generating functions G(z) on C and W:

1. If X € [0,\5) (hence Gx(z) < oo for all z € C), then a constant ¢ € [1,00) exists such that
1
2] < (Ga(2) " < ellzll, ¥ 2 € W.

2. Let A € [0,A;). Then (G,\(-))l/q is relatively Lipschitz on W, i.e., there exists L > 0 such

that for any z,y € W, (GA(m‘))l/q - (GA(y))l/q‘ < Lz —yl.
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Proof. 1. The first inequality is obvious as G(z) > ||z||?. To show the second, by homogeneity, it
suffices to show that (G)\(Z))l/q <, Vz € WNS" L, for some constant ¢ > 1. Let {u’}{_; be a basis
of W. Since WNS" ! is bounded, we can find a finite v > 0 such that each = € WNS"~! admits a
unique representation as z = Z§:1 aju’ for some real tuple (o, ..., ap) satisfying E§:1 laj] < .
Therefore, by virtue of the sub-additivity on W and positive homogeneity of (G)'/4, (G ,\(z))l/ 1<
ci=7 Zle (G,\(ui))l/q for all z € W N S" 1. This proves the second inequality.

2. It follows from the sub-additivity of (G)\)/7 on W that for any =,y € W, (G,\(:c))l/q -
(Gx(y))l/q < (G,\(x - y))l/q. This inequality, together with the one obtained by switching = and
y, implies that ‘(G)\(m))l/q - (G,\(y))l/q| < (Ga(z - y))l/q < ¢|lx — y||, where the last step is due
to (z —y) € W and the first statement of this proposition. O

Remark 3.1. The above results imply that if C is a closed convex cone, then G(C) is a closed convex
sub-cone of C. Suppose that C admits the decomposition C = K+ V, where K is a pointed cone and
V is a subspace, then G)(C) = Ky 4+ V) with £, C K a pointed cone and V) C V a subspace. As A
increases, G\ will increase, hence the invariant subsets G\(C), Gr(W), and G)(R™) will shrink. In
particular, if C is not pointed (i.e., V # {0}), then as X increases, G, (C) will change from non-pointed
to pointed, or equivalently, V\ will shrink to {0}, at exactly A}, := inf{\ > 0| G)(z) = oo, Vz € V}.

The radius of strong convergence on either C or W completely characterizes the strong expo-
nential stability of the SLS on C as stated below.

Theorem 3.2. The following are equivalent:
1. The SLS (11) is strongly exponentially stable on the closed cone C (or on the subspace W);
2. No = A > 1
3. G1(z) is finite for all z € C (or W).

Proof. By Propositions 3.1 and 3.4, the proof is essentially as same as that of [14, Theorem 1]. [

Remark 3.2. Define the joint spectral radius of the matrix set {A4;}iears on the closed cone C
by pp = limg_.oo (sup{|]Ai1~--Aisz1/k DA, 0 € M,z € SN CY); see Section 2.3.1.
Similarly the JSR on W, denoted by p3,,, can be defined. Theorem 3.2 implies p; = u3,,. Moreover,
He = (AT = ()

3.2 Weak Generating Functions of the SLSs on Cones

Similar to the strong generating functions, weak generating functions can be defined to address weak
stability of SLSs on cones. Specifically, for the SLS (11) on the closed cone C, its weak generating
function H : Ry x C — R4 U {oo} is defined as

H(X 2) = Hy(2) :=inf 3 M|[z(t;z,0)[|9, VA>0, z€C, (14)
t=0

where ¢ € N and the infimum is over all switching sequences . If in the above definition, z takes
values in R™ rather than C, then the resulting H)(z) becomes the weak generating function on R"
introduced in [14] for the study of weak stability of SLS on R"™.

Proposition 3.5. For any ¢ € N and any vector norm || - ||, the weak generating function Hy(z) of
the SLS (11) on C has the following properties.
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1. (Bellman Equation): For any A > 0 and z € C, Hy(2) = ||2]|9 + A - minje pm Hx(A;2).

2. (Invariant Cone): For any A > 0, the set H)(C) := {z € C| Hx(z) = oo} is a sub-cone in C
not containing 0, and invariant to {4;}ienm, i.e., A;/HA(C) € HA(C), Vi € M.

3. H)(z) is finite everywhere on C for 0 < A < (min;ep [|4:]|7) ™1, where the matrix norm is
induced from the vector norm || - ||.

Proof. The proofs for these properties are similar to those in Proposition 3.2 or in [14, Proposition
7] for the related properties of the weak generating function on R"™; hence they are omitted. O

The radius of weak convergence is defined as A := sup{\ > 0| H\(z) < oo, Vz € C}. The
following proposition shows two results: (i) as A increases, AC is the exact value at which Hy(-)
starts to have the infinite value on C; and (ii) if H,(-) is finite everywhere on C for some A > 0,
then it is bounded above by the homogeneous function || - ||¢ on C.

Proposition 3.6. For each A > 0, the following are equivalent:
(a) Hx(z) < c||z]|, Vz € C, for some constant ¢ > 0 (generally dependent on \);
(b) Hx(z) < oo for all z € C;
(c) A€ 0,XS).
Proof. Tt follows from the similar argument in [14, Proposition 8] with R™ replaced by C. O

The next result, whose proof is left out due to its similarity with that of [14, Theorem 4], shows
that the radius of weak convergence XS characterizes the weak exponential stability of the SLS on C.

Theorem 3.3. The SLS (11) on C is weakly exponentially stable if and only if AS > 1.

In what follows, we establish a connection between the radius of weak convergence and the
GJLSR. Recall that in Section 2.3.2, the GJLSR of the matrix set {4;};cam on the closed cone C is
defined as p¢ := inf{ax}, where

ai =  sup (inf{ | Ai, - Azkz“l/k

zeSn—1nC

.,z‘ke/\/l}>.

The connection between this quantity and the radius of weak convergence AC is shown below.
Theorem 3.4. The following holds: pe = (X¢)~1/4.

Proof. Without loss of generality, we assume g > 0. We first show that j¢ - (A\S)/? < 1. Suppose
otherwise. Then there exist A € (0,A\S) and p € (0, j¢) such that p- \/7 > 1. Since p < pe and
pc = infr{ax}, we have aj, > p for all k. By the compactness of S*~! N C and the continuity of the
linear mappings A;, - - - 4;, (for fixed indices i), we can find 2z, € S"~'N C and 4}, ..., i} € M such
that ap = || A - -AizzkHl/k for each fixed k. For each zj, let o, be a switching sequence such
that Hy(z21) = > poo A2 (t; 21, 02, )||9. Note that
(ks 20,720 = 4z, -1y -~ Az 2| = [[Aig - Aggzel| = (@) = ()"

This shows that Hy(zx) > MN¥[|z(k; 21, 52,)[|7 > (p- Al/q)qk. Since p- A/ > 1, by choosing k large
enough, Hy(z) can be arbitrarily large. This contradicts A € (0, \9), in view of Proposition 3.6.
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We next show that ge - (\S)'/9 > 1. Toward this end, we firstly prove that
A> N — pe AV >, (15)

Fix A > A\¢. By Proposition 3.6 and [14, Proposition 8], the scaled SLS with subsystem matrices
{/L}ZE M, where A; := A/94;, is not weakly exponentially stable, hence not weakly convergent
either, on C. Denote by Z(t; z, o) the trajectories of the scaled SLS. It follows from an extension of
[30, Theorem 1] to the SLS on a cone that there exists z* € S*~'N C such that under any switching
sequence o, |F(t; 2%, 0)| > ||2*]| = 1,Vt € Zy. Let 4f,...,i5 € M be such that | Ay - A z*|| =
inf{ || Ay, - Aj, 2*|| ¢ i1,...,ix € M}. Then,

ap := sup inf{ H;Ll x -;L;szl/k D1, ., 0 €M } > szlvq x -gizz*“l/k > 1.
zesn—In¢

Therefore, inf{a,} > 1. Noting that inf{a,} = A/ g¢, we deduce that the implication (15) holds.

Letting X | \,, we obtain j¢ - (AS)Y/2 > 1 from (15), and in turn, (A\S)~Y7 = pe. O

Remark 3.3. Another relevant quantity, the joint spectral subradius (JSSR) of the matrix set
{A;}iem on C, is defined as [15]

pe = lim inf{( sup HAZ-I---AiszUk) : il,...,ike./\/l}.

k—oo zeSn—1nC
It is shown in [15, Theorem 1.1] that the standard JSSR (with C = R"™) satisfies

5= liminf{[p(Ail---Aik)]l/k L. € M} - liminf{HAil AR i i € M},
k—o0 k—o00
where p(-) denotes the spectral radius of a matrix. The JSSR characterizes the convergence rate of
the SLS trajectories x(t; z,0*) under the best fixed switching sequence o* that is chosen indepen-
dently of z. In fact, the SLS is convergent uniformly in z if and only if p < 1 [7, 31]. As pointed

out in [14], pec > pc and a gap between the two spectral radii exists in general.

3.3 Computation of Generating Functions and Radii of Convergence

One of the key advantages of the generating function approach for the SLS on R™ is that it yields
efficient numerical schemes for computing the maximum exponential growth rates of the SLS under
different switching rules; see [14, Sections IIL.F and IV.E]. These algorithms can be extended to the
SLS on a closed convex cone C with minor modifications. We briefly discuss it as follows.

Consider the strong generating function G, first. Define the finite-horizon approximation of
G, on C as: G%(z) := max, Zf:o M||z(t;2,0)||7, V z € C. It is easy to see that G% satisfies the
Bellman equation: G%(z) = [|2[|7 + A max;em G’f\fl(Aiz), V z € C, with G(z) = ||z]|?. Thus one
can apply this equation to compute G’f\ on CNS™ ! recursively. In view of Propositions 3.2 and 3.4
and along with similar arguments in [14, Proposition 6], it can be shown that the sequence (G';)
converges uniformly and exponentially fast to Gy on C N S"~!. Further, an over-approximation
can be obtained using the convex and conic structure of C for an effective implementation; see
Algorithm 1 in [14] for details. This procedure thus can be used to compute A}.

The similar extension can be made for numerical approximation of the weak generating function
H, on a closed convex cone C and XS using the corresponding Bellman equation; see [14, Algorithm
2] for computing Hy. The details are omitted.
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4 Stability of SHSs with v > 1 on Cones: A Generating Function
Approach

In this section, we focus on more nonlinear SHSs on cones, i.e., the SHSs of homogeneous degree
v > 1. A generating function based approach is invoked to characterize domains of attraction.
This approach not only serves as a complement to the joint spectral radius approach discussed in
Section 2.3 but also offers a numerically efficient way to compute the radii of domains of attraction.
Due to the nonlinearity of the vector fields F;, the generating functions of the SHSs with v > 1 on
cones do not inherit many favorable properties of those for the SLSs, such as sub-additivity and
convexity. This leads to new techniques for numerical approximation and convergence analysis of
the generating functions as shown in the following sections.

4.1 Strong Generating Functions of the SHSs on Cones
We introduce the strong generating function G(-,-) : Ry x C — R4 U {oco} of the SHS (1) on C:

G\, 2) = SupZ)\htH:ﬂ (t;z,0)]|?, YA>0, zeC, (16)
t=0
where the supremum is taken over all switching sequences o, ||+ || is a norm on R", ¢ € N, and recall

hy = S v, t € N with hg := 0. We may write G(), 2) as Gy(2) for a fixed A > 0. Note that if
v=1, then ht =t and the above generating function reduces to the one for the SLS on C defined
in Section 3. The following proposition collects some basic properties of GGy on C; more properties,
such as continuity, will be shown via approximation of G in Proposition 4.3.

Proposition 4.1. The strong generating function G(\, z) has the following properties.
1. (Scaling property): For any a € Ry, A € Ry and z € C, Gy(az) = 09G, jav-1) (2).

2. (Bellman Equation): For all A > 0 and z € C,
1
Ga(2) = ||zl + max Gy(As Fi(2))- (17)

3. (Monotonicity): For any fixed z € C, G, (2) < G, (2) whenever 0 < A\; < Aa.

4. For 0 < X < (p1)79, where p; is defined in (3), sup G,(z) is finite.
zesSn—1InC

ot

. (Exponential Stability): If the SHS (1) is strongly exponentially stable on B,NC, then G1(z) <
¢, Vz € B,NC for some ¢ > 0. Conversely, if the latter holds, then for any r € (0, p), the SHS
(1) is strongly exponentially stable on B, NC.

Proof. Property 1 follows since ||z(t; az,0)||? = a?'||(t; z,0)||? and vt = hy(v — 1) + 1.
Property 2. It is noted that for any given A > 0, z € C and o = (0(0),0%), where o* =

(0(1),0(2),...),
Z)\htHx (t;z,0 Hq Z)\hS“Hm s; Fo(0)(2 Hq Z)\hs)\”

s=0
— Z)\hs

(85 Fp(0y(2),0%)||*

(5: A0 Fy(0(2),0%)|| . (18)
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Therefore, for any fixed A > 0 and z € C,

x o 1
Ga(z) = [|=]? +Sup2/\ht||l’(t;z,0)\|q = [|2]|* + Sl(l(gsupzkht“x(t;/\qFa(O)(z),U*)Hq
) a(0) 7 4=o
1
= g Gr( A\ F; .
12117 + max G (A% Fi(2))

Property 3 is trivial, and Property 4 follows from (5) directly. The first implication in Property
5 is easy to establish; to show the converse, note that G1(z) < ¢, Vz € B, NC, implies that for any
z € B,NC and any o, ||z(t; 2,0)|| < Y9,V t € Zy, and z(t; z,0) — 0 as t — oo. Hence, the SHS is
strongly asymptotically stable on B, NC, yielding the exponential stability by Proposition 2.3. [

The radius of strong convergence of the generating function (16) is defined as:

A" = sup{)\20

sup  Ga(z) < > } . (19)
zesn—INC

In light of Property 4 in Proposition 4.1, we have A* > (u1)~%. It is shown below that the radius
of the domain of strong attraction can be determined by A

Theorem 4.1. The following holds: p* = ()\*)q<V1—1).

1
Proof. We first show p* < (A\*)a@-1. Let p € (0, p*) be arbitrary. By Proposition 2.3, the SHS
is strongly exponentially stable on B; N C for some p with p < p < p*, i.e., there exist x > 0
and r € [0,1) such that for any z € B;NC and any o, |z(t;2,0)| < sr'|z],Vt € Zy. Thus, if
1

0 < Aa-1 < p, then for any z € S~ NC,

N %
—supthf( (s pz,0)) < Z<>\q<;—”> A7 (o)

t=0

0o 1\t
1 r.- A av-1

< A T (kp)d - .
<>§;( p )

t=0

This implies SUP,e gn-inc Ga(z) < oo. Since p € (0,p*) is arbitrary, SUP,e gn—inc Ga(z) is finite
whenever )\q@ D < p*. By the deﬁnltlon of A\*, we conclude p* < ()\*)q(” 1)

We next show p* > ()\*)Q(V*U via contradiction. Suppose p* < ()\*)‘1<V*1>. Then there exist p
and A such that p* < p < )\ﬁ < ()\*)ﬁ It is observed from the second part of the proof of
Theorem 2.3 that for any p > p*, there is no uniform bound on all the trajectories starting from

B, NC. Indeed, for any N € N, there exist zy € C with ||zn| = p, a switching sequence o, and a
time tx such that ||x(tny; 2y, 0n)| > N. Hence,

)\htN/q

VN
! q AT ! 1 _1
Ga(zn/p) > o Hx(tN;zN,UN)H > 5 AT NT> ) Tv-1 . N9 YN,
pv

Therefore, sup,cgn-1nc Ga(2) = 00. Since A < A\*, we have a contradiction. As a result, p* >
o 1
()\*)q(y—l)’ and thus p* = ()\*)q(u—l) . D

In view of the above result and Theorem 2.3, we see that \* and the GJSR u* satisfy p* =
()\*)*1/‘1, an analogue to the same relation for the two quantities of the SLS on C in Remark 3.2.
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Remark 4.1. Define a companion of strong generating function G(-,-) : Ry x C — Ry U {oo} as:

G\ 2) == Ga(z) = SupZHx (AT T2,0)[9, YA>0, zeC. (20)
t=0
Notice that Gy is defined via vector scaling (by ATT) ), i.e., éA(z)N: 51()«1('/1—1)2’), a key feature
of the SHS with v > 1. Despite their different definitions, G and G are closely related. Indeed,
for each A > 0, we have

00 ) [%S) +

- v
AT N otz o)lf = ATT AT a(tiz o)l = 30 (A7) falts 2,0

t=0 t=0 t=0
[o.¢]
1 q
>~ e (527750)
t=0

As a result, Gy (z) = )\ﬁG)\(z), Vz € C, for any A > 0. In view of this, we see that G, satisfies the
~ 1 ~ 1
Bellman equation G(z) = Av=1||z||7 4+ max;cpm Ga(A7 F;(2)) and Properties 3-5 in Proposition 4.1.

, Vzel, Vo. (21)

We introduce the upper bound of Gy on S*~'NC that is important to analysis and computation
of G\ and A*: for \ > 0,

gr = sup  Gi(z2).
zeSn—1nC

We also treat gy : R — Ry U {400} as a function of X\. The next proposition reveals fundamental
properties of gy. Particularly, it shows that \* is exactly the first value of A where G (-) = +o0 at
some z € S* 1 NC.

Proposition 4.2. Let p* be finite. The function g, is increasing, convex, and semismooth (thus
continuous) on [0, \*) with go = 1 and the one-sided derivative of gy at A = 0 being ¢} (04) = (u1)9.
Furthermore, there exists 2 € S*~! N C such that G,+(Z) = oo (thus gx+ = 00), and gy — oo as
AT A%

Proof. The monotonicity, convexity and semismoothness of g, follows from similar arguments in
the proof of [14, Proposition 4]. To show the rest of the statement, we see from Proposition 2.4
that there exists 2/ € p*S"~! N C such that x(t 2/, 0,/) does not converge to the origin under some

switching sequence o /. Recalhng pr = (/\*)W D and using the companion generating function G
defined in (20), we have Gy«(2//p*) > Yoo lle(t; 2/, 0.)]|9 = oo, where the last equahty is due to
the fact that xz(t; 2/, 0./) does not converge to the origin. In light of G(z) = AT Ga(z), we have
g > G« (Z'/p*) = oco. Further, it follows from a straightforward computation and the definition
of 1 in (3) that the one-sided derivative (g))' (04) = max;ep max,egn-1q¢ || Fi(2)[|9 = (p1)%.

To show limy1y+ gx = 00, note that for any L > 0, there exists z € S"~1NC such that G+ (Z) > L.
Let 0z be a switching sequence such that G\« (2) = > ;2 o) ||z(t;Z,0%)[|9 > L. Hence, there exists
K € N such that G L (2) = Zt oAz (t; 2, 02)|9 > L/2. Since GK(A) is continuous in A for the
fixed K and z, we deduce the existence of 7 > 0 such that for all A € (A\* —n, A*], éf(%} > L/4.
This shows gy > G (2) > GE(2) > L/4 for all A € (\* — 5, \*], and leads to the desired result. [J

The above proposition can easily be extended to characterize 1/g) stated below without proof.

Corollary 4.1. The function 1/gy : Ry — [0,1] is decreasing and semismooth (thus continuous)
on [0,\*) and (1/g,)'(04+) = —(p1)?. Further, 1/g)x = 0 on [A\*,00), and 1/g, is continuous on Ry.

It can be further shown using (5) and a similar argument as in the proof of [14, Lamma 2] that
/gy > 1—(p1)?- AV €[0,A*). Since 1 — (u1)?- X represents the tangent line of 1/gy at the point
(0,1), the graph of 1/g, is always above its tangent line at (0, 1); see Figure 1 for an example.
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4.1.1 Computation of Strong Generating Functions and Radius of Convergence

We addresses numerical approximation of the strong generating function and its convergence analy-
sis. The underlying principle is similar to that shown in Section 3.3: the strong generating function
G is approximated by a sequence of similar functions defined on finite but increasingly larger
horizons. Particularly, for a given A\ > 0, let G5(2) := max, Zf:o M|z (t; 2, 0)|| for all 2z € C,
where k € Z,. The proposition below shows that for any A € [0, \*), the sequence (G’;) converges
to G on S"~! N C uniformly and (sup-)exponentially fast when k is sufficiently large.

Proposition 4.3. Let A € [0, A*). The following hold:

(1) each G¥% is continuous on C and G(z) < Gi(2) < -+ < Ga(z), Vz € C.

(2) there exist 6y € (0,1) and Ny € N (both dependent on A only) such that for all & > N,
G5 (2) = GA(2)] < (B3)+1 /(1 = (6,)”"") for all z € S" N C.

3) Gy (-) is continuous on "~ NC.
(3) GA()

Proof. The first statement is trivial. To prove the second, it is noted from p* = (A*)~1/¢ that
p* < A~Y4 for any given A € (0,\*). Hence, there exists ¢ > 0 such that p* +¢ < A=Y, or
equivalently 6y = X - (u* +¢)? € (0,1). It follows from the definition of p* that there exists
Ny € N such that pup < p* + ¢ for all £ > N,. Hence, by (8) and Theorem 2.1, we have, for any
z € S" ' NC and under any o, |z(t;z,0)| < (u* +¢e)",Vt > Ny. For a given z € S""!1 NC,
let Z(t,z) denote the trajectory that achieves the supremum in (16) for the given z and A, i.e.,
Gi(z) = Y720 M||Z(t, 2)||9. Then, we have, for all k > Ny,

DR CCUSIES PRI (MRS U SEOVCEReL ety
t=k+1 t=k+1 t=k+1 ( A)

As a result, Ga(2) = GE(2) = S MG 2] = Ga(2) = 52 NI 2 = Ga2) -
(O\) 41 /(1 — (9,\)”k+1) for all K > Ny and all z € S""1 NC. This yields (2). Finally, Statement (3)

follows from the continuity of G’; and the uniform convergence of (G’;) to Gy on S™1 NC. O
Define g := ISnawl( : Gl/ﬁ(z) as an approximation of gy. Clearly, (g k) is increasing at any A.
zeSr—iN

Proposition 4.4. The following hold:

(1) for each X\ € [0,\), gx = limy_oo gr k. Further, there exists a convergent sequence (zj) in
S*1 N C with Gf\’“(zk) = gxrg, and (;) T oo such that z* := limy_.o 2 satisfies G (2*) = ga.

(2) for A > X\*, (gag) T oo. Further, there exists a convergent sequence (z;) in S*~! N C with
Gi’“ (21) = gxre, and (€) T oo such that the limit 2* of (2;) satisfies limsup,_,,« Gx(z) = oo.

Proof. (1) Note that gy is finite and {G5(z) : k € Zy, z € S*"! N C} is bounded above by
gx. Hence, by the principle of the iterated suprema, supy (gA,k) = supy (supzG Sn—1nC Gﬁ(z)) =
SUp,egn-1ne (Supr G5(2)) = sup,cgn-1nc GA(2) = ga. Since (grx) is an increasing sequence, it
converges to its supremum g). Furthermore, since each G’j\ is continuous on the compact set
S"=1 N ¢, it has a maximizer z, € S"~! N C. Without loss of generality, we assume that (zj)
converges to z* € S"71 N C with g\, = Gi’“(zk) and (¢;) 1 oo. Hence, for any fixed z € S 1 NC,
we have G\ (z) = limy_, o Gik(z) < limg—o0 Gf\k(zk) = G\(#*), where the last identity is due to the
continuity of G and the uniform convergence of (G’f\) This shows G (z*) = gx.
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1
(2) Given A > \*, there exists 2/ € A\e@=D S"~! N C such that z(t;2’,0) does not converge to 0
under some o, by observing the argument in Proposition 2.4. Therefore G5(z') = oo and (G%(2’))
is an increasing sequence that tends to the infinity. In view of G%(2') < g, we have (g ) T oo.
Further, let (z;) be a convergent sequence in S"~! NC with Gik(zk) = gr¢,- Noting that Gf\’“ (z1) <

Ga(zk) for all k, we have (Gx(zx)) — o0 as (zx) — z*. This shows limsup,_,,- Gx(z) = co. O

A numerical scheme is developed as follows to compute G’f\ on S"~'NC and \*, thus the radius of
the domain of strong attraction. The continuous function G”f\ can be approximated within arbitrary
precision by its values on a set of fine grid points on C. The following recursive procedure is used
to compute G’}\ for a given A > 0 based on the Bellman equation for G’i:

1
G(z) = [211%,  Gi) = HZHqugg%Gi_l(/\qu(Z)% t=12,.... (22)

This further leads to gy %, an approximation of gy. By Corollary 4.1, we see that A* is the first
A where 1/gy = 0. Due to the continuity of 1/gx on [0,\*), the graph of 1/g) on [0, A*) can be
approximated by finitely many points, the rightmost of which will be an approximation of \*.

While we are mostly interested in Gﬁ\ on S*'NC and gx, the scaling property (i.e., Property
1) in Proposition 4.1 shows that gridding S"~! N C is not enough to represent Gﬁ. Hence, a larger
set U is needed for gridding, particularly when A > (u1)™? (cf. Property 4 in Proposition 4.1). For
such A and a given k, the size of U can be estimated as follows. To find G’f\ at z € S*1NC, it follows
from (22), as well as (4) and (7), that we need to know G’;fl at AV4F;(2), where ¢ := \/9¢ <
INVIF(2)|| < 0 := A9y, Vz € S NC,Vi € M. Let A(¢,0) := {z : ¢ < |z]|| < 6} denote
the annulus whose radii are between 1 and 6. Thus the required region for G§_1 is A(y,0)NC.
Further, to find Glf\*l on ByNC, we need to know GI;*Q at \V9F;(2) with z € ByNC, where o't =
Aagy < |IAV9F(2)| < AY9u16Y = '+ in view of (4) and (7). Inductively, for £ =0,...,k — 1,
the required region for Gf\ is A(yh*—¢, §h—) N C when using (22). Hence, the set U, or equivalently
the required region for G())\, can be taken as A(z)"*, 0")NC. A set of gridding points can be obtained
from the required region in each iteration. Moreover, we approximate the points outside the grid
set by suitable interpolation of known data from the preceding step. This numerical procedure is
outlined in Algorithm 1.

For a given k, the proposed algorithm has linear complexity with respect to the number of
subsystems and thus is suitable for a SHS with a relatively large number of subsystems but a
smaller state dimension. However, its overall complexity is exponential since the size of U is rapidly
enlarged as k increases. Further, as A is closer to \*, a much larger k (thus a larger set ) and
much finer grids are needed for a desired accuracy. This agrees with the fact that computing A\*,
or equivalently the GJSR p*, is an NP-hard problem, even for the SLS on R" [4, 33].
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Figure 1: Left: Plots of 1/gx (solid) and the tangent line 1 — (u1)? - A (dash). Right: Plots of log (GX([cos ¢ sin ¢]))
with & = 8 (dash), k =9 (solid), k¥ = 10 (dot), and k = 11 (dash-dot) when A = 0.325.
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Algorithm 1 Computing G’; on grid points of S ! N C and gk With 0 := )\%m and v := /\5g
Let V = {zj}j.vzl be a set of grid points of A(y"*, 0") N C;
Initialize ¢ := 0, and @g(z]) = ||| for all z; € V;
repeat
{—10+1;
for each z; € V N A(yphe—¢ 9"—0) do
for each i € M do )
Use interpolation to find g;; := Gf\*l(AE F;(zj)) based on the values of Gﬁfl onV
end for

Set G (2)) = |12 + maxie v gis:
V — VN Aphee, ghi-e)
end for
until / =k R
Gak = max, cgn-1qe G5 (2))
return é';(z]) for all z; € S*"1 NC and gy«

Example 4.1. Consider the planar SHS of homogeneous degree v = 2 on the nonnegative orthant
C = Ri, where

m% + x119 + :):%

2
3+ 0.52129
F _ |*1
23 —0.1v129 + 23] b (w1, 22) { ]

F p—
1@, 22) 0.3z172 + 23

We use the Euclidean norm || ||2 and ¢ = 2. It can be shown that p; = 1.776 such that A* > 0.3172.
We apply Algorithm 1 to compute gy, and 1/gy at various A = 0.1,0.2,0.25,0.3,0.315,0.318, 0.32,
0.3225, and 0.325. The plot of 1/gy versus A is displayed in Figure 1. Numerical results of (g )
demonstrate a diverging behavior at A = 0.325 which hints A* < 0.325. Therefore, denser \’s
are chosen on between 0.3 and 0.325. When A = 0.325, the plots of log(G%) for different k on
the unit circle in Ri parameterized by the angle ¢ on [0, 7] are also given. It is seen that for
each k, the maximizer z defined in Proposition 4.4 corresponds to the same ¢ = 7. This hints
that G—¢.325(z*) = oo at the point z* = (%, %) Indeed, a simulation shows that the trajectory
x(t; VX-2*, o) diverges under o = (1, 1,...) for A > 0.3237. We thus deduce from Corollary 4.1 that
A* € (0.3225,0.3237) and the radius of the domain of strong attraction p* = v/A* € (0.5679, 0.5689).
This result can be easily extended to the same SHS on the non-convex cone Ri U (—R%r) using the
observation that any trajectory will enter Ri in at most one step and remain in Ri thereafter.

4.2 Weak Generating Functions of the SHSs on Cones

In this section, we determine the domain of weak attraction of the SHS (1) on C via its weak
generating function H(-,-) : Ry x C — Ry U {oo} defined as:

H()\ 2) i= Hx(z) = inf 3 MN"[la(t;2,0)]9, YA>0, ze€C, (23)
t=0
where the infimum is taken over all switching sequences o. Similarly, we define the companion of
~ 1 ~ 1
Hy as Hy(z) :==1inf, Y o2 [|2(t; A®@=D z,0)||9. Tt follows from (21) that Hy(z) = Av=1 H,(z) for all

z € C and all A > 0. A few basic properties of Hy, and thus H), are given as follows.
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Proposition 4.5. The weak generating function H)(z) has the following properties.
1. (Bellman Equation): For all A > 0 and z € C, Hy(2) = ||z]| + min;e H,\()\%Fi(z)).
2. (Monotonicity): For any fixed z € C, Hy,(z) < Hj,(2) whenever 0 < A\; < Ag.

3. For 0 < X\ < (a1)79, where a; is defined in (9), sup H,(z) is finite.
zeSr—1nC
4. (Exponential Stability): If the SHS (1) is weakly exponentially stable on B,NC, then H;(z) <
¢, Vz € B,NC, for some finite ¢ > 0. Conversely, if the latter holds, then for any e € (0, p),
the SHS (1) is weakly exponentially stable on B,_. NC.

Proof. Properties 1, 2, and 4 can be shown in a similar way as those in Proposition 4.1; particularly,
Property 1 follows from (18) and the dynamic programming principle. Consider Property 3 now.

Recall that a1 = sup (min [|F;(2)||). Therefore, for any z € C, there exists i, € M such that
zesn-1nC €M
| i, (2)|| < a1]lz]|”. By induction, we can find a switching sequence o, (dependent on z) such that

l(t; 2,0) | < (@)™, Vt € Zy. Thus, Hy(2) < 3520 N[l (t; 2,02) |7 < 520X - af)™ < o,
which proves Property 3. O

The radius of weak convergence of the generating function Hy is defined as:

Ax = sup{)\zo

sup  Hy(z) < o0 } . (24)

zesSr—1nC

It is clear from Property 3 in Proposition 4.5 that A, > (a1)”?. The radius of weak convergence
characterizes the domain of weak attraction as shown below.

Theorem 4.2. The following holds: p, = ()\*)Wl—l). Further, a, = (A*)*I/q.

Proof. The argument is similar to that of Theorem 4.1 except that the strong stability (resp. pg, )
is replaced by the weak stability (resp. ag, a.). We briefly present its key steps as follows.
1

To show p, < (A)9@=D, choose p € (0, px). By the weak exponential stability on B; N C with
p € (p, ps), the constants x > 0 and r € [0, 1) exist such that for any z € B;NC, ||z(t; z,02)|| < krt|| 2|

1
under some switching sequence o,. Hence, for A\@*-1 < p and each z € S" ! N C, we have

,,% q-t _1
Ha(2) < 2500 Nt |t 2, 0) |4 < A7 (1)0 3200, (%) < 0. This yields p, < (AT D,

1 1 1
Suppose p. < (Ay)2@=D. Then p and A exist such that p, < p < Aa=D < (A,) =D . It follows
from the second part of the proof of Theorem 2.4 that for any N € N, there exists zy € pS*~ ' NC
1
such that for any o, ||z(N;zn,0)| > p(“—jn)N for some n > 0. Thus Hy(zn/p) > Afﬁ(af‘—jn)N'q

Q%

1
for all N, implying sup,c gn-1~¢ Ha(2) = 00, a contradiction. This shows p, = (As)e=1. O

The next proposition asserts the continuity of Hy(-) on S*~'NC for A € [0, \). Similar to that of
G (cf. Proposition 4.3), its proof relies on uniform convergence of the finite-horizon approximation
of H) defined as HY(z) := min, Zf:o Mt ||z (t; 2, 0)|| for all 2 € C, where k € Z. However, weak
stability complicates the convergence analysis. For example, unlike G’; (z) shown in Proposition 4.3,
HY(z) cannot be bounded below by the k-tail of H(z). Further, the linear technique used for H5(z)
of the SLS in [14] fails because of the nonlinear F;’s. To overcome these difficulties, we use different
arguments via new techniques, e.g., the semicontinuity and Dini’s Theorem. This result will be
exploited later for numerical approximation of H) and A\, and its convergence analysis.

Proposition 4.6. Given A € [0, \,). The following hold:
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(1) each HY is continuous on C and HY(z) < Hi(z) < -+ < Hy(z), kli)n;oﬂf(z) = Hy(z),
VzesSinc.

(2) (HY) converges uniformly to H, on S"~ ! NC.
(3) Hy(-) is continuous on S*~1 NC.

Proof. We introduce some notation first. For a given A € [0, \) and z € C, let Z§ (¢, 2) denote the
trajectory that achieves the minimum in H%(z), i.e., H}(z) = Zf:o M ||ZE (¢, 2) 9. Similarly, let
Zx(t, z) denote the trajectory that achieves the infimum in H)(z).

(1) The continuity of each HY is obvious. For a given z € S"~'NC, the monotonicity of (H}(z))
is due to the observation that HY'!(z) = Zfiol || ZE(t, 2) |9 > Zf:o M| Z5 (8, 2)||9 > HE(2).
Similarly, we have H¥(z) < H\(z) for all k. To show the pointwise convergence of (H) on S"~!NC,
it suffices to prove H(z) = sup,{H%(2)} for any fixed z € S"~1 N C, namely, at each z € S""1 NC
and for any £ > 0, there exists k € N such that HY(2) > H,(z)—¢. Suppose not. Then for some z €
Sr=INC and e > 0, H{(2) < H)(2)—e for all k. Let o* denote the corresponding switching sequence
for 7 (t, 2), i.e., T (t,2) = z(t; 2,0%). Since M is finite, {5¥(0)} has a subsequence of a constant
index denoted by o*(0) € M, ie., {¥(0)} = {¢*(0)}. Similarly, the corresponding subsequence
{6¥ (1)} has another subsequence of a constant index denoted by o*(1) € M. Repeating this
argument via induction, we construct a switching sequence o* := {¢*(0),0*(1),...}. It is easy to
see from this construction that for any k € N, Zf:o Mit||x(t; 2,0%)[|7 < H5(z) for some s > k.
This implies that Y 5% Mt||z(t; 2,0%)[|9 < Hx(2) —¢, contradicting Hy(2) < Y 52, Mt||x(t; 2, 0%) |9
Consequently, the pointwise convergence holds.

(2) For each HE, define its companion function H%(z) := min, S-F_ Hx(t;)\ﬁz,a)ﬂq. In
light of (21), ﬁf(z) = )\ﬁHf(z) Hence, (ﬁf) is monotone and pointwise convergent to Hy
on S* ' NC, and we only need to show the uniform convergence property for (ﬁ /’\“) For a given

1
A € (0, \s) (the trivial case A = 0 is omitted), let py := Aa=1 . We break the proof into two steps.
(2.1) We first show a weaker continuity property for H) stated as follows:

Claim 1: H ) is upper semicontinuous on S~ N C.

To prove this property, it suffices to show that at each z, € S* ' NC, for any € > 0, there
exists an open set U of z, such that Hy(z) < Hy(z) 4 ¢ for all z € U N (S*1NC). It follows
from Theorem 4.2 that py € (0, ps) such that the SHS is weakly exponentially stable on B,, NC.
Therefore, there exist £ > 1 and r € [0,1) such that for any 2o € B,, NC, ||z(t;20,04)] <
krt||zo|| under some switching sequence o,,. For the given z, let o, be a switching sequence
that achieves Hy(z,), i.e., Hy(z) = Yor2o ll(t; pazs, 04) || Since the series > 52 [|z(t; paze, 04)||4
converges, |lz(t; paz«,04)|| — 0 as t — oo. Thus there exists a sufficiently large 7' € N such that
Sico 1t paze, o)1 < Ha(z0), 2T paze, )| < pa, and [[2(T5 prze, 0|2 - w7/(1 = r9) < &/3,
Since x(t; prz, 0« ) is continuous in z for any fixed ¢ € [0, T], there exists an open set U of z, such that
Soico (8 paz, o) |7 < Ha(z:) +2/2, |2(T; prz, 0.)|| < pa, and [[2(T; paz, 0.)[[9- 59/ (1—1) < /2
for all z € UN (S"1NC). For any 2 € U N (S* 1 NC), let 5. be a switching sequence such
that ||x(s;x(T; paz,04),0:)|| < kr®||z(T; prz,04)|, Vs € Z;. Consequently, under the switching
sequence o, 1= (04(0),...,04(T),0,), we have

fe’e) T—-1 [e’e)
H(z) < etz o)l =3 llatt prze o) |9+ Y et — T52(T; paz, 04), 55) |1
t=0 t=0 t=T
~ 5 k4 ~
< (Hnz)+5) + loTipe o)l < Ha(z) +e.
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This shows H)(z) < Hy(z,) +¢ for all z € YN (S NC), and thus the upper semicontinuity of Hy
on S""INC.
(2.2) We then show, via Dini’s Theorem, that

Claim 2. (H %) uniformly converges to Hy on S™'nC.

To this end, define E¥(z) := = Hy(2) — flk( ). Since each ﬁ/’\“ is continuous on S"~ 1 N C, so is —flf
which is also upper semicontinuous. Hence, in view of Claim 1, each EA is upper semicontinous on
S*~1' N C. Further, by Statement (1) shown above, (E’j) is pointwise monotonically decreasing to
zero on the compact set S*~'NC. In light of Dini’s Theorem [24, Chapter 9, Proposition 11], (E’/{)

converges uniformly to zero on S~ ' N C. This yields the uniform convergence of (I;T ];j) to H A
(3) This directly follows from the continuity of HY and Statement (2). O

Equipped with the above proposition, we study the upper bound of Hy on S*' N C defined as

hy:= sup Hy(z).
zeSr—1nC
Its approximation is given by hyj = max,cgn-1n¢ H/’\“(z) As before, hy and hyj are treated
as functions of A. Similar to gy treated in Section 4.1, the function h) plays a critical role in
computation of A,. Fundamental properties of h) via approximation of (h Ak) are shown below.

Proposition 4.7. The following hold:
(1) each function hy j is continuous in A on R.

(2) at each A € [0, \y), (h A’k) is an increasing sequence that converges to hy. Furthermore, there
exists a convergent sequence (z;) in S*~! N C with Hf\’“ (21) = hyy, and (£) T oo such that
the limit z, of (zx) satisfies Hy(zx) = hy.

(3) for any e (0, \y), (h/\,k) is an increasing sequence that uniformly converges to hy on [0, X]

(4) the function h) is increasing and continuous on [0, A,) with hg = 1 and the one-sided derivative
of hy at A = 0 being h)(04) = (a1)?. Furthermore, there exists z € S"~! N C such that
H)y, (2) = oo (thus hy, = o0), and h) — 00 as A T A..

Proof. (1) Fix k € N. Clearly, H¥(z) is continuous in (), z). Noting that h, ; is pointwise supreme
of Hf(z), ie., hyr =sup,cgn-1nc Hf(z), we conclude that hy y is lower semicontinuous in A.
Next, we show that h’}\ is upper semicontinuous, and thus continuous, in A. To see this, choose
Ao > 0 and for each z € S""1 NC, let 07 ), Pe a switching sequence that achieves H /’\co(z). Notice
that there exists ¢ > 0 such that ||z(¢;2,0)| < ¢ for all ¢ € [0,k] and all z in the compact set
S"~1 N C under any switching sequence . Hence, for any given € > 0, there exists > 0 such that

k k
Aol <1 = ] SNtz o)1 — S (o) [l (; z,a)||q( <e Vo, ¥zeS"lne.  (25)
t=0 t=0

As a result, for any A > 0 with |\ — \g| < n, we have, for each z € S*"1 NC,

k k

<D AMla(t 2,07 5,17 < HY, (2 +‘ Z)\'”llx (t:2, 053 1=Y (M) [l(t; 2,05 5, II] < HY, (2)+e.
t=0 t=0 t=0

Therefore, hy j < hyyr + € in a neighborhood of Ag, implying the upper semicontinuity of hj .
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(2) Fix A € [0, A\s). The monotonicity is clear; it suffices to show the convergence. Since each
HY(-) is continuous on the compact set S"~* N C, there exists a maximizer z; € S"~! NC such that
hxpy = H f(zk) Without loss of generality, we assume that (2;) converges to z, € S*~! N C with
Hf\’“ (z1) = hag, and () T oo. By the uniform convergence of (HY) to the continuous function
H) proven in Proposition 4.6, we see that (Hf\" (21)) converges to Hx(z). Moreover, for any
z € S"INC, Hy(2) = limp_0o Hﬁ’“(z) < limg_.o Hf\’“(zk) = H)(z«). Hence, hy = H)(z:) and
(th) T hy. Since (hyyg,) is a subsequence of the increasing sequence (hy i), we have (hy ) T ha.
The above argument also constructs a desired sequence (z;) for the second part of Statement (2).

(3) The main idea of this proof is similar to that for Proposition 4.6. Specifically, the upper
semicontinuity of hy on [0,\,) is established first. Based on this and Statements (1)-(2) shown
above, the uniform convergence follows from Dini’s Theorem.

In what follows, we prove the upper semicontinuity of hy at each Ao € [0, \s). When A\g = 0,
the continuity of h) follows from the Bellman equation in Proposition 4.5. Now consider Ay €
(0, A4). Choose N e (Ao, Ax) and let p5 = XaT. The SHS is weakly exponentially stable on
B, N C with the constants & > 1 and 7 € [0,1) (dependent on A only). For any given ¢ > 0,
thanks to the uniform convergence of (f[ Ijo) to H n on S"1NC, we obtain K € N such that
for all k > K, Hy,(z) — Hf (z) < min ([e/3 - (1 — 79)/R9], (p5/3)7) for all z € S*'nc. For
a given z € S" ! N C, recall that O';’/\O is a switching sequence that achieves H),(z). Hence,
206415 prg 2,070, )| < (Fg(2) =Sty (5 prg 20020, |97 < (g () 2, (2)) /7 < i (/3
(1 —79)/ra)\/a, p3/3), for all z € "' NC. It follows from (25) that there exists 71 € (0,A0/2)
such that for any A with [A — Ao <1, [[2(K + 1;pr2,07 )|l < min (e/2-(1— 71 /Ra)Ya, p5/2)
and ’ Zt:() | (t; paz, o5 3 )T — tho |2 (t; pro2: 05 3 )17 ’ < /2, for all z € S* ' NC. Consequently,
for any A € (Ao — 11, Ao + m1) and each z € S*" 1 NC, letting 7. be a switching sequence such that
||z (s; x(K + 1; pAz,az 2o)s 0|l SEP[l2(K + 1 paz, 0%, )|, Vs € Zy, we obtain

fNI)\( HAO Z tPAZ)UzAO H —l—ZHx (s;x(K + 1, PAZ,UzAO ) ZH&: t; pAOz,UZ)\O Hq
=0 0
p S=
< ‘Z ’x (t; pAz,oz/\ H —ZHQ@ (t; PAOZ»JzAO H ‘—FZHZL‘ (t; (K + 1; p,\z,az)\o o Hq
t=0 s=0
<§+Hx(K+1'p>\z ol )HQ; < ¢
_2 ) » Yz, 1_7/:q =

_1
Moreover, there exists 72 > 0 such that [\ — Ag] < n2 = ])\7ﬁ — X" < B IA = Ao for
1

some constant 3 > 0 that depends on Ag only. Let n := min (m,ng,g/(ﬁ . )\(;ﬁ - hy,) ) For any
A€ (Mo —nA+n) and any z € S* 1 NC,

Hy(=2) — Hyg(2) = X 75 Hy () — 2 7 Hag(2) < X755 [Ha(2) = g (2)] + X7 =007 iy (2)

< (00/2) 77 [HN(2) = Hyg(2)] + 8- 1A= Aol AT Iy

Hence, hy < hy, +¢-&, YA € (Ao — 1, A + ). This yields the upper semicontinuity of hy at Ao.
Finally, since h)j is continuous in A and (h,\,k) monotonically converges to h) pointwise on
[0, \), it follows from Dini’s Theorem that (hA,k.) uniformly converges to hy on the compact set

[0, A] for any A € (0, \,).
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(4) The increasing property of hy is trivial, and it follows from the continuity of hy , on [0, \)
and the uniform convergence that for any )€ (0, Ax), hy is continuous on [O,X], leading to the
continuity of hy at each A € [0, A,). We further deduce via the Bellman equation for H,(-) and the
definition of a1 in (9) that the directional derivative (hy)'(04) = sup,egn-1q¢ (mingen [|Fi(2)]|7) =
(a1)9. Moreover, by Proposition 2.4, we deduce that there exists 2z’ € p,S"~!'NC such that x(t; 2/, o)
does not converge to the origin under any o. Hence, Hy, (z'/ps) = (/\*)ﬁ CHy, (2 /ps) = (/\*)ﬁ .
Yoollz(t; 2, 04)]|7 > oo, where p, = (As)2@=D is used and o, is the switching sequence that
achieves the infimum in Hy_(z'/ps). Letting Z := 2'/p*, we have Hy_(Z) = oo. It also follows from
the similar argument in Proposition 4.2 that h)y — oo as A T A.. ]

As a counterpart to Corollary 4.1, we obtain the next result on 1/h) without proof.

Corollary 4.2. The function 1/hy : Ry — [0,1] is decreasing and continuous on [0, \*) and
(1/h))(04) = —(a1)9. Moreover, 1/hy =0 on [A\*,00), and 1/h) is continuous on R.

Using the argument for Property 3 of Proposition 4.5 and a similar one in the proof of [14,
Lamma 2|, it can be shown that 1/hy > 1 — (a1)?- A,V € [0, A\s). This observation implies that
the graph of 1/h) is always above its tangent line at the point (0, 1).

4.2.1 Computation of Weak Generating Functions and Radius of Weak Convergence

We discuss numerical approximation of H) and A,. Recall that H(z) := min, Zf:o Mt ||z(t; 2, 0) ||
uniformly converges to Hy(z) on S*~! N C; see Proposition 4.6. The following recursive procedure
is used to compute H f for a given A > 0 based on the Bellman equation for H ;f:

. _ 1
HR(z) = |27, Hi(2) = 2| + min BTN (A0 Fi(2)), £=1,2,.... (26)

This also yields h)  that approximates hy. Corollary 4.2 shows that A, is the first A where 1/hy = 0.
By the continuity of 1/hy on [0, \.), the graph of 1/hy on [0, ;) can be approximated by finitely
many points, the rightmost of which will be an approximation of A,.

It follows from the discussions below (22) that in order to compute H f\“, the gridding set needs
to be taken as A(1)" ") N C. Based on this observation, a numerical procedure is developed to
compute H f and hy j given in Algorithm 2. For a given k, this algorithm has linear complexity
in the number of subsystems but has overall exponential complexity. Note that unlike the sup-
exponential convergence of (G’f\) displayed in Proposition 4.3, Proposition 4.6 does not specify a
convergence rate of (H f) In particular, as X is getting closer to A, the convergence behavior
may deteriorate rapidly, i.e., a very large k is needed to attain suitable convergence which may be
slow. In turn, the large k requests a much bigger gridding set and finer grids to maintain a desired
accuracy. Computational experience also demonstrates numerical sensitivity when A is close to A,
e.g., a small variation of z may lead to a large change of the obtained H /’\“ This is due to the
instability of some z on S*"'NC under almost all ¢ when X is sufficiently close to \,; see Statement
(4) of Proposition 4.7. On the other hand, this numerical challenge can be understood from the fact
that even for the SLS on R”, computing the joint spectral sub-radius, a numerically less difficult
quantity, is known to be an NP-hard problem [4, 33].

Example 4.2. Consider the same planar SHS in Example 4.1 with the Euclidean norm || - |2
and ¢ = 2. In this case, a; = 1.0679 such that A\, > 0.8769. We apply Algorithm 2 to compute
hyr and 1/hy at various A displayed in Figure 2. Numerical results of (hyj) demonstrate an
unstable behavior around A = 0.88, hinting that A, is close to 0.88 where denser \’s are chosen.
While a more accurate approximation hyj; at A > 0.88 can be obtained by choosing a large k,
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Algorithm 2 Computing Hf on grid points of S""!' N C and hy ; with 6 := )\é,ul and 1 := )\%C
Let V = {zj}j.vzl be a set of grid points of A(y"*, 0") N C;
Initialize ¢ := 0, and ﬁg(zj) = ||2;||? for all z; € V;
repeat
{—10+1;
for each z; € V N A(yphe—¢ 9"—0) do
for each i € M do )
Use interpolation to find h;; := .FAIf\*l()ﬁFi(zj)) based on the values of ﬁf{fl onV
end for
Set H (25) = [|2]| + minied huj;
V — VN Aphee, ghi-e)
end for
until {=k R
hak = max, csn-1nc HY(2))
return f[/’\“(zj) for all z; € S*1 NC and ﬁ,\,k

o.of

osf

o7}

oef

o.al

o3l

o.z2f

oaf

Figure 2: Plot of 1/hy

practical computational complexity makes it highly difficult because gridding sets are very large
and fine gridding is needed for numerical accuracy and stability. This significantly increases the
computational complexity. Therefore, we conclude that a (sharp) lower bound or an under-estimate
of A is 0.88, and the radius of the domain of weak attraction p, = v/A, ~ 0.9381.

5 Discrete-Time Conewise Homogenous Inclusions

In the rest of the paper, we extend stability analysis of the switched homogeneous (resp. linear)
systems on cones to that of conewise homogeneous (resp. linear) inclusions (CHIs). The CHIs
form a class of discrete-time, switched dynamical systems subject to state-dependent switchings.
Such a system partitions a close cone into finitely many sub-cones, and the system dynamics is
homogeneous (and continuous) on each cone. Switching occurs as a state trajectory exits from
one cone and enters another. Note that the state dynamics may attain multiple values on the
intersection of two cones, thus making the system a class of homogeneous inclusions.

In specific, let C C R™ be a closed cone containing the origin. Assume that = := {A;}",
is a finite family of nonempty closed sub-cones of C satisfying U”,;X; = C, with the index set
M :={1,...,m} for some m € N. Each cone X; need not be polyhedral or even convex, and X;
and X; may overlap for ¢ # j. Associated with each cone X; is a continuous and homogeneous
mapping = — F;(x), Vo € X;, where each F; : C — R" is assumed to be positively invariant on C,
i.e., F;(C) CC. The (discrete-time) conewise homogeneous inclusion (CHI) on C is then defined as

2(t+1) € f(z(t), tezZ,. (27)
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Here, f : C =2 C is the set-valued map defined by f(z) := {F;(x)| for all ¢ such that z € X;}. Thus,
at any time t, each cone X; where the current state x(t) = x resides provides a possible destination
Fi(z) € C that the state may evolve to at the next step. An important class of the CHIs is the
conewise linear inclusions (CLIs), where each Fj(z) = A;z for some matrix A;. The SHSs can also
be treated as a special class of the CHIs by setting X; = C,Vi € M.
For a given initial state z € C and a time window of length 7" € Z, let W(z,T) C M x --- x M
(T+1)—copies
denote the set of all admissible switching segments of length T' corresponding to z. In particular,
W(z,0) = {i € M|z € X;}. Further, W(z, 00) denotes the set of all admissible switching sequences
corresponding to z. Note that for the SHSs, the equality W(z,T) = M x --- x M holds for each
T € Zy. For each op € W(z,T), let x(t; z,0r) denote a trajectory starting from z under the
admissible switching segment op over the time horizon ¢ = 0,1,...,7 + 1. In a similar manner,
for o € W(z,00), z(t;z,0) denotes a trajectory starting from z under o over the infinite time
horizon. It is easy to show that given a CHI of homogeneous degree v, for any z € C and any scalar
a >0, W(zT) = Waz,T) for all T and z(t;az,07) = o z(t;z,00),Vt = 0,...,T + 1 for any
or € W(z,T). The (local) stability notions of the CHI (27) at z. = 0 are defined as follows.

Definition 5.1 (Local Strong Stability of CHI). At x. = 0, the CHI (27) on C is called

e locally strongly stable if, for each € > 0, there is a 6. > 0 such that ||z(¢;2,0)|| <e,Vt € Z,
under any o € W(z,00) starting from z € C with ||z|| < d¢;

e locally strongly convergent if there exists a neighborhood N of 2, = 0 in C such that for any
z € N and any 0 € W(z,00), x(t; z,0) — 0 as t — oo;

e locally strongly asymptotically stable if it is locally strongly stable and strongly convergent;

e locally strongly exponentially stable if there exist a neighborhood N of . = 0 in C and
constants k > 1 and r € [0,1) such that ||z(¢; z,0)|| < krt||z||, Vt € Z4, for any o € W(z, 00)
starting from an arbitrary z € N.

Definition 5.2 (Local Weak Stability of CHI). The CHI (27) on C is called locally weakly
stable (respectively, locally weakly convergent, locally weakly asymptotically stable and locally weakly
exponentially stable) at x. = 0 if the corresponding condition in Definition 5.1 holds under at least
one (instead of any) switching sequence o € W(z, 00).

The non-local version of the strong and weak stability can be defined for the CHIs in a similar
way as in Definition 2.2. Further, the domains of strong and weak attraction can also be defined.
The following result shows the equivalence of the strong stability notions.

Theorem 5.1. Let the compact set S := {z € C|||z]| < p} for some p > 0. The following hold for
the CHI (27) on S:

strong convergence < strong asymptotic stability < strong exponential stability

Proof. 1t suffices to show that strong convergence implies strong exponential stability on S. We
first prove the following claim that characterizes the uniform convergence of the CHI.

Claim: If there exists a finite time 7% € Z, (independent of z) such that for any z € S with
|lz|l = p (the radius of S) and any o € W(z,0), ||z(ts; z,0)| < 0.5p at some time ¢, < T}, then
the CHI (27) on S is strongly exponentially stable.

The proof of the claim follows from a similar argument as in Propositions 2.1. In fact, in light of
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W(z,T) =W(az,T) for all T, a > 0, and z(t; az,0) = a”tx(t; z,0),Yt € Z4 for any 0 € W(z, 00),
as well as the compactness of S and the continuity of F;, we deduce the existence of k > 0 and
~v € [0,1) such that for any z € S, ||z(t; z,0)|| < &v* 71||2||,Vt € Z, under any o € W(z, o0). This
yields the strong exponential stability.

We then prove by contradiction that strong convergence implies strong exponential stability.
Suppose the CHI is strongly convergent but not strongly exponentially stable on §. Then it follows
from the contrapositive of the above claim that there exist a sequence of initial states {20} C S
with ||20]| = p, a sequence of corresponding trajectories {z(t;2%,0%)}, and a strictly increasing
sequence of times {t;} C Z with t; T oo, such that ||z(t;29,0%)|| > 0.5p, t = 0,1,..., 1, for all
k=1,2,.... Since the sequence {x%} is contained in a compact set, a subsequence of it (which we
may assume without loss of generality to be itself) converges to some 20 € S with ||2?|| = p. Define
the index set Z(x?) := {i|2? € A;}. Since each cone AX; is closed and there are a finite number of
them, a neighborhood A of 20 in S can be found such that /' =S\ Uigz(20)Xi € Uiz (20)Xi-

We next look at the sequence {z(1;29,0%)}. Our assumption on the times {t;} implies that
0.5p < [la(1;29,0"%)|| < 1 for all k large enough, where i1 := max;e v pes,|z)=p || Fi(2)]|. Thus,
a subsequence of {z(1;29,0%)} (which we again assume to be itself) converges to some z! € S
satisfying 0.5p < ||z} < p1. As 2 — 29, for k sufficiently large, 29 will be inside the neighborhood
N defined above. Thus, due to the continuity of Fj, z(1;29, o%) = Fj, (2?) for some index jj, € Z(2?).
By letting k — oo and noting that Z(z?) is a finite set, we conclude that z! = Fj(z9) for some
jeI(2Y), ie., 2l € f(22).

Repeating the above argument and using induction, we obtain a sequence {z!};cz . € S such
that (i) 0.5p < ||lzt|| < (u1)” for all t € Z,; and (i) 2it! € f(a) for each ¢ € Z, . This shows that
there exists at least one valid trajectory x(t;2,0) := x!, t € Z, of the CHI (27) that does not
converge to the origin. This contradicts the strong convergence of the CHI (27) on S. O

The above result can be strengthened for the CLI (i.e., v = 1). In fact, due to the linearity of
the CLI, the local stabilities are equivalent to their respective global ones. Hence, we obtain:

Corollary 5.1. The following hold true for the CLI on the closed cone C:
strong convergence < strong asymptotic stability < strong exponential stability

It should be emphasized that the closedness of the cones &;’s is critical in establishing the
equivalence. The example below shows that without the closedness, Theorem 5.1 may be invalid.

Example 5.1. Consider the CLI on C = R? with = = {X;}}_|, where X} = {(z1,72)T € R?|z; >
0, xTo > O}, Xy = {(0,1‘2)T S R2 ’1'2 > 0}, Xg = {(xl,a:g)T S R2 |1‘1 < 0,932 > O}, Xy = {(l‘l,xg)T S
R? |zo < 0}. Note that &}, Xa, and X3 are not closed. Let the corresponding dynamics matrices
be A1 = [_01 (1)] , Az = [_11 ﬂ , Ao = A4y = 0. Since the cones in = are disjoint, the set-
valued mapping f(-) in (27) becomes a function on R? (albeit a discontinuous one). Hence, the
CLI has a unique trajectory for each initial state. It is easy to verify that for any initial state

79 = (29,297 € Ay, the trajectory sequence is (z9,29)7 — (—29,29)7 — (29,29 — 2T — ... —
(29, 29—229)T — ... until the second coordinate becomes negative; after that, the trajectory jumps

to the origin and remains there. In particular, we observe that ||z(t;2°, ¢)|| is non-increasing in t
and converges to zero as t — oo. This observation can also be verified for any trajectory starting
from Xy, A5, or Xy. This shows that the CLI is strongly asymptotically stable. On the other hand,
let 2° = (¢,1)T € A} for some small ¢ > 0. From the above argument, we see that the times it
takes for z(t;2°, o) to reach the origin is about 1/(2¢) time steps, which tends to infinity as € | 0.
Thus the CLI is not strongly exponentially stable.
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Theorem 5.1 does apply when we consider the CLI defined on the closure cones {cls Xi}le
where cls denotes set closure, with the same subsystem matrices {Ai}le. The same argument as
above shows that this CLI is not strongly exponentially stable. By Theorem 5.1, the new CLI must
not be strongly asymptotically stable. Indeed, starting from 2° = (0,1)T € cls &y, x(t;2°,0) = 2
is a non-convergent trajectory.

The next example shows that the conclusion of Theorem 5.1 is not true if the strong stability
notions are replaced by their weak counterparts. Recall that Corollary 2.1 and Proposition 3.1 show
that weak asymptotic stability of the SHS and SLS is equivalent to weak exponential stability. The
underlying reason for this difference is that solutions to the SHSs on C under a fixed switching
sequence depend continuously on initial states, while it is not the case for the CHIs on C.

Example 5.2. Consider the CLI on C = R? with £ = {X;}?_;, where X} = {(z1,22)T €
Rz\xl > 0,1‘2 > O}, XQ = {({/Cl,xg)T S R2]x1 < 0,332 > 0}, Xg = {(l‘l,xg)T S R2’$2 < 0}
Let the subsystem matrices be Ay = [(1) _01} , Ay = [_01 _11] , As = 0. This CLI is neither
strongly asymptotically nor exponentially stable since the trajectory of periodicity two: (0,1)7 —
(-1,0)7 — (0,1)T — --- fails to converge to the origin. Nevertheless, it is weakly asymptotically

stable. For example, starting from 2° = (29, 29)7 in the interior of A7, the trajectory sequence is

(29, 2T — (=29,20)T — (29,29 — 29T — ... — (29,29 — 229)T — ... which eventually reaches
Xj3; then the sequence can arrive at 0 at the next time step. Similarly, we can verify the existence
of at least one convergent trajectory starting from any other initial states. Now consider the initial
state 7° = (¢,1)T € A} for asmall e > 0. For any trajectory z(¢; #°, o) starting from x°, the number
of time steps it takes for ||z(t;2°, 0)|| to decreases to half of its initial value is at least about 1/,

which grows unboundedly as € — 0. Thus the CLI is not weakly exponentially stable.

6 Stability of the CLIs

We briefly mention some general results for stability of the CHI, including the CLI as a special
case. Consider the CHI of homogeneous degree v > 1. Define, for each k € N,

pr, = sup {||x(k; 2, 0) ||/ : oy, € W(z, k), z€S" I nC).

By the concatenation property of the switching segments, it is easy to show that (perq)hPﬂ <
(1p)" (11q)"a** for all p,q € N. Hence, a similar argument as in Theorem 2.1 shows that the
sequence (py) converges to inf{ug}. This limit, denoted by p*, is the generalized joint spectral
radius of the CHI. Further, it follows from a similar development in Section 2.3.1 that (i) when
v =1, the CLI is strongly exponentially stable if and only if p* < 1; and (ii) when v > 1, the radius
of the domain of strong attraction of the CHI is (,u*)_i.

Define the strong generating function for the CLI: GA(2) = SuDyep(s.00) 2oroo A2 (t; 2, 0)|9,
V z€C, A >0, and the radius of strong convergence: \; := sup{A > 0|Gx(z) < 00, ¥V z € C}. In
view of Corollary 5.1 and [14, Theorem 2|, we have the following implications for the CLI on C:

strong exponential stability < A; >1 < G is pointwise bounded on C

Similar results can be obtained for the weak generating function of the CHI and weak exponential
stability of the CHI and CLI. It is worth pointing out that computation of the radii of strong and
weak convergence of the CHI or CLI is more difficult than that of the corresponding quantities of
the SHS or SLS. This is attributed to the sensitivity of admissible switching segments/sequences
with respect to initial states z. Further discussions of this issue are beyond the scope of the present
paper. Next we characterize the stability of CLIs from a Lyapunov perspective.
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6.1 Stability of the CLIs: A Lyapunov Perspective

A function V : C — R is called (infinitely) piecewise quadratic on C if it is positively homogeneous
of degree two along each ray: V(\z) = A2V (x) for all A\ > 0 and x € C. In particular, V is called
finitely piecewise quadratic on C if it is piecewise quadratic and for each = € C, V(z) = 2T Pz for
some matrix P € R™*™ taking values in a finite set of positive semidefinite matrices. The following
result asserts the equivalence of strong exponential stability of CLI and the existence of a finitely
piecewise quadratic Lyapunov function.

Proposition 6.1. The CLI (27) on C is strongly exponentially stable if and only if there exists a
finitely piecewise quadratic Lyapunov function V : C — R, satisfying

(a) there exist ¢; > 0 and ¢ > 0 such that c1|2]|? < V(2) < ea|2||? for all z € C;
(b) there exists c3 > 0 such that V(2') — V(z) < —e3||2||?, V2’ € f(z) for all z € C.

Proof. The sufficiency follows from the standard argument (even without the finitely piecewise
quadratic property for V') and is omitted. We prove the necessity as follows. Suppose the CLI is
strongly exponentially stable on C. Then there exist £ > 1 and r € [0, 1) such that [|z(t;2,0)| <
krt||z||,V t € Z,, for all 2 € C and any o0 € W(z,00). Find a time T} large enough such that
k2 p2(Tetl) <

%. Define the function

V(z) = (t; ?, Vzec. 28

()= max Z lo(t;z,0m )%, ¥ (28)

Then V(z) can be written as V(z) = max 2T Pz, where P is the set of all positive definite matrices
€

of the form I + AT Ay + (Ai Aig)” (A Aig) + -+ 4+ (oo 1 Ai) (T 1 As) for iy € M,

t=0,...,T, — 1. Since P is a finite set, V is ﬁnitely piecewise quadratic.

We shall prove that V is the desired Lyapunov function. It is clear that for each z € C,
122 < V(2) < 2o k272 | 2)? < ea]2]|? where ¢o := K2/(1 — 72). Therefore (a) holds true. To
prove (b), we note that for any 2’ € f(z) and any op, € W(2',T%), the concatenation of the cone
index corresponding to the transition from z to 2z’ and o, is an admissible switching segment
or.+1 € W(z,T, +1). Therefore,

Ty
21+ > lla(ts 2 o) < max Z l(t; 2, o7 1) I* = Z l(t; 2, 57 41) 1%,
t=0

O'T*+1€W z T*-i-l)

where o7, 41 € W(z, T + 1) is the switching segment that achieves the above maximum. Since
(T + 15 2,51,4+1)||* < &]|2]|* by the choice of T}, we have

Ti41 I,
~ ~ ~ 1
Yotz en)l? = Y et z,0n )P + l2(Te + L z,0m40)|° < V(z) + GLEE

Combining the above two inequalities, we obtain Y 1%, ||z (t; 2/, 07)||> < V(2) — 11|22, for any
or, € W(z',T.). Therefore, V(2') < V(z) — §||2||?, and V(2) indeed satisfies (b). O

Proposition 6.1 can be extended to weak exponential stability with the finiteness of a piecewise
quadratic Lyapunov function dropped.
Proposition 6.2. The CLI (27) is weakly exponentially stable on C if and only if there exists a

(in general infinitely) piecewise quadratic Lyapunov function V : C — R satisfying
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(a) there exist ¢; > 0 and ¢y > 0 such that ¢1||z]|? < V(2) < eol|2]|? for all z € C;
(b) c3 > 0 exists such that for each z € C, there exists 2’ € f(z) such that V(2') =V (2) < —cs]|2||?.

Proof. For sufficiency, suppose there exists a Lyapunov function V satisfying (a) and (b). For
any initial state 2° € C, it follows from (b) that there exists ! € V(2°) such that V(z!) <
V(2% — es||2°|? < nV(2Y), where n := 1 — c3/co via (a). To avoid triviality, we may assume
n € (0,1). Letting 2(1;2°) := 2! and repeating the above argument, we obtain a trajectory z(t; x°)
whose V-value is exponentially decaying (with the decay rate determined by 7). Hence the CLI is
weakly exponentially stable on C.

For necessity, assume the CLI (27) is weakly exponentially stable on C. Then starting from any
z € C, there exists at least one switching sequence o € W(z, 00) satisfying ||z(¢; z,0)| < krt| 2],
Vt € Zy, for some constants k > 0 and r € [0,1). Thus, the function V(z) defined by V(z) :=
Inf o e (z.00) Doveo |2(t; 2,0)||?, where the infimum is taken over all admissible switching sequences
corresponding to z, is finite for each z. Furthermore, it satisfies ||z[|> < V(z) < ¢||z||? for some
constant ¢ > 1, where the existence of ¢ is due to the weak exponential stability. Moreover, being the
value function of an infinite-horizon optimal control problem, V'(z) satisfies the Bellman equation:
V(z) = minyeri {I12]1° + V(2))} = [|2]|* + ming e s,y V(2'). The minimum in the above equation
is achieved by some z, € f(z). Then we have V(z) = ||z]|?> + V(2)), i.e., V(2L) — V(2) = —|]z]|*
Thus, V(z) satisfies both (a) and (b). O

6.2 CLIs Obtained from SLSs on Cones

In the previous sections, we have studied the strong and weak stabilities of CLIs and SLSs on
cones. We next present results that connect the stability of these two systems. On a closed
convex cone C, a function E : C — Ry is called an energy function on C if it is (i) homogeneous
of degree two: E(A\2) = A?E(z), VA € R, Vz € C; and (ii) bounded on the unit sphere S*~1:
c1l|z)|? € E(z) < ca|2||? for constants 0 < ¢; < ¢ < oo. For the SLS (11) on C, two CLIs are
introduced below based on a conic partition of C defined by an energy function FE.

Definition 6.1. Given the SLS (11) on the closed cone C and an energy function F, let Z = { X }ic m
be a set of closed sub-cones of C defined as X; := {z € C| E(A;x) = minjepm E(Ajx)}, i € M. Then
a CLI on C is defined with the subsystem matrix A; on the cone X, and is called the descending
realization of the SLS (11) on C with respect to the energy function E. If in the above definition
of X;, minimum is replaced by maximum, while the matrices A; are defined in the same way, then
the resulting CLI on C is called the ascending realization of the SLS on C with respect to E.

It is seen from the above definition that the trajectories x(t;z%) of the descending (resp. as-
cending) realization CLI are exactly the trajectories z(t; 2°, o) of the SLS (11) under the switching
policy o that tries to decrease (resp. increase) the value of the energy function E as much as possi-
ble at the next time step. If for a given = € C, max;cpq E(A;x) is achieved by multiple i € M, then
the ascending realization CLI has multiple trajectories starting from z: f(z) = {Aix | E(Aiz) =
max;jepm F(Ajz)}. A similar observation holds for the descending realization.

The following two theorems state that the characterization of exponential stability for SLSs on
C can be reduced to that of weak exponential stability for the ascending/descending CLIs on C with
respect to properly chosen energy functions.

Theorem 6.1. A necessary and sufficient condition for the SLS (11) on C to be strongly exponen-
tially stable is that its ascending realization CLI on C with respect to any energy function F on C
is weakly exponentially stable with the uniform parameters x > 0 and r € [0, 1).
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Proof. The necessity part is trivial once we notice that any trajectory of the ascending realization
CLI is also a trajectory of the SLS under some switching sequence o.

To show sufficiency, suppose that the ascending realization CLI of the SLS (11) on C with respect
to any energy function E is weakly exponentially stable. Consider the strong generating function
G\ (z) defined in (13) with ¢ = 2 and || - || the Euclidean norm. Let A} be its radius of convergence.
Then for any A € [0,\}), E(z) = G\(2) is an energy function. Thus by assumption, the ascending
realization CLI, denoted by CLI(A), of the SLS (11) with respect to the energy function Gy(z) is
weakly exponentially stable, i.e., starting from any z € C, there exists o* € W(z, 00) such that the
trajectory z(t; z, 0*) of CLI(\) satisfies ||z(t; z,0*)|| < krt||z||, Vt € Z. Due to the construction of
the ascending realization CLI(\), x(¢; z,0") is also a trajectory of the SLS (11) that achieves the
supremum in (13). Hence, G(2) = Y oo M|z (t; 2, 0%)||? < 3520 A62r? 2|2, Vz € C, A € [0, A)).
We must have \; > r~2, for otherwise the right most term in the above inequality, hence G(z),
would be finite at all z € C for some A > A5, contradicting the definition of \};. Since r € [0,1), we
have \§ > r=2 > 1. By Theorem 3.2, the SLS (11) on C is strongly exponentially stable. O

Similarly, the weak exponential stability of the SLS (11) on C can be related to that of its
descending realization CLIs, as stated in the following theorem.

Theorem 6.2. The SLS (11) on C is weakly exponentially stable if and only if its descending
realization CLI with respect to at least one energy function F is weakly exponentially stable.

Proof. The sufficient part is trivial, as an exponentially convergent trajectory of the descending
realization CLI with respect to an arbitrary energy function E is automatically an exponentially
convergent trajectory of the SLS under some suitable switching sequence.

To show necessity, assume that the SLS (11) on C is weakly exponentially stable. By Theo-
rem 3.3, we have A’ > 1. Hence, the weak generating function Hy(z) at A = 1, i.e., Hi(z) =
inf, >0, lz(t; 2, 0)||?, is finite everywhere on C. Here we assume ¢ = 2. By Propositions 3.5
and 3.6, H1(z) is an energy function and satisfies the Bellman equation Hj(2) = ||z||?+min;e Hi(4;2),
V z € C. Consider the descending realization CLI of the SLS (11) with respect to the energy func-
tion Hi(z). By its definition and the Bellman equation, Hy(z') — Hyi(z) = —||z||? for all z € C and
2" € f(z) under the CLI dynamics. Thus, Hi(z) is a Lyapunov function of the CLI satisfying the
hypotheses of Proposition 6.1. This shows that the CLI is weakly exponentially stable. O

We remark that Theorem 6.2 remains valid even if weak exponential stability is replaced by
strong exponential stability for the CLI. We also note that the energy functions E in this section
are required to be bounded away from both zero and infinity on the unit sphere. To justify this
requirement, assume for example E is identically zero (or identically infinity) on R™. Then the
ascending (or descending) CLI will have the same set of trajectories as the SLS (11), thus making
the conclusions of Theorem 6.1 and Theorem 6.2 trivial.

7 Conclusion

The stability of discrete-time switched homogeneous systems on cones are investigated from sev-
eral interconnected perspectives, including the joint spectral radius approach and the generating
function approach. The former approach generalizes the similar notions for the SLSs on the Eu-
clidean space and characterizes the domains of strong and weak attraction. The generating function
approach provides a unified and numerically effective framework to determine the stability of the
SHS on cones; various analytic and numerical properties of the generating functions and their radii
of convergence are derived. Extensions to the CHIs and the CLIs are obtained. Future research
includes computation of the generating functions via such techniques as sum-of-squares [23].
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