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Abstract

Motivated by ¢,-optimization arising from sparse optimization, high dimensional data analytics and
statistics, this paper studies sparse properties of a wide range of p-norm based optimization problems
with p > 1, including generalized basis pursuit, basis pursuit denoising, ridge regression, and elastic
net. It is well known that when p > 1, these optimization problems lead to less sparse solutions.
However, the quantitative characterization of the adverse sparse properties is not available. In this
paper, by exploiting optimization and matrix analysis techniques, we give a systematic treatment of a
broad class of p-norm based optimization problems for a general p > 1 and show that optimal solutions
to these problems attain full support, and thus have the least sparsity, for almost all measurement
matrices and measurement vectors. Comparison to £,-optimization with 0 < p < 1 and implications
to robustness as well as extensions to the complex setting are also given. These results shed light on
analysis and computation of general p-norm based optimization problems in various applications.

1 Introduction

Sparse optimization arises from various important applications of contemporary interest, e.g., compressed
sensing, high dimensional data analytics and statistics, machine learning, and signal and image processing
[7, 14, 17, 27]. The goal of sparse optimization is to recover the sparsest vector from observed data which
are possibly subject to noise or errors, and it can be formulated as the fy-optimization problem [2, 5].
Since the {y-optimization problem is NP-hard, it is a folklore in sparse optimization to use the p-norm
or p-quasi-norm || - ||, with p € (0,1] to approximate the fy-norm to recover sparse signals [12, 13].
Representative optimization problems involving such the p-norm include basis pursuit, basis pursuit
denoising, LASSO, and elastic net; see Section 2 for the details of these problems. In particular, when
p = 1, it gives rise to a convex fi-optimization problem which attains efficient numerical algorithms
[14, 30]; when 0 < p < 1, it yields a non-convex and non-Lipschitz optimization problem whose local
optimal solutions can be effectively computed [9, 15, 16, 19]. It is worth mentioning that despite numerical
challenges, /,-minimization with 0 < p < 1 often leads to improved and more stable recovery results,
even under measurement noise and errors [24, 25, 29].

When p > 1, it is well known that the p-norm formulation will not lead to sparse solutions [4, 14];
see Figure 1 for illustration and comparison with £, minimization with 0 < p < 1. However, to the
best of our knowledge, a formal justification of this fact for a general setting with an arbitrary p > 1
is not available, except an intuitive and straightforward geometric interpretation for special cases, e.g.,
basis pursuit; see [31] for a certain adverse sparse property for p-norm based ridge regression with
p > 1 from an algorithmic perspective. Besides, when different norms are used in objective functions of
optimization problems, e.g., the ridge regression and elastic net, it is difficult to obtain a simple geometric
interpretation. Moreover, for an arbitrary p > 1, there lacks a quantitative characterization of how less
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Figure 1: Left: basis pursuit, thick solid line: {z| Az = y}; Right: basis pursuit denoising, shaded area:
{z|[|Az — yll2 < e}. Solid line: £3 ball; dashed line: ¢; ball; dash-dot line: £, 5 ball.

sparse such solutions are and how these less sparse solutions depend on a measurement matrix and a
measurement vector, in comparison with the related problems for 0 < p < 1. In addition to theoretical
interest, these questions are also of practical values, since the p-norm based optimization with p > 1 and
its matrix norm extensions find applications in graph optimization [10], machine learning, and image
processing [20]. It is also related to the ¢,-programming with p > 1 coined by Terlaky [26]. Motivated
by the aforementioned questions and their implications in applications, we give a formal argument for a
broad class of p-norm based optimization problems with p > 1 generalized from sparse optimization and
other fields. When p > 1, our results show that these problems not only fail to achieve sparse solutions
but also yield the least sparse solutions generically. Specifically, when p > 1, for almost all measurement
matrices A € R™*Y and measurement vectors y € R™, solutions to these p-norm based optimization
problems have full support, i.e., the support size is N; see Theorems 4.1, 4.2, 4.3, 4.4, and 4.5 for formal
statements. The proofs for these results turn out to be nontrivial, since except p = 2, the optimality
conditions of these optimization problems yield highly nonlinear equations and there are no closed form
expressions of optimal solutions in terms of A and y. To overcome these technical difficulties, we exploit
techniques from optimization and matrix analysis and give a systematic treatment to a broad class of p-
norm based optimization problems originally from sparse optimization and other related fields, including
generalized basis pursuit, basis pursuit denoising, ridge regression, and elastic net. The results developed
in this paper will also deepen the understanding of general p-norm based optimization problems emerging
from many applications and shed light on their computation and numerical analysis.

The rest of the paper is organized as follows. In Section 2, we introduce generalized p-norm based
optimization problems and show the solution existence and uniqueness. When p > 1, a lower sparsity
bound and other preliminary results are established in Section 3. Section 4 develops the main results of the
paper, namely, the least sparsity of p-norm optimization based generalized basis pursuit, generalized ridge
regression and elastic net, and generalized basis pursuit denoising for p > 1. In Section 5, we extend the
least sparsity results to measurement vectors restricted to a subspace of the range of A, possibly subject
to noise, and compare this result with ¢,-optimization for 0 < p < 1 arising from compressed sensing;
extensions to the complex setting are also given. Finally, conclusions are made in Section 6.

Notation. Let A = [a1,...,an]| be an m x N real matrix with N > m, where a; € R denotes
the ith column of A. For a given vector x € R", supp(z) denotes the support of z. For any index set
Z C {1,...,N}, let |Z| denote the cardinality of Z, and Aezr = [a;]icz be the submatrix of A formed
by the columns of A indexed by elements of Z. For a given matrix M, R(M) and N(M) denote the
range and null space of M respectively. Let sgn(-) denote the signum function with sgn(0) := 0. Let
%= denote the positive semi-definite order, i.e., for two real symmetric matrices P and Q, P = ) means
that (P — @) is positive semi-definite. The gradient of a real-valued differentiable function f : R" — R
is given by Vf(z) = (af(x) af—(x))T € R™. Let F: R™ x R" — R® be a differentiable function given
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by F(x,2) = (Fi(z,2),...,Fs(x,2))T with F; : R®» x R" = R for i = 1,...,s. The Jacobian of F with
respect to = (21,...,2,)7 € R"is

of(z2) . OFi(z2)
ox Oxn
OFy(zz2)  OFy(n2)
J.F(x,2) = o Grn | g ROX™,
OFs(xy2) . . OFs(z2)
ox1 0zn

By convention, we also use V F'(z, z) to denote J,F(z, z). Furthermore, by saying that a statement (P)
holds for almost all = in a finite dimensional real vector space E, we mean that (P) holds on aset W C E
whose complement W€ has zero Lebesgue measure. Lastly, for two vectors u,v € RY, u 1 v denotes the
orthogonality of v and v, i.e., uTv = 0.

2 Generalized p-norm based Optimization Problems

In this section, we introduce a broad class of widely studied p-norm based optimization problems emerging
from sparse optimization, statistics and other fields, and we discuss their generalizations. Throughout

this section, we let the constant p > 0, the matrix A € R™*N

1
2= (21,...,25)" € RV, define [|z[|, := (XN, a:|P) 7.

and the vector y € R™. For any p > 0 and

e Generalized Basis Pursuit. Consider the following linear equality constrained optimization problem
whose objective function is given by the p-norm (or quasi-norm):

BP,: min [z|, subjectto Az =y, (1)

z€RN

where y € R(A). Geometrically, this problem seeks to minimize the p-norm distance from the origin to
the affine set defined by Az =y. When p = 1, it becomes the standard basis pursuit [6, 8, 14].
e Generalized Basis Pursuit Denoising. Consider the following constrained optimization problem
which incorporates noisy signals:

BPDN,, : xrgﬂl{r]{r |zl|, subject to |Az—yl2<e, (2)

where € > 0 characterizes the bound of noise or errors. When p = 1, it becomes the standard basis pursuit
denoising (or quadratically constrained basis pursuit) [4, 14, 28]. Another version of the generalized basis
pursuit denoising is given by the following optimization problem:

min ||Az —yll2 subject to ||z|, <7, (3)
xRN

where the bound n > 0. Similarly, when p = 1, the optimization problem (3) pertains to a relevant
formulation of basis pursuit denoising [14, 28].

e Generalized Ridge Regression and Elastic Net. Consider the following unconstrained optimiza-
tion problem: .

RRp - min 314z = yll3 + X, (4)
where A > 0 is the penalty parameter. When p = 2, it becomes the standard ridge regression extensively
studied in statistics [17, 18]; when p = 1, it yields the least absolute shrinkage and selection operator
(LASSO) with the ¢;-norm penalty [27]. The RR, (4) is closely related to the maximum a posteriori
(MAP) estimator when the prior takes the generalized normal distribution. A related optimization
problem is the generalized elastic net arising from statistics:

1
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where 7 > 0 and Aj, A\g are positive penalty parameters. When p = r = 1, the EN, (5) becomes the
standard elastic net formulation which combines the ¢; and {2 penalties in regression [32]. Moreover, if
we allow A2 to be non-negative, then the RR, (4) can be treated as a special case of the EN,, (5) with
r=p, A= X1 >0, and Ay = 0.

In the sequel, we show the existence and uniqueness of optimal solutions for the generalized optimiza-
tion problems introduced above.

Proposition 2.1. Fiz an arbitrary p > 0. Each of the optimization problems (1), (2), (3), (4), and (5)
attains an optimal solution for any given A, y, e > 0,7 >0, A >0, r >0, \y >0 and \o > 0 as long as
the associated constraint sets are nonempty. Further, when p > 1, each of (1), (2), and (4) has a unique
optimal solution. Besides, when p>1,r>1, A\; >0, and A2 > 0, (5) has a unique optimal solution.

Proof. For any p > 0, the optimization problems (1), (2), (4), and (5) attain optimal solutions since their
objective functions are continuous and coercive and the constraint sets (if nonempty) are closed. The
optimization problem (3) also attains a solution because it has a continuous objective function and a
compact constraint set.

When p > 1, (1) and (2) are convex optimization problems, and they are equivalent to min,—, ||z}
and min| 4,_y|,<c [|[z|[p respectively. Note that when p > 1, the function | - ||} is strictly convex on RV
see the proof in Appendix (c.f. Section 7). Therefore, each of (1), (2) and (4) has a unique optimal
solution. When p > 1, > 1, A\; > 0, and Ay > 0, the generalized elastic net (5) is a convex optimization
problem with a strictly convex objective function and thus has a unique optimal solution. O

3 Preliminary Results on Sparsity of p-norm based Optimization with
p>1

This section develops key preliminary results for the global sparsity analysis of p-norm based optimization
problems when p > 1.

3.1 Lower Bound on Sparsity of p-norm based Optimization with p > 1

We first establish a lower bound on the sparsity of optimal solutions arising from the p-norm based
optimization with p > 1. Specifically, we show that when p > 1, for almost all (A,y) € R™*N x R™  any
(nonzero) optimal solution has at least (N — m + 1) nonzero elements and thus is far from sparse when
N > m. This result is critical to show in the subsequent section that for almost all (A,y), an optimal
solution achieves a full support; see the proofs of Propositions 4.1 and 4.3, and Theorem 4.2. Toward
this end, we define the following set in R™*N x R™ with N > m:

S = {(A, y) € R™N % R™| every m x m submatrix of A is invertible, and y # O}. (6)

Clearly, S is open and its complement S¢ has zero measure in R™*Y x R™. Note that a matrix A
satisfying the condition in (6) is called to be of completely full rank [19]. To emphasize the dependence
of optimal solutions on the measurement matrix A and the measurement vector y, we write an optimal
solution as =¥ Ay) OF x*(A,y) below; the latter notation is used when z* is unique for any given (A4, y) so
that z* is a function of (A,y).

Proposition 3.1. Let p > 1. For any (A,y) € S, the following statements hold:
(i) The optimal solution {4,y to the BP, (1) satisfies ].supp(:czkAy))\ >N-—-m+1;

(i) If 0 < € < ||yl|l2, then the optimal solution (4, to the BPDN, (2) satisfies |supp(x2‘A y))| >
N-m+1;



1) For any A > 0, the optimal solution x} to the RR, (4) satisfies |supp(x} >N-—-m+1;
(Ay) 4 (Ay)

(iv) For any r > 0, Ay > 0 and A2 > 0, each nonzero optimal solution Ty, to the EN, (5) satisfies
|5upp(xz‘A7y))] >N—-—m+1.

We give two remarks on the conditions stated in the proposition before presenting its proof:

(a) Note that if ¢ > ||y||2 in statement (ii), then & = 0 is feasible such that the BPDN,, (2) attains
the trivial (unique) optimal solution z* = 0. For this reason, we impose the assumption 0 < & < ||y||2.

(b) When 0 < 7 < 1 in statement (iv) with A; > 0 and X > 0, the EN, (5) has a non-convex
objective function and it may have multiple optimal solutions. Statement (iv) says that any of such
nonzero optimal solutions has the sparsity of at least N —m + 1.

Proof. Fix (A,y) € S. We write an optimal solution :L'z‘ Ay) 85 x* for notational simplicity in the proof.

Furthermore, let f(x) := ||x||h. Clearly, when p > 1, f is continuously differentiable on R*.

(i) Consider the BP, (1). Note that 0 # y € R(A) for any (A4,y) € S. By Proposition 2.1, the BP,, (1)
(1) has a unique optimal solution z* for each (A4,y) € S. In view of 2* = argmin4,_, f(z), the necessary
and sufficient optimality condition for x* is given by the following KKT condition:

Vi*) - ATv =0, Ax* =y,

where v € R™ is the Lagrange multiplier, and (Vf(z)); = p-sgn(w;) - |z;|P~! for each i = 1,..., N. Note
that V f(z) is positively homogeneous in = and each (V f(z)); depends on x; only. Suppose that z* has
at least m zero elements. Hence, V f(z*) has at least m zero elements. By the first equation in the KKT
condition, we deduce that there is an m x m submatrix A; of A such that AlTV = 0. Since A; is invertible,
we have v = 0 such that Vf(z*) = 0. This further implies that * = 0. This contradicts Az* =y # 0.
Therefore, |[supp(z*)| > N —m + 1 for all (A,y) € S.

(ii) Consider the BPDN,, (2). Note that for any given (A,y) € S and 0 < ¢ < ||y||2, the BPDN,, (2)
has a unique nonzero optimal solution z*. Let g(z) := ||Az — y||3 — 2. Since A has full row rank, there
exists 7 € RY such that g(T) < 0. As g(-) is a convex function, the Slater’s constraint qualification holds
for the equivalent convex optimization problem ming, <o f(z). Hence x* satisfies the KKT condition
with the Lagrange multiplier y € R, where | denotes the orthogonality,

Vi) +puVg(z*) =0, 0<ulgx)<o.

We claim that p > 0. Suppose not. Then it follows from the first equation in the KKT condition that
Vf(z*) = 0, which implies * = 0. This yields g(z*) = ||y|3 — €2 > 0, contradiction. Therefore 1 > 0
such that g(z*) = 0. Using Vg(z*) = 24T (Ax* — y), we have Vf(z*) + 2uAT (Az* — y) = 0. Suppose,
by contradiction, that =* has at least m zero elements. Without loss of generality, we assume that the
first m elements of x* are zeros. Partition the matrix A into A = [A; As], where A; € R™™ and
Ay € R™WN=m) - Similarly, o* = [0; 2*], where * € RN=™. Hence, the first m elements of V f(z*) are
zero. By the first equation in the KKT condition, we derive 2uAT (Az* —y) = 0. Since u > 0 and A; is
invertible, we obtain Az* —y = 0. This shows that g(z*) = —¢% < 0, contradiction to g(x*) = 0.

(iii) Consider the RR,, (4). The unique optimal solution z* is characterized by the optimality condi-
tion: AT(Az* —y) + AV f(z*) = 0, where A\ > 0. Suppose, by contradiction, that z* has at least m zero
elements. Using the similar argument for Case (ii), we derive that Az* —y = 0. In view of the optimality
condition, we thus have V f(z*) = 0. This implies that * = 0. Substituting * = 0 into the optimality
condition yields ATy = 0. Since A has full row rank, we obtain y = 0. This leads to a contradiction.
Hence [supp(z*)| > N —m+ 1 for all (4,y) € S.

(iv) Consider the EN,, (5) with the exponent r > 0 and the penalty parameters A\; > 0 and A > 0.
When Ay = 0, it is closely related to the RR, with the exponent on |z||, replaced by an arbitrary



r > 0. For any (A,y) € S, let * be a (possibly non-unique) nonzero optimal solution which satisfies the
optimality condition: AT (Az* —y) 471 - [|*[|7" - V|z*|l, + 2X22* = 0, where for any nonzero = € RY,

1 i _ Viz||
Vel = —or (sen(en)le ", .., sgu(eway )" = b
]l p-lxllp
The optimality condition can be equivalently written as
p- AT(Az* —y) + 1) - |z*[]; 77 - Vf(2") + 2pAaz™ = 0. (7)

Consider two cases: (iv.1) A2 = 0. By the similar argument for Case (iii), it is easy to show that
|supp(z*)] > N —m + 1 for all (4,y) € S; (iv.2) Ay > 0. In this case, suppose, by contradiction, that
x* has at least m zero elements. As before, let A = [A; Ag] and z* = [0;2*] with A; € R™*™ and
7* € R¥=™. Hence, the optimality condition leads to p- AT (Az* —y) = 0. This implies that Az* —y =0
such that Ay - ||z*||p 7+ Vf(2*) 4+ 2plg 2* = 0. Since (Vf(z)); = p-sgn(x;) - |z;|P~! for eachi =1,..., N,
we obtain rAy -||z*]|, P+ |2F|P~t +2X2|z}| = 0 for each i. Hence z* = 0, a contradiction. We thus conclude
that |supp(z*)| > N —m+ 1 for all (4,y) € S. O

We discuss an extension of the sparsity lower bound developed in Proposition 3.1 to another formu-
lation of the basis pursuit denoising given in (3). It is noted that if » > ming,—, ||z||, (which implies
y € R(A)), then the optimal value of (3) is zero and can be achieved at some feasible x* satisfying
Az* = y. Hence any optimal solution x’ must satisfy Az’ = y so that the optimal solution set is
given by {z € RY | Az =y, ||z|, < n}, which is closely related to the BP, (1). This means that if
1 > mingg—y ||z|p, the optimization problem (3) can be converted to a reduced and simpler problem. For
this reason, we assume that 0 < 7 < minggz—, ||z||, for (3). The following proposition presents important
results under this assumption; these results will be used for the proof of Theorem 4.5.

Proposition 3.2. The following hold for the optimization problem (3) with p > 1:

1) If A has full row rank and 0 < n < ming,—, ||z||,, then (3) attains a unique optimal solution with
y ITllp
a unique positive Lagrange multiplier;

(ii) For any (A,y) in the set S defined in (6) and 0 < n < minaz—y ||z||p, the unique optimal solution
T(ay) Sotisfies |supp(x?A7y))| >N —m+1.

Proof. (i) Let A be of full row rank. Hence, y € R(A) so that n is well defined. Let z* be an arbitrary
optimal solution to (3) with the specified > 0. Hence " = argmin ¢(,)<,» $|Az — y||3, where we recall
that f(z) = ||z||p. Clearly, the Slater’s constraint qualification holds for the convex optimization problem
(3). Therefore, x* satisfies the following KKT condition:

AT(Az* —y) + pVf(a*) =0,  0<p L fla) -7’ <0, (8)

where u € R is the Lagrange multiplier. We claim that g must be positive. Suppose not, i.e., u = 0. By
the first equation in (8), we obtain AT (Axz* —y) = 0. Since A has full row rank, we have Az* = 3. Based
on the assumption on 7, we further have ||z*||, > 7, contradiction to f(z*) < n”. This proves the claim.
Since p > 0, it follows from the second equation in (8) that any optimal solution z* satisfies f(z*) = nP
or equivalently ||z*|, = n. To prove the uniqueness of optimal solution, suppose, by contradiction, that
x* and 2’ are two distinct optimal solutions for the given (A,y). Thus ||z*||, = ||2’||, = 1. Since (3) is
a convex optimization problem, the optimal solution set is convex so that Az* + (1 — X\)a’ is an optimal
solution for any A € [0,1]. Hence, |[Az* + (1 — X)2’|l, =1,V € [0,1]. Since || - ||5 is strictly convex when
p > 1, we have P = || Az* + (1 — N)2/||b < A||lz*|[5 + (1 — N)||2'||; = nP for each X € (0,1). This yields a
contradiction. We thus conclude that (3) attains a unique optimal solution with p > 0.



(ii) Let (A4,y) € S. Clearly, A has full row rank so that (3) has a unique optimal solution z* with a
positive Lagrange multiplier u. Suppose x* has at least m zero elements. It follows from the first equation
in (8) and the similar argument for Case (iii) of Proposition 3.1 that Az* = y. In light of the assumption
on 7, we have [|z*||, > n, a contradiction. Therefore [supp(z*)| > N —m + 1 for any (A,y) € S. O

3.2 Technical Result on Measure of the Zero Set of C''-functions

As shown in Proposition 2.1, when p > 1, each of the BP, (1), BPDN,, (2), and RR, (4) has a unique
optimal solution z* for any given (A4,y). Under additional conditions, each of the EN, (5) and the
optimization problem (3) also attains a unique optimal solution. Hence, for each of these problems, the
optimal solution z* is a function of (A, y), and each component of x* becomes a real-valued function
xf(A,y). Therefore, the global sparsity of z* can be characterized by the zero set of each z}(A,y). The
following technical lemma gives a key result on the measure of the zero set of a real-valued C'-function
under a suitable assumption.

Lemma 3.1. Let f : R™ — R be continuously differentiable (i.e., C') on an open set W C R™ whose
complement W€ has zero measure in R"™. Suppose V f(x) # 0 for any x € W with f(x) = 0. Then the
zero set f71({0}) := {z € R™| f(x) = 0} has zero measure.

Proof. Consider an arbitrary z* € W. If f(z*) = 0, then Vf(z*) # 0. Without loss of generality, we
assume that %(:U*) #0. Let z := (21,...,2,_1)7 € R*'. By the implicit function theorem, there
exist a neighborhood U C R* ! of 2* := (2%,...,2%_;)?, a neighborhood V C R of x, and a unique C*
function g : U — V such that f(z,g(z)) = 0forall z € U. Theset fL({0})N(UxV) = {(z,9(2)) |z € U}
has zero measure in R” since it is an (n — 1) dimensional manifold in the open set U x V' C R™. Moreover,
in view of the continuity of f, we deduce that for any z* € W with f(x*) # 0, there exists an open set
B(z*) of z* such that f(x) # 0,Vx € B(z*). Combining these results, it is seen that for any z € W, there
exists an open set B(x) of z such that f~1({0}) N B(z) has zero measure. Clearly, the family of these
open sets given by {B(x)},ew forms an open cover of W. Since R" is a topologically separable metric
space, so is W C R™ and thus it is a Lindelof space [22, 23]. Hence, this open cover attains a countable
sub-cover {B(z")};en of W, where each 2° € W. Since f~1({0}) N B(z") has zero measure for each i € N,
the set W N f~1({0}) has zero measure. Besides, since f~({0}) € WeU (W N f~({0})) and both W*
and W N f~1({0}) have zero measure, we conclude that f~1({0}) has zero measure. O

4 Least Sparsity of p-norm based Optimization Problems with p > 1

In this section, we establish the main results of the paper, namely, when p > 1, the p-norm based
optimization problems yield least sparse solutions for almost all (A,y). We introduce more notation to
be used through this section. Let f(x) := ||z||h for z € RY, and when p > 1, we define for each z € R,

1
p—1

: (9)

= p-sgn(z) - |zP7! Z) 1= sgn(z) -
9(z) == p-sgn(z) - [["7,  h(2) g()p

where sgn(-) denotes the signum function with sgn(0) := 0. Direct calculation shows that (i) when
p>1, 9(z) = (|z]P),Vz € R, and h(z) is the inverse function of g(z); (ii) when p > 2, ¢ is continuously
differentiable and ¢'(z) = p(p—1)-|2|P72,V 2z € R; and (iii) when 1 < p < 2, h is continuously differentiable
and h/(z) = ]z\g/[(p — 1) - p/®=Y] ¥z € R. Furthermore, when p > 1, Vf(z) = (g(z1),... ,g(xN))T
The proofs for the least sparsity developed in the rest of the section share the similar methodologies.
To facilitate the reading, we give an overview of main ideas of these proofs and comment on certain key
steps in the proofs. As indicated at the beginning of Section 3.2, the goal is to show that the zero set
of each component of an optimal solution x*, which is a real-valued function of (A, y), has zero measure.



To achieve this goal, we first show using the KKT conditions and the implicit function theorem that z*,
possibly along with a Lagrange multiplier if applicable, is a C! function of (A,y) on a suitable open set
S’ in R™*N »x R™ whose complement has zero measure. We then show that for each i = 1,..., N, if
x] is vanishing at (A,y) € S’, then its gradient evaluated at (A,y) is nonzero. In view of Lemma 3.1,
this leads to the desired result. Moreover, for each of the generalized optimization problems with p > 1,
i.e., the BP,, BPDN,,, RR,, and EN,, we divide their proofs into two separate cases: (i) p > 2; and (ii)
1 < p < 2. This is because each case invokes the derivative of g(-) or its inverse function h(-) defined
in (9). When p > 2, the derivative ¢'(-) is globally well defined. On the contrary, when 1 < p < 2,
¢'(+) is not defined at zero. Hence, we use h(-) instead, since h/(-) is globally well defined in this case.
The different choice of g or h gives rise to different arguments in the following proofs, and the proofs for

1 < p <2 are typically more involved.

4.1 Least Sparsity of the Generalized Basis Pursuit with p > 1
We consider the case where p > 2 first.

Proposition 4.1. Let p > 2 and N > m. For almost all (A,y) € R™N x R™  the unique optimal
solution x7, . to the BP, (1) satisfies \supp(:c?‘A ) =N.

Proof. Recall that for any (A,y) € R™*N x R™, the necessary and sufficient optimality condition for z*
is given by the following KKT condition given in Proposition 3.1:

Vf(m*)—ATZ/:O, Az* =y,

where v € R™ is the Lagrange multiplier, and (Vf(x)); = g(z;) for each i = 1,..., N. Here g is defined
in (9). When p =2, 2* = AT(AAT) 1y for any (A,y) € S. As 2} (A,y) = 0 yields a polynomial equation
whose solution set has zero measure in R™*Y x R™, the desired result is easily established. We consider
p > 2 as follows, and show that for any (A°, y°) in the open set S defined in (6), 2*(A,y) is continuously
differentiable at (A°,y°) and that each z} with z}(A°, y°) = 0 has nonzero gradient at (A°,y°).

Recall that 2* is unique for any (4,y). Besides, for each (A,y) € S, AT has full column rank such
that v is also unique in view of the first equation of the KKT condition. Therefore, (z*,v) is a function
of (A,y) € S. For notational simplicity, let 2° := 2*(A°,y°) and v° := v(A°,y°). Define the index set
J = {i|x¢ # 0}. By Proposition 3.1, we see that J is nonempty and |7¢| < m — 1. Further, in light of
the KKT condition, (z*,v) € RY x R™ satisfies the following equation:

Vf(x)—ATy} .

Py = [V

Clearly, F : RY x R™ x R™*N x R™ — RN+™ is C'!) and its Jacobian with respect to (z,v) is

Alx) —AT
J(%,})F(l',I/,A,y) = |: 1(4) 0 ]7

where the diagonal matrix A(z) := diag(¢'(z1),...,¢'(zn)). Partition A® := A(z°) and A as A° =
diag(A1, Ag) and A° = [A; Ap] respectively, where Ay := diag(¢'(29))iege = 0 as p > 2, Ay :=
diag(g'(z7))ies is positive definite, Ay := A 7., and Az := A ;. We claim that the following matrix is
invertible:

Ay 0 —AT
W o= JuF(2°,0°, 4% y°) = | 0 Ay —AF| € RWTmx(Nom),
A Ay 0

In fact, let z := [ur;ug;v] € RV be such that Wz = 0. Since A; = 0 and Ay is positive definite, we
have A{v =0, ug = A;lAgv, and Aqui + Asug = 0. Therefore, 0 = UT(Alul + Agug) = UTAQAQ_IA%FU,



which implies that AZv = 0 such that uy = 0 and Aju; = 0. Since |J¢| < m — 1 and any m x m
submatrix of A is invertible, the columns of A; are linearly independent such that u; = 0. This implies
that ATv = 0. Since A has full row rank, we have v = 0 and thus z = 0. This proves that W is
invertible. By the implicit function theorem, there are local C' functions Gy, Ge, H such that z* =
(%, 2%) = (G1(A,y),G2(A,y)) == G(Ay), v = H(A,y), and F(G(A,y),H(A,y),A,y) = 0 for all
(A,y) in a neighborhood of (A°,y°).

By the chain rule, we have

V,G1(A%y°)
J(w,u)F('xoaVQaAoayo) . vyGQ(onyo) +JyF(x07VO7AO7yO) = 07

~r VyH(A®, y°)
where
0 P P Pi3
JyF(a®v°, A% y°)=| 0 |, W l:=P=|Py Py P
—I P31 Py Psg

It is easy to verify that V,G1(A® y°) = P13 and Pi3A; = I by virtue of PW = I. The latter equation
shows that each row of Pi3 is nonzero, so is each row of V,G1(A°,3°). Thus each row of V4 ,)G1(A°%,3°)
is nonzero. Hence, for each i = 1,..., N, 2}(A,y) is C! on the open set S, and when z}(A4°,y°) = 0 at
(A°,y°) € S, its gradient is nonzero. By Lemma 3.1, we see that for each i = 1,..., N, the zero set of
7} (A, y) has zero measure. This shows that |[supp(z*(A4,y))| = N for almost all (4,y) € R™*N xR™. O

The next result addresses the case where 1 < p < 2. In this case, it can be shown that if z
is vanishing at some (A°,y°) in a certain open set, then the gradient of z} evaluated at (A° y°) also
vanishes. This prevents us from applying Lemma 3.1 directly. To overcome this difficulty, we introduce
a suitable function which has exactly the same sign of ] and to which Lemma 3.1 is applicable. This
technique is also used in other proofs for 1 < p < 2; see Theorems 4.2, 4.3, 4.5, and Proposition 4.4.

Proposition 4.2. Let 1 < p < 2 and N > 2m — 1. For almost all (A,y) € R™N x R™, the unique
optimal solution z,  to the BP, (1) satisfies |supp(x} (g, ))| = N.

Proof. Let S be the set of all (A,y) € R™N x R™ satisfying the following conditions: (i) y # 0; (ii) each
column of A is nonzero; and (iii) for any index set Z C {1,..., N} with |Z¢| > m and rank(A.z) < m,
rank(A.zc) = m. Note that such an A has full row rank, i.e., rank(4) = m. It is easy to see that S is
open and its complement S has zero measure. Note that the set S given in (6) is a proper subset of S.

Let A = [ay,...,an], where a; € R™ is the ith column of A. It follows from the KKT condition
Vf(xz*) — ATv = 0 that o} = h(alv) for each i = 1,..., N, where the function h is defined in (9). Along
with the equation Ax* = y, we obtain the following equation for (v, A, y):

F(v,Ay) Zaz (afv) —y =0,

where F : R™ x R™*N x R™ — R™ is C! and its Jacobian with respect to v is

h,(‘hTV) T
W (adv) “
JI/F(V7 Aa y) = [al CLN] . € R™X™,

T
W(akv)| LV

We show next that for any (A°,5°) € S with (unique) v satisfying F(v, A% 4°) = 0, the Jacobian
Q := J,F(v, A%, y°) is positive definite. This result is trivial for p = 2 since h'(alv) = 1/2 for each i. To



show it for 1 < p < 2, we first note that v # 0 since otherwise z* = 0 so that Ax* = 0 = y, contradiction
to y # 0. Using the formula for h'(-) given below (9), we have

N N

wlQu = Y (afw)? Wiafv) = oty - () oo vwern o)
=1 =1

Clearly, Q is positive semi-definite. Suppose, by contradiction, that there exists w # 0 such that w” Qw =
0. Define the index set Z := {i|alw = 0}. Note that Z must be nonempty because otherwise, it follows
from (10) that ATy = 0, which contradicts rank(A) = m and v # 0. Similarly, Z¢ is nonempty in view
of w # 0. Hence we have (Ae7)Tw = 0 and (Aeze)’v = 0. Since ZUZ® = {1,...,N}, TNZ¢= () and
N > 2m~—1, we must have either |Z| > m or |Z¢| > m. Consider the case of |Z| > m first. As (Aeze)Tv =0,
we see that v is orthogonal to R(Aezc). Since v € R™ is nonzero, we obtain rank(Aeze) < m. Thus it
follows from the properties of A that rank(Aez) = m, but this contradicts (Aez)”
w. Using the similar argument, it can be shown that the case of |Z¢| > m also yields a contradiction.

w = 0 for the nonzero

Consequently, @ is positive definite. By the implicit function theorem, there exists a local C'!' function
H such that v = H(A,y) and F(H(A,y),A,y) = 0 for all (4,y) in a neighborhood of (A° y°). Let
v°:= H(A® y°). Using the chain rule, we have

JLF(v°, A% y°) -V H(A®, y°) + I, F(v°, A%, y°) = 0.
—_—
=Q

Since J,F(v°, A%, y°) = —I, we have V,H(A®,y°) = Q1.

Observing that z; = h(aiTV) for each ¢ = 1,..., N, we deduce via the property of the function h in
(9) that sgn(x}) = sgn(al v) for each i. Therefore, in order to show that the zero set of z}(A, y) has zero
measure for each ¢ = 1,..., N, it suffices to show that the zero set of aiTI/(A, y) has zero measure for each
i. It follows from the previous development that for any (A®, y°) € S, v=H (A,y) for alocal C'* function
H in a neighborhood of (A°,y°). Hence, Vy(a]v)(A°%y°) = (a?)T - VyH(A%,y°) = (a?)T - Q~!, where
Q = J, F(v°, A°,y°) is invertible. Since each a$ # 0, we have V,(alv)(A° y®) # 0 for each i =1,..., N.
In light of Lemma 3.1, the zero set of al v(A,y) has zero measure for each i. Hence |[supp(z*(4,y))| = N
for almost all (A,y) € R™N x R™, O

Combining Propositions 4.1 and 4.2, we obtain the following result for the generalized basis pursuit.

Theorem 4.1. Let p > 1 and N > 2m — 1. For almost all (A,y) € R™N % R™, the unique optimal
solution x(, . to the BP, (1) satisfies |supp(a:’(’<A y))| = N.

Motivated by Theorem 4.1, we present the following corollary for a certain fixed measurement matrix
A whereas the measurement vector y varies. This result will be used for Theorem 5.1 in Section 5.

Corollary 4.1. Let p>1 and N > 2m — 1. Let A be a fited m x N matriz such that any of its m x m
submatriz is invertible. For almost all y € R™, the unique optimal solution xy to the BP, (1) satisfies

|supp(y)| = N.

Proof. Consider p > 2 first. For any y € R™, let 2*(y) be the unique optimal solution to the BP,
(1). Tt follows from the similar argument for Propositions 4.1 that for each i = 1,..., N, z} is a C!
function of y on R™ \ {0}, and that if 2}(y) = 0 for any y # 0, then the gradient Vyz}(y) # 0. By
Lemma 3.1, |[supp(z*(y))| = N for almost all y € R™. When 1 < p < 2, we note that the given matrix
A satisfies the required conditions on A in the set S introduced in the proof of Proposition 4.2, since
S defined in (6) is a proper subset of S as indicated at the end of the first paragraph of the proof of
Proposition 4.2. Therefore, by the similar argument for Proposition 4.2, we have that for any y # 0, the
gradient Vyz7(y) # 0. Therefore, the desired result follows. O
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4.2 Least Sparsity of the Generalized Ridge Regression and Generalized Elastic Net
with p > 1

We first establish the least sparsity of the generalized ridge regression in (4) as follows.

Theorem 4.2. Let p > 1, N > m, and A > 0. For almost all (A,y) € R™N x R™, the unique optimal
solution x(, .\ to the RR, (4) satisfies |5upp(xE‘A y))\ =N.

Proof. Recall that for any given (A,y) € R™N x R™, the unique optimal solution * to the RR,, (4) is
described by the optimality condition: AT (Axz* —y)+ AV f(2*) = 0, where A > 0 is a penalty parameter.

(i) p > 2. The case of p = 2 is trivial by using z* = (2AI + AT A)~1 ATy, and we thus consider p > 2
as follows. Define the function F(z, A,y) := AV f(z) + AT (Az — y), where Vf(x) = (g(z1),...,9(xn))T
with g given in (9). Hence, the optimal solution z*, as the function of (A,y), satisfies the equation
F(z*, A,y) = 0. Obviously, F is C! and its Jacobian with respect to z is given by

J.F(z,Ay) = AD(z) + A4,

where the diagonal matrix D(x) := diag(¢’(z1),...,¢'(zn)). Since each ¢'(z;) > 0, we see that AD(z) +
AT A is positive semi-definite for all A’s and z’s.

We show below that for any (A®, y°) in the set S defined in (6), the matrix J,F'(z°, A%, y°) is positive
definite, where z° := 2*(A®,y®). For this purpose, define the index set J := {i |z} # 0}. Partition D°® :=
D(z°) and A® as D°® = diag(D1, D) and A° = [A; As] respectively, where Dy := diag(g'(2?))icse = 0,
Dy := diag(g'(x}))ics is positive definite, A; := AJ /., and Ay := AZ. It follows from Proposition 3.1
that | J¢| < m — 1 such that the columns of A; are linearly independent. Suppose there exists a vector
z € RY such that 27 [AD® 4 (A°)TA°]z = 0. Let u := z7c and v := z7. Since 2/ [AD° + (A°)T A°)z >
2'AD°z = AT Dyv > 0 and D is positive definite, we have v = 0. Hence, 27 [AD® + (A°)T A%z >
2T(A)T A2 = || A°2|)2 = ||A1ul|3 > 0. Since the columns of A; are linearly independent, we have u = 0
and thus z = 0. Therefore, J,F(2°, A%, y°) = AD® + (A°)T A® is positive definite.

By the implicit function theorem, there are local C! functions G and Go such that z* = (x}, x}c) =
(G1(A4,y),G2(A,y)) == G(A,y) and F(G(A,y),A,y) =0 for all (A4,y) in a neighborhood of (4°,y°) € S.
By the chain rule, we have

VyGi(A®,y°)

o Ao 0N .
JxF(x LAy ) [Vng(AQ,zf))

} +J,F(z°, A% y°) = 0,

where J, F(2°, A%, y°) = —(A°)T = —[4; As]T. Let P be the inverse of J, F(z°, A%, y°), i.e.,
-1
p_ [P Pl _ [ADi+ATA AT A,
Py1 Poo AgAl Do + AgAQ

Since D; = 0, we obtain Pj1AT Ay + PjoAY Ay = I. Further, since V,G1(A®y°) = P AT + Po AL we
have V,G1(A®,y°) - Ay = I. This shows that each row of V,G1(A®, y°) is nonzero or equivalently the
gradient of x¥ (A, y) is nonzero at (A°,y°) for each i € J¢. By virtue of Lemma 3.1, [supp(z*(4,y))| = N
for almost all (A,y) € R™N x R™.

(ii)) 1 < p < 2. Let S be the set of all (A,y) € RN x R™ such that each column of A is nonzero
and ATy # 0. Obviously, S is open and its complement has zero measure. Further, for any (A4,y) € S ,
it follows from the optimality condition and A7y # 0 that the unique optimal solution x* # 0.

Define the function
r1 +h(Ata (Az —y))

F(z, A y) = : )

TN + h()\_la%(A:E —9))
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where h is defined in (9). For any (4,y) € R™*YN x R™, the unique optimal solution z*, as the function
of (A,y), satisfies F(z*, A,y) = 0. Further, F is C! and its Jacobian with respect to z is

J.F(z,Ayy) = T+ 271 T(z, A y) A" A,

where the diagonal matrix I'(z, 4,y) = diag(h' (A" tal (Az — y)),..., M'(Atak (Az — y))).

We show next that for any (A4°,y°) € S , the matrix J,F(z°, A°,y°) is invertible, where z° :=
x*(A°,y°). As before, define the index set J := {i|a{ # 0} as before. Since (A% y°) € S implies
that z° # 0, the set J is nonempty. Partition I'® := I'(z°, A%, 3°) and A°® as I'* = diag(T';, I'2) and
A° = [A; A, respectively, where T'y := diag(h/ (A~ (a$)" (4°2° — y°)))icge = 0 (due to 1 < p < 2),
Ty := diag(h’' (A~ (a?)? (A°2° — y°)))ic is positive definite, af is the ith column of A°, A1 := AS ., and
Ag := A3 ;. Therefore, we obtain

I 0

o 40 0\ _
JxF(JZ 7A Y ) o )\_1F2A2TA1 I+A_1F2A5AQ ’

(11)
Since I'y is positive definite, we deduce that I + /\_IFQAgAQ = FQ(P2_1 + )\_IAQTAQ) is invertible. Hence
J.F(x°, A° y°) is invertible. By the implicit function theorem, there are local C'! functions G; and Gs
such that z* = (27, 2%.) = (G1(A,y),G2(4,y)) = G(4,y) and F(G(4,y),A,y) = 0 for all (4,y) in a
neighborhood of (A4°,4°) € R™*Y x R™. By the chain rule, we have

Iy A_lA{

o A0 0N . vyGl(Aoayo)
JacF(xaAay) |: FQ}\—IA%“

_ o o ,0)
VyGQ(AQ,yQ) - JyF(:L',A,y) |:

] € RVxm,
In view of (11), Iy = 0, and the invertibility of J,F(z°, A° y°), we obtain V,G1(A% y°) = 0 and
VyGa(A®,y°) = (I + A7'T9A7 Ag) ' ToA 1 AT

Noting that 27 = —h(A"lal (Az* — y)) for each i = 1,..., N, we deduce via the property of the
function & in (9) that sgn(x}) = sgn(a’ (y — Az*)) for each i. Therefore, it suffices to show that the zero
set of al-T(y — Ax*) has zero measure for each i = 1,..., N. It follows from the previous development
that for any (A°,y°) € s, (2%, %) = (G1(A,y),G2(A,y)) in a neighborhood of (A°,y°) for local C*
functions G1 and G5. For each i € J¢, define

a(A,y) = af (y—A-2*(Ay)).

Then V, ¢;(A%y°) = (a$)T(I — Az - V,G2(A%,9°)). Note that by the Sherman-Morrison-Woodbury
formula [21, Section 3.8], we have

A2 ’ vyGQ(AoayO) = A2(I + )\_1F2A5A2)—1F2>\—1AT = ] — (I + )\—1A2F2Ag)—1’

where it is easy to see that I + A" A9 AL is invertible. Hence, for any (A°,y°) € S, we deduce via
a? # 0 that V, ¢;(A%,9°) = (a?)T (I + (2A) "1 AT9 A7)~ £ 0 for each i € J. In view of Lemma 3.1,
|supp(z*(A,y))| = N for almost all (A,y) € R™*N x R™, O

The next result pertains to the generalized elastic net (5).

Theorem 4.3. Let p > 1, N > m, r > 1, and A, A2 > 0. For almost all (A,y) € R™N x R™, the
unique optimal solution 7, to the EN, (5) satisfies |supp(a:’(kA y))| = N.

Proof. Recall that for any given (4,y) € R™N x R™, the unique optimal solution z* to the EN,, (5) is
characterized by equation (7):

AT(A:E* —y)+p A [2*[|, 77 - Vf(2") +2X22" =0, (12)
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where 7 > 1, and A, Ao > 0 are the penalty parameters.

(i) p > 2. Consider the open set S defined in (6). For any (A4,y) € S, since A has full row rank and
y # 0, we have ATy # 0. Hence, it follows from the optimality condition (12) and ATy # 0 that the
unique optimal solution z* # 0 for any (4,y) € S.

Define the function F(z, A,y) := AT(Az —y) +p~trir - ||z|lp 7 - Vf(x) + 2X2 2, where Vf(x) =
(g(z1),...,9(xn))T. Hence, the optimal solution z*, as the function of (A,y), satisfies the equation
F(x*, A,y) = 0. Since |||, is C? on RV\ {0}, we see that I is C* on the open set (RV\ {0}) x R™*N xR"™
and its Jacobian with respect to x is given by

J.F(z, A y) = ATA+ MH(||z|l}) + 2X2],

where H(||z|/;,) denotes the Hessian of || - |7, at any nonzero x. Since r > 1, || - ||} is a convex function
and its Hessian at any nonzero x must be positive semi-definite. This shows that for any (A°,y°) € S,
J.F(x°, A° y°) is positive definite, where z° := 2*(A°,4°) # 0. Hence, there exists a local C! function
G such that z* = G(A,y) with F(G(A,y),A,y) =0 for all (4,y) in a neighborhood of (A°,y°).

Let A(z) := diag(¢'(x1),...,¢'(xn)). For a given (A° y°) € S, define the (nonempty) index set
J = {i|a{ # 0}. Partition A° := A(2°) and A° as A° = diag(A, Az) and A®° = [A; Ay respectively,
where Ay := diag(g'(x}))icge, A2 := diag(g'(x}))ics is positive definite, A1 := AJ ., and Ay := AZ .
Thus Ay = 0 for p > 2, and Ay = 21 for p = 2. Using V(||z|,) = (|z|5") " - V(||z|[5) for any z # 0,
we have

r T r— r—p T
H(jell) = = ally - [A@) + —— 5 - V@) (V@) ], va#o.
p pll(lp

Based on the partition given above, we have H(||z°||, ¥) = diag(H1, H2), where the matrix Hs is positive
semi-definite, and Hy = 0 for p > 2, and H; = r||z°||5 % - I for p = 2. Therefore, we obtain

AT A + 20T+ H AT A AT
O A0 O\ 1411 2 1417 1412 O A0 O\ 1
J:EF($7A7y)_ A%"Al A%"A2+2)\21+)\1H2 ) JyF(fLWAW)— A%’ .

Let @ be the inverse of J, F'(z°, A% 4°), i.e., Q = [811 812} . Hence, we have
21 (22

(Qu1A] + Q1247) Az + Q12(2X2 + M H;) = 0. (13)

We claim that each row of QHAF{ + ngAg is nonzero. Suppose not, i.e., (QnAf + ngAg)i. =0
for some . Then it follows from (13) that (Q12)ie(2A2] + A\1H2) = 0. Since 2\l + A\ Hy is positive
definite, we have (Q12)io = 0. By (QHA? + Q12Ag)i. = 0, we obtain (Qn)i.A? = 0. It follows from
Proposition 3.1 that |7¢| < m — 1 such that the columns of A; are linearly independent. Hence, we
have (Q11)ie = 0 or equivalently Qe = 0 for some j. This contradicts the invertibility of @, and
thus completes the proof of the claim. Furthermore, let G, G2 be local C! functions such that z* =
(2%, 2%) = (G1(A, y), G2(A, y)) for all (A, y) in a neighborhood of (A°,y°) € S. By the similar argument
as before, we see that V,G1(A4°%,4°) = Q11 AT +Q12A%. Therefore, we deduce that the gradient of 7 (4, y)
at (A°,y°) is nonzero for each i € J¢. By Lemma 3.1, [supp(z*(4,y))| = N for almost all (A4, y).

(i) 1 < p < 2. Let S be the set defined in Case (i) of Theorem 4.2, i.e., S is the set of all
(A,y) € R™N x R™ such that each column of A is nonzero and ATy # 0. The set S is open and its
complement has zero measure. For any (A,y) € S , the unique optimal solution x*, treated as a function
of (A,y), is nonzero. By the optimality condition (12) and the definition of the function h in (9), we see
that x* satisfies the following equation for any (A4,y) € S

xr1 + h(wl)
F(z, A y) = : =0, (14)
N + h(wy)
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where w; := pllz|h" - [al (Az — y) + 2X2;] /(rAy) for each i = 1,..., N. It is easy to show that F is C"!
on (RY\ {0}) x R™*N x R™ and its Jacobian with respect to x is

JoF(z, Ay) = I+ T% Tz, A, y) - {[AT(Ax — ) + 20a] - V(|22 + [|l2] (AT A + %1)},

where the diagonal matrix I'(z, A, y) := diag(h'(w1), ..., h'(wn)) and V(||z||F™") = (p—r)V f(z)/[p-|||[}].

We show next that J, F(z°, A%, y°) is invertible for any (A4°,3°) € S, where 2° := z*(A°,°). Define
the (nonempty) index set J := {i|z{ # 0}. Partition I'° := I'(2°, A®,y°) and A°® as I'* = diag(I'y, I'9)
and A® = [A; As] respectively, where Iy := diag(h'(w;))icge = 0, 'y := diag(h’(w;))ics is positive
definite, af is the ith column of A°, Ay := A7 7., and A := A7 ;. Therefore,

I 0
._ o A0 L0\ _
W = J,F(z°, A% y°) = [* Wﬂ],

where by letting the vector b := (Vf(z®)7,

p T o o (p — T>ET ol p—r( AT
Was = I+ L .1y {[AQ (Ao — y) + 200a%] - L0 4 | (AT Ay + %1)}.
A1 pllzell;,
It follows from (12) that ;K- - [AJ (A22% — y) + 2Xa%] = —[lz°() ” -b. Hence,
Tyl Way = Tyt 4 —— L5574 Pty (AT Ay + 2),1). (15)
plz°llp A1
=U

Clearly, when r» > p > 1, the matrix I'; YWy is positive definite. In what follows, we consider the case
where 2 > p > r > 1. Let the vector b := (sgn(z?) - |25[P~1);cs so that b=p-b. In view of (14), we have
w; = h™Y(—2f) = p - sgn(—z;)|x [P~ for each i. Therefore, using the formula for //(-) given below (9),
we obtain that for each i € 7,

277}17 o|p—1 12):11) o|2—p
W(w;) = |w; | P~ _ (p- |7 | ) @y
) = - = .
(p—1)-pr (p—1)-pr (p—1)-p

This implies that T;! = p(p — 1)D, where the diagonal matrix D := diag(|z¢|P~2)ics. Clearly, D is
positive definite. We thus have, viap—1>p—1r >0,

_ r—p =~ =p p—r b-bl b-bT
U= 15t B g1 (D=2 = po—1) (D=2,
2 plleellp p—1 |zl [l

where = denotes the positive semi-definite order. Since the diagonal matrix D is positive definite, we

further have
b- bl ul

(&8

_ e (I - D-1/2. bTD_1/2)D1/2 _ i (I u-

D1/2
[Edlrs [ull3 ) ’

such that ||ul|3 = ||=|b. Since I — wu ig positive semi-definite,

where u := D~1/2.p = (sgn(a?)|z2[P/?) Il
2

b-bT

&

ieJ
. This shows that U in (15) is positive semi-definite. Since the last term on the right hand

sois D —

side of (15) is positive definite, I'y "Was is positive definite. Therefore, Wos is invertible, and so is W
for all 1 < p < 2 and r > 1. By the implicit function theorem, there are local C! functions G; and Go
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such that 2% = (z7,27%.) = (G1(4,y),G2(4,y)) := G(A,y) and F(G(A,y),A,y) = 0 for all (A,y) in a
neighborhood of (A4°,4°) € R™*N x R™. Moreover, we have

VyGi(A®,y°)

OHP—T r AT
O AS L0 . p 141
JIF(IE ,A 'Y ) [VyGQ(AO,yO) |:

_ o <><>_p||33
:|_ JyF(IE,A,y)— FQA%

e RVxm,
7“)\1 :|

In view of the invertibility of J,F(z°, A°,4°) and T'; = 0, we obtain

o || P—T
I

V,Gi(A%5°) =0, Vﬁﬁﬁﬁ‘(”%
1

> W' To AT
Since x7 = —h(w;) for each i = 1,..., N, where w; is defined below (14), we deduce via the positivity
of ||x||, and the property of the function h in (9) that sgn(z}) = sgn(al (y — Az*) — 2\a2}) for each i.
For each i € J¢, define
qi(A,y) = af (y — A 27 (A,y)) — 221} (A,y).

In what follows, we show that for each i € J¢ the gradient of ¢;(A,y) at (A°,y°) € S is nonzero.

It follows from the previous development that for any (A°,y°) € S, (z%.,2%) = (G1(4,y), G2(A,y))
in a neighborhood of (A°,y°) for local C! functions Gy and G2. Using V,G1(A4°%,y°) = 0, we have

Vy ai(A°, %) = (a2)T(I — Az - V,G2(A°%,y°)). Letting a := PJE" 5 0 and by (15), we have

Ag - VyGa(A°, %) = aAsWiyy' ToAY = aAg(Ty 'Wag) LAY = ads[U + a(AF Ay +2X,1)] AT
Since U is positive semi-definite and A2 Ay + 2)o1 is positive definite, it can be shown that
A (AT Ag + 2001) T AT = ado[U + a(AT Ay + 2001)] 1 AT 5= 0.

Since each eigenvalue of Ag (AgAg +2Xo1 )_lAg is strictly less than one, we conclude that Az-V,G2(A°, y°)
is positive semi-definite and each of its eigenvalues is strictly less than one. Therefore, I —A5-V,G2(A°, y°)
is invertible. Since each aj # 0, we have V, ¢;(A° y°) # 0 for each i € J¢. In view of Lemma 3.1,
|supp(z*(A,y))| = N for almost all (A4,y) € R™*N x R™, O

4.3 Least Sparsity of the Generalized Basis Pursuit Denoising with p > 1
We consider the case where p > 2 first.

Proposition 4.3. Let p > 2 and N > m. For almost all (A,y) € R™N xR™ withy # 0, if0 < £ < ||yll2,

then the unique optimal solution x(, . to the BPDN, (2) satisfies |5upp(xz‘A7y))| = N.

Proof. Consider the set S defined in (6). It follows from the proof for Case (ii) in Proposition 3.1 that
for any given (A,y) € S and any € > 0 with ¢ < ||y||2, the unique optimal solution z* satisfies the
optimality conditions: Vf(x*) + 2uAT(Az* — y) = 0 for a unique positive u, and ||Az* — y||3 = 2.

Hence, (2%, 1) € RV*! is a function of (4,%) on S and satisfies the following equation:
g(w1) +2paf (Az — y)

F(z,u,Ay) = = 0.

glan) +2pay(Az —y)
Az — |3 — e
Clearly, I : RY x R x R™N x R™ — RN*1 is C! and its Jacobian with respect to (z, i) is given by

J(:c,u)F(xaﬂaAay) - 2(A3: _ y)TA 0 )
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where M (z, 1, A) := A(x) +2uAT A, and the diagonal matrix A(z) := diag(¢/(z1),..., ¢ (zn)) is positive
semi-definite. Given (A4°,y°) € S, define z° := 2*(A4°,¢y°) and p® = p(A°y°®) > 0. We claim that
J (@ F(2°, u°, A%, y°) is invertible for any (A°,3°) € S. To show it, define the index set J := {i |z} # 0}.
Note that J is nonempty by virtue of Proposition 3.1. Partition A® := A(2°) and A as A® = diag(A1, A2)
and A° = [A; Aj] respectively, where Ay := diag(g'(2?))icge, A2 := diag(g'(2?))ics is positive definite,
Ay = Az, and A == A7 ;. Here, AT(A°2° —y°) =0, Ay = 0 for p > 2, and A® = diag(A1, Ag) = 21
for p = 2. It follows from the similar argument for Case (i) in Theorem 4.2 that M® := M (z°, u°®, A®) is
positive definite. Moreover, it has been shown in the proof of Proposition 3.1 that b := 2(A°)T (A°z® —
y°) € RY is nonzero. Hence, for any z = [21; 23] € RV with z; € RV and 23 € R, we have

<&

J @ F (2%, 1%, A°,y°%) 2 = [% (ﬂ Cl) =0 = M°z +bz=0,0bl2=0 = bT(M<>)‘1bz2 =0.
2

This implies that 2 = 0 and further 23 = 0. Therefore, J, ,)F(z° p°, A°,y°) is invertible. By

the implicit function theorem, there are local C! functions Gi,Ge, H such that z* = (x}c,x}) =

(Gl(Avy)7G2(A7 y)) = G(Avy)7 no= H(A7y)7 and F(G(A7y)7H(A7y)7A7 y) = 0 for all (A7y) in a

neighborhood of (A°,y°). By the chain rule, we have

VyGi1(A°,y°) 2u° AT
T F (2% 1%, A% y°) - | VyGo(A®y°) | = —Jy B (2 p°, A% y°) = 2u° A ;
7 VyH(A®, y°) 2(A°z® —y°)T
where
Ay +2u°AT A 21° AT Ay 2AT(A°2° — y°)
V= 2u° AT A4 Ay +2u°AT Ay 24T (A°2° —9°)
2(A%2° —y*)TAp 2(A°2° —y*)T Ay 0
P11 Po P

Let P be the inverse of V given by the symmetric matrix P = | PL, Py P3| . Consider p > 2 first.
Pl Pl P
In this case, A; = 0 such that P112,u<>A1TA1 + Pio 2/f>A§A1 + P13 2(A°x° — yO)TAl = I,,. Since

V,G1(A%y°) = —[Pi1 Pia Pis) - J,F(2°, 1%, A%, y°) = Pui2p® Al + Pio2p® AL + P13 2(A°2° — )7,

we have V,G1(A°,y°)- Ay = I,,. This shows that each row of V,G1(A®,y°) is nonzero. We then consider
p = 2. In this case, letting B := V,G1(A4°%,y°) = P112u° AT + Py 2u° AT + P132(A°2° — y°)T and using
diag(Ay, Ag) = 21, we have 2P;; + BA; = I and 2Pj5 + BAs = 0. Suppose, by contradiction, that the
ith row of B is zero, i.e., Bje = 0. Then (P1)e = ez-T/2 and (P12);e = 0, where e; denotes the ith column
of I. Substituting these results into B and using A7 (A°2° — 4°) = 0, we have 0 = Bj;e(A%z° — ¢°) =
20°(P11)ie AT (A2 — y°) + 2(P13);]|A°2° — 3°||3 = 2(Pi3)i]|A°2x°® — y°||3, which implies that the real
number (P3); = 0 as A°2® — y° # 0. In view of the symmetry of P, V = P~! and A; = 2I, we have
(21 +2u° AT Ay);; = 2, which yields (Aj)e; = 0, a contradiction. Therefore, each row of V,G1(A®,y°) is
nonzero. Consequently, by Lemma 3.1, [supp(z*(A,y))| = N for almost all (A, y) € R™N x R™. O

In what follows, we consider the case where 1 < p < 2.

Proposition 4.4. Let 1 < p < 2 and N > m. For almost all (A,y) € R™N x R™ with y # 0, if

0 <e < |yll2, then the unique optimal solution Ty, to the BPDN, (2) satisfies \supp(a:?A y))\ = N.

Proof. Let S be the set of all (A,y) € R™*N x R™ such that each column of A is nonzero and y # 0.
Obviously, S is open in R™*V x R™ and its complement has zero measure. For any (A,y) € S and any

16



positive € with € < ||y||2, it follows from the proof for Case (ii) in Proposition 3.1 that the unique optimal
solution x* # 0 with a unique positive . Further, (z*, 1) € RVT! satisfies the following equation:

T1 + h(2,ua{(Ax — 1))

F(z,pu, Ayy) = =0,

TN + h(2,ua}f,(Ax —9))
Az —yl|3 — &

where h is defined in (9). Hence, F : RN x R x R™*N x R™ — RN+ is O and its Jacobian with respect
to (x,p) is given by

an 7Aa 2r Z, ,A7 AT Ax —
Iy B, 1 Asy) = 2(,(4;569)5{31 (& y()) (Az = y)| ¢ gvrxv+1)

where T'(z, pu, A,y) = diag(h’(Q;@aip(A:U — )., W (2uak (Az — y))) € RVN and V(z,pu, A, y) =
I+T(z,pm A y)2uAT A,

We use the same notation z° and u° as before. For any (A°,y°) € R™*N x R™, define the index set
J = {i|z¢ # 0}. Note that J is nonempty as ||yl > e. Partition I'* := I'(z®, u°®, A%, y°) and A°® as
I = diag(I'1, T'2) and A° = [A; As] respectively, where I'y := diag(h/(2u°(a$)” (A°2° — ¢°)))icge = 0
(due to 1 < p < 2), Ty := diag(h'(2u°(af)" (A°2° — y°)))ies is positive definite, A1 := AZ ., and
Ag := A ;. Therefore, using the fact that I'y = 0 and I'y is positive definite, we obtain

1 0 0
J(gw)F(xQ, u’, A, y<>) = QMOFQAgAl I+ 2M0F2A5A2 QFQAg(AOxO —y°)| . (16)
2(A°%2° —y*)TA; 2(A%2° —y*)T Ay 0

Since I's is positive definite, the lower diagonal block in J, F(z®, u®, A°, y°) becomes
(1)

I+ 2u°T9AT Ay 2T AT (A°2° — yO)] _ [m o] ‘ [r;l +2ucAT Ay 2AT(A°z° — ¢°) 17)

2(A°%2° — )T Ay 0 0 I 2(A°%2° — )T Ay 0
=Q

Clearly, I‘2_1 + 2u®A¥ Ay is positive definite. Further, since p® > 0 and 2% # 0,Vi € J, we have
AT(A°2° — y°) # 0. Hence, by the similar argument for Proposition 4.3, we see that the matrix Q is
invertible such that J, ) F'(z°, u°, A®, y°) is invertible. By the implicit function theorem, there are local
C! functions G, Ga, H such that 2* = (z%.,2%) = (G1(A4,y),G2(A,y)) := G(A,y), p = H(A,y), and
F(G(A,y),H(A,y),A,y) =0 for all (A,y) in a neighborhood of (A°,y°). By the chain rule, we obtain

Vy,G1(A°, y°) 0
J(at,/.l,)F(xoa :u<>7 AO) yO) : vyG2 (A<>7 y<>> = —JyF(xo’ /J‘Ov on yO) = F2 QMQAg 5
VyH(A®,y°) 2(A%2° —y°)"
where we use the fact that I'y = 0. In view of (16) and the above results, we have V,G1(A4°, y°) = 0, and

we deduce via (17) that

(vyc2<A°,y°>> _ [r21+2wA§A2 2A§<A°x°—y°>r.< 2u° A% ) s

VyH(A®, y°) 2(A%z° — y*)T Ay 0 2(A°x® — )T
where A°z° — y® # 0 because otherwise | A°z® — 3°||3 — &2 # 0.

For each i € J¢, define ¢;(A,y) := al (y — A-2%(A,y)). It follows from sgn(z}(A,y)) = sgn(q (A, y))
and the previous argument that it suffices to show that V,q;(A% y®) # 0 for each i € J¢, where
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Vy (A%, y°) = (a$)T(I — Ay - V,; Go(A°,y°)). Toward this end, we see, by using (a$)? (A°2° — y°) =
0,Vi € J¢ and (18), that for each i € J°¢,

oNT o o
(@) AV, G (A%, y7) = V,Ga(4°,y ))

) (
i 20 A2 (A% — )] -
20 [ H- Ao ( Yy )] VyH(AQ,yQ)

@) () o se ofsone o] | Dot +2u°AT Ay 2AT(A°2° —y°)] 216 AT
21° [2,U AS 2(A%z Yy )] Q(ono_yO)TAQ 0 2(A<>l=<>_y<>)T .

Define

;! 0
i ACO 0 . <. 2. = 2
di= A%° =y £0, Ci= [V2@ Ay, ([Z-a], D [0 —P?o!dH%]

It is easy to verify that

[rgl +2u° AT Ay 2AT(A°2° — y°)

2(A<>a:° _ y<>)TA2 0 :| =D+ cre.

Therefore, we obtain
K3

(a)T(I — Ay - V,Go(A%, %) = (af)" — (a)TC(D +CTC) et

Recall that J is nonempty such that A, exists and ATd # 0. Since AQFQAT and I —
semi-definite and N (I — ”dHQ) span{d}, it is easy to see that N (A;T'2AL) N N(I —
2

the following matrix is positive definite:

|2 are both positive

) = {0}. Hence,

Hdl

IIdH2

dd”

I+CD7'COT = 2u° AT AT + 1 — a2
2

By the Sherman-Morrison-Woodbury formula [21, Section 3.8], we have
c+cTe)y et =1-1+cp~tch)™!
Consequently, for any (A°,y°) € S, it follows from that a;y # 0,V that for each ¢ € J¢,
Vyai(A%y°) = (af)" (I = Az VyGa(A%,y°)) = ()" — (af)" C(D +CTO)7HCT
— (@)T(I+CDTICT) £ .

By Lemma 3.1, the zero set of z} (A, y) has zero measure for each ¢ = 1,..., N. Therefore, |[supp(z*(4,y))| =
N for almost all (A4,y) € R™N x R™, O

Putting Propositions 4.3 and 4.4 together, we obtain the following result.

Theorem 4.4. Let p > 1 and N > m. For almost all (A,y) € R™N x R™ with y #0, if 0 < & < ||yl|2,
then the unique optimal solution x7, . to the BPDN, (2) satisfies |supp(x} (A y))| =N

Next, we extend the above result to the optimization problem (3) pertaining to another version of the
generalized basis pursuit denoising under a suitable assumption on 7. Since its proof follows an argument
similar to that for Theorem 4.4, we will be concise on the overlapping parts.

Theorem 4.5. Let p > 1 and N > m. For almost all (A,y) € R™N x R™ with y € R(A), if
0 <n <minagz—y ||z|p, then the unique optimal solution Ta, 10 (3) satisfies ]supp( )] N.
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Proof. We consider two cases as follows: (i) p > 2, and (ii) 1 < p < 2.

(i) p > 2. Consider the set S defined in (6). Clearly, A has full row rank and y € R(A) for any
(A,y) € S. It follows from Proposition 3.2 that the optimal solution z* is unique and the associated
unique Lagrange multiplier p is positive. Define fi := 1/p > 0. Hence, (z*, 1) is a function of (A,y) on
S and satisfies the following equation obtained from (8):

g(x1) + fiaf (Az —y)

F(z,u, A y) = = = 0.
glan) + Raj(Azx —y)

f(x) —nP
Clearly, F': RN x R x R™*N x R™ — RN*1 is C! and its Jacobian with respect to (z, i) is

M($, ﬁ? A) AT(Ax - y)
(Vf(@)" 0 ’

where M (z,pu, A) := A(x) + 1AT A, and the diagonal matrix A(z) := diag(¢'(x1),...,¢'(zn)) is positive
semi-definite. For any (A°,y°) € S, we use the same notation z°, p°, J, A® = diag(A1, A2) and A® =
[A1 As] as before, where A; = 0 for p > 2, and diag(A;,A2) = 21 for p = 2. In light of N > m and
the second statement of Proposition 3.2, we have |supp(z®)] > N —m + 1 > 1 such that the index set
J is nonempty. It follows from (8) that Vf(z°) + 1° - (A°)T(A°2° — ¢°) = 0. Further, Vf(z°) # 0
and (A°)T(A°z°® — 4°) # 0. Therefore, using the similar argument as in Proposition 4.3, we deduce that
J @ F(2°, 1%, A%, y°) is invertible for any (A°,y°) € S. By the implicit function theorem, there are local
C! functions G1, Ga, H such that z* = (x%e,2%) = (G1(A,y),G2(A,y)) == G(A,y), i = H(A,y), and
F(G(A,y),H(A,y),A,y) =0 for all (A,y) in a neighborhood of (A°, y°). By the chain rule, we have

J(z,ﬁ)F(CBa /77 A, y) =

VyG1(A°,y°) e AT
J(x,ﬁ)F(xov ﬁov AO? yO) . vyGQ (on y<>) = —JyF(x<>7 ZZO7 AO? yO) = IZ:[:OA%—'
VyH(A®, y°) 0

Since Vf(x°) = = - (AT (A°2° — ¢°) and g(2%) = 0,Vi € J€, we have AT (A°z° — y°) = 0, and
% 1

A+ AT Ay e AT Ag 0
J(xﬁ)F(mQ, ﬂo, Ao, yo) = ﬁoAgAl Aoy + ﬁoAgAQ *
0 _ﬁO(ono _ yQ)TAQ 0
Py Pip Pi3
Let P = | Py1 Pyy Po3| be the inverse of the above Jacobian. We consider p > 2 first. In this
P31 Py Pss
case, A1 = 0 such that PH/]QA?Al + P12 ﬁoAgAl = Im Since B := VyGl(AQ,yQ) = —[PH P12 P13] .

JyF(z°, 1, A% y°) = Py AT 4 Po i° AT we have VyG1(A®, y°)- Ay = I,,. This shows that each row of
Vy,G1(A®, y°) is nonzero. We next consider p = 2, where diag(A1, A2) = 2/. Hence, 2P;; + BA; =1 and
2P)5 + BAy — i° Pi3(A°z® — y°)T Ay = 0. Suppose, by contradiction, that the ith row of B is zero, i.e.,
Bz‘o = 0. Then (Pll)io = eZT/Q and (Plg)i. = (ﬁO(P13)Z~)/2 . (14<>.I'<> — yO)TAQ. Using Bio = ﬁo[(PH)Z'.A{ +
(Pr2)is A} ], we have 0 = Bio(A%2° — y°) = B°[(Pr1)ieA] (A°2° — y°) + (G°(P13)i) /2 - | A (A°2° — y°)I[3]-
Since AT(A°2° — 9°) = 0 and AT (A°2° — y°) # 0, we have (Pi3); = 0 and (Pj3);e = 0. Following the
similar argument as in Proposition 4.3, we reach a contradiction. Thus each row of V,G1(A° y°) is
nonzero. Consequently, we deduce that |supp(z*(4,y))| = N for almost all (4,y) € R™Y x R™,

(i) 1 < p < 2. Let S be the set of (4,y) € R™N x R™ with N > m such that y # 0, each column of
A is nonzero, and A has full row rank. Hence, y € R(A) for any (A,y) € S. By Proposition 3.2, we see
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that (3) attains a unique optimal solution z* and a unique Lagrange multiplier x> 0 for any (A4,y) € S.
Define 11 := 1/p > 0. Hence, (z*, 1), as a function of (A,y) on S, satisfies the following equation:

@1+ h(fia] (Az —y))

F("’U7/’L7A7y) = = O'

ey + h(Eady (Az — y)
f(x) —nP

Here F : RY x R x R™*N x R™ — RN+ is O and its Jacobian with respect to (z, i) is given by

~ Vix, i, A, Iz, 0, A, y)AT (Az —
JopF(z,m,Ay) = ((Vfléx));j) (2, f y>0 ( y) e RV X(N+1)

where T'(z, i, A, y) = diag(W (aal (Az — y)),..., B (fak(Az — y))) € RVN and V(z, 1, A,y) = I +
I'(z,p,A,y) iAT A, Using the same notation introduced in Proposition 4.4, we deduce that for any
(A°,p°) €8,

I 0 0
J@pF (2%, 0° A% %) = |x I+ a°To AT Ay T AL (A°2° — )|,
T
* v 0

where the column vector v := (g(z))ics. Note that the index set J is nonempty since y # 0 and A has
full row rank such that ATy # 0. In view of (8), we have v = —i° AT (A°2° — y°), where i° > 0. This
result, along with the similar argument for (17), shows that J, z) F'(z°, u°, A®,3°) is invertible. Therefore,
there are local C' functions Gi,Ga, H such that o* = (2%.,2%) = (G1(4,y),G2(4,y)) = G(A,y),
w=H(A,y), and F(G(A,y),H(A,y),A,y) =0 for all (A,y) in a neighborhood of (A°, y°). Moreover,

VyG1(A° y°) 0
J(w,ﬁ)F(woa /A'ZO’ AO’ yO) : vyGQ (A<>> y<>) = —JyF(xo’ :E<>7 AO) yO) = F? ﬁoAg 5
Y, H(A°, 1) 0

where the fact that I'y = 0 is used. Therefore, we have V,G1(A°,y°) = 0, and

V,Ga(A%y7)\ _ [Tyt + AT Ay AT(40a® — )] (AT
VyH(A®y%) ) [(A%2° —y°)T Ay 0 0 ’

In what follows, define b := AL (A°2° —y°) #0 and M =T 14 7i°AT Ay, which is positive definite.
For each i € J¢, define ¢;(A,y) := (a)T(y — A- 2*(4,y)). It suffices to show that V, ¢;(A°,y°) # 0
for each i € J¢, where V, ¢;(A®,y°) = (a$)T (I — Az - V; G2(A®,y°)). Direct calculations show that

v 0 0 S WTMT1h

Ao M1ob" M1 AT
_ —1~0 AT | ~o412 2
=1—A M "u°A5 +p° =1}
By the definition of M and the Sherman-Morrison-Woodbury formula [21, Section 3.8], we have I —
Ao MY a° AT = (I + 1° AsT'9 AT) =1, which is positive definite. Hence, I — A; - Vy G2(A°,y°) is positive
definite and thus invertible. Since ai # 0, we have V, ¢;(4° y°) # 0 for each ¢ € J¢. Consequently,
|supp(z*(A,y))| = N for almost all (4,y) € R™*N x R™, O

-1 ~o AT T —1
T— Ay-V,Ga(A%y°) = T — [As 0] {M b} .<F‘ A?) =1 M1 bb” M )AL

5 Extensions and Comparison

This section extends the least sparsity results to constrained measurement vectors, and compares these
results for p > 1 with those from ¢, minimization for 0 < p < 1; the complex setting is also considered.
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5.1 Extensions to Constrained Measurement Vectors and Noisy Case

In the previous sections, we consider general measurement vectors in R™. However, in many applications
such as compressed sensing, a measurement vector y is restricted to a proper subspace of R(A), to which
the results in Section 4 are not applicable since this subspace may have dimension less than m so that
it has zero measure in R”. In what follows, we extend the least sparsity results in Section 4 to this
scenario. For simplicity, we consider the generalized basis pursuit BP, (1) with p > 1 only, although its
result can be extended to the other generalized optimization problems, e.g., the BPDN,,, RR,,, and EN;
see Remark 5.2 for the discussions on the generalized ridge regression.

Theorem 5.1. Letp > 1, N >2m—1, andZ C {1,..., N} be a nonempty index set. Then there exists a
set Sa C R™N whose complement has zero measure such that for each fixed A € Sa, the unique optimal
solution x* to the BP, (1) satisfies |supp(z*)| = N for almost all y € R(Asz).

Proof. For the given p > 1, N;m € N with N > 2m — 1 and the index set Z, we consider two cases:
(i) |Z] > m; and (ii) |Z| < m. For the first case, let Sa be the set of all A € R™*¥ such that any
m X m submatrix of A is invertible. Clearly, the complement of S4 has zero measure in the space R™*¥,
Further, since |Z| > m, R(Aez) = R™ for any A € S4. Hence, it follows from Corollary 4.1 that the
proposition holds.

We then consider the second case where |Z| < m. In this case, let S4 be the set of all A € R™*N
satisfying the following condition: for any index set J with | 7| = |Z| := r, the 7 x r matrix (As7) - Aoy
is invertible. Note that for any index set 7 with | 7| = 7, det((Asz)T Ae7) = 0 gives rise to a polynomial
equation of the elements of A. Hence, we deduce that the complement of S 4 has zero measure in R™*V .
Further, for any A € S A, the columns of Ae7 must be linearly independent. Therefore, for any y € R(Ae7),
there exists a unique z, € R" such that As7 - 2, = y. This shows that the constraint Az = y in the BP,
(1) can be equivalently written as

1

[(A.I)TA.IT (A)T Az = 2,

Define the r x N matrix A= [(A.I)Tfl.z]*l(A.I)TA for each A € Sy. It follows from the property of
A € S, that any r x r submatrix of A is invertible. Hence, for any A € S4 and any y € R(A.z), the
original BP,, (1) is converted to the following equivalent optimization problem: for some z € R",

min ||z subject to Az = 2. 19
min o], subj (19)

For a fixed A obtained from a given A € S4, by applying Corollary 4.1 to (19), we deduce that
|supp(z*(2))| = N for almost all z € R". Since A4z has full column rank, the same conclusion holds for
almost all y € R(A.z). O

The following corollary can be easily established with the aid of Theorem 5.1 and the extension of
Proposition 3.1 to (19); its proof is thus omitted.

Corollary 5.1. Letp>1, N >2m —1, and s € {1,...,N}. The following hold:

(i) There exists a set S4 C R™N whose complement has zero measure such that for each fived A € Sa
and any index set T with |Z| < s, the unique optimal solution x* to the BP, (1) satisfies |supp(x*)| >
N —m+1 for any nonzero y € R(Aez);

(i) There exists a set Sa c RN whose complement has zero measure such that for each fized A € Sa
and any index set T with |Z| < s, the unique optimal solution x* to the BP, (1) satisfies |supp(x*)| =
N for almost all y € R(Aez)-
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Remark 5.1. The least sparsity results can be extended to the case where measurement vectors are
polluted by noise or errors. Specifically, consider the measurement vector y = w + e, where w € R(A)
and e € R™ denotes noise or an error. It follows from Corollary 4.1 that for a given A € R™*¥ satisfying
a suitable condition stated in Corollary 4.1 and any given w € R(A), the optimal solution xz* A) to the
BP, (1) has full support for almost all e € R™. For comparison, see relevant results on robust sparse
recovery using ¢1-norm based basis pursuit denoising [3] and ¢,-minimization with 0 < p <1 [25, 29].

5.2 Comparison with p-norm based Optimization with 0 <p <1

For a given sparsity level s with 1 < s < N (especially s < N), we call a vector z € RV s-sparse if
|supp(z)| < s. Furthermore, we call a measurement vector y generated by an s-sparse vector if there is
an s-sparse vector such that y = Az. Using these terminologies, we see that Corollary 5.1 states that
when p > 1, for almost all A € R™*" with N > max(m,s) and almost all y generated by s-sparse
vectors, the optimal solution z* to the BP, (1) is far from sparse, i.e., [supp(z*)| > s. Equivalently, it
means that when p > 1, the BP,, (1) might recover a sparse vector  from y = Ax only for a set of A’s of
zero measure in R™*N_ no matter how large N and m are. Moreover, an arbitrarily small perturbation
to a measurement matrix A in this zero measure set will lead to a least sparse solution. This shows the
extremely weak robustness of the BP, (1) with p > 1 in term of solution sparsity.

For comparison, it is interesting to ask what happens to the BP, (1) when 0 < p < 1. We show below
that when 0 < p < 1, there exists a non-zero measure set of A’s such that the BP,, (1) recovers any sparse
vector x from y = Ax. It also demonstrates the strong robustness of the BP,, (1) for 0 < p < 1. Toward
this end, recall that an m x N matrix A satisfies the restricted isometry property (RIP) of order k if there
is a constant 0z € (0,1) such that (1 — dz)||z||3 < ||Az||2 < (14 6)||=||3 for all k-sparse vectors z € RY.

Proposition 5.1. Fizp € (0,1], v € (0,1) and s € N. Suppose m = [yN]. Then for all N sufficiently
large, there exists an open set Ua C R™N such that for any A € Uy and any index set T with |I| < s,
the optimal solution x* to the BP, (1) satisfies |supp(z*)| = |Z| for all y € R(Asz).

Proof. Consider p = 1 first, which corresponds to the ¢;-optimization based basis pursuit [14]. For the
given constants v € (0,1), d35 € (0,1/3), and the sparsity level s, it is known via random matrix argument
that for all N sufficiently large with s < m, there exists a matrix A° € R™*" which satisfies the RIP of
order 3s with constant d35(A°) < 1/3 [1, 4]. Hence, the BP, (1) recovers any s-sparse vector x exactly
from y = A®z [14, Theorem 6.9] or [4]. Furthermore, in view of ||| Az||z — [|A°z||2| < [[A — A%l - |||z for
any A and z, we see that there exists > 0 such that d3s(A) < 1/3 for all A’s with |4 — A°||2 < 7. Let
the open set Uy := {A € R™*N |||A — A°||z < n}. This shows that for any A € Uy, every s-sparse vector
x can be recovered from y = Az via the BP, (1). Finally, when 0 < p < 1, it follows from [14, Theorem
4.10] that for any A € Uga, the BP,, (1) recovers any s-sparse vector z from y = Ax. O]

Remark 5.2. Consider the ridge regression RR,, (4), and we compare the sparsity property for p > 1
with that for 0 < p < 1. It is shown in [9, Theorem 2.1(2)] that when 0 < p < 1, for any A € R™*V,
y € R™, and XA > 0, any (local/global) optimal solution z* to the RR, (4) satisfies |[supp(z*)| < m.
In contrast, Theorem 4.2 shows that when p > 1, an optimal solution z* to (4) has full support, i.e.,
|supp(z*)| = N, for almost all A and y.

5.3 Extension to Complex Measurement Matrices and Vectors

This subsection extends the previous results for the real setting to the complex setting, i.e., (A,y) €
C™*N x C™. In the latter setting, each of the problems BP, (1), BPDN,, (2) and (3), RR, (4), and EN,,
(5) seeks a complex optimal solution z* € CN, which is also unique under the similar conditions stated in
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Propositions 2.1 and 3.2. Let 2 denote the imaginary unit. For a complex matrix A = AR +14; € C™N
with AR, Ay € R™*N define the real matrix A := [A1.9,..., Aoy_1.0n5] € RZ™2N swhere

A, _ [(AR)er —(AD)ek 2mx 2 _
Agg_1:2k 1= (A (An)es eR , Vk=1,...,N.

Here (AR)er and (Aj)er denote the k-th columns of Ar and Aj respectively. For a complex N-vector
r = u+w with u,v € RN, define 7 := [51;2; .. .;ZEQN_LQN] S RQN, where Zop_1.0k 1= (uk,vk)T € R? for
each k = 1,..., N. Similarly, we define § € R*™ for y € C™. Note that supp(x) = {k | Zor_1.21 # 0} (but
supp(z) # supp(7)). Based on the definitions of A, 7 and 7 Yy, the following facts can be easily established:
(i) |Az — yH2 = |AZ — 7|13, and Az = y if and only if AZ = 7; (i) ||z} = SNzl = SN L(uf +

v2)P/? = SN 1 Fak—1:26]15; and (iii) for an index subset Z C {1,..., N}, the columns of A.7 are linearly
independent (over the complex field C) if and only if the columns of the matrix [IZQI@—I:%:] pez € R2mx2T]
are linearly independent (over the real field R).

Let p > 1. Define the functions g : R> — R2 and h : R2 — R? as: for any z = (21, 22)T € R?,

. p=2 ; . - 1 2_% . .
9(z) = { g =112 z liz i%’ , h(z) := p/—1) (B2 E— l.f z # 0; ) (20)
= 0 if z=0

These functions are analogous to their counterparts defined in (9) in the real setting. It is easy to verify
that h is the inverse function of § g and that ¢ and h are positively homogeneous of degrees p — 1 and
1/(p — 1) respectively. Letting f(Z) := Zk:l |Zok_1.2k]|5 where ¥ = [T1.2;...;Tan_1.20v] € R?N, then
V(@) =[9(Z1:2);...;9(Tan—-1.2n)]. Additional properties of g and h are given in the following lemma.

Lemma 5.1. When p > 2, g is continuously differentiable on 1@2; when p > 2, its Jacobian Jg(z) is
positive definite at any z # 0 and Jg(0) = 0. When 1 < p < 2, h is contmuously differentiable on R?;
when 1 < p < 2, its Jacobian Jh(z) is positive definite at any z # 0 and Jh(0) =

Proof. When p = 2, J§(z) = 2I and Jh(z) = I/2 for all z € R2 A straightforward but lengthy
computation shows that (i) when p > 2, J§(0) = 0, and for any z = (21, 20)” # 0,

- - —1)22+22  (p—2)z122 2 .
Jg(z)=p- zp4'[(p L2 =p-|z|p % - UT diag(p — 1,1) U,
) = el [0 [ DR g s 1,1)

where the orthogonal matrix U := | z||; " - [zl —22’2]; and (ii) when 1 < p < 2, Jh(0) = 0, and
2 21
7 o+ 43 2;If"’lz? =% 1
Ih(z) = Qe |7 P 1/( 5213 UT diag(——1) U
p!/®=D = Z172122 27+ pfﬂ P p—1

for any 2 = (21, 29)T # 0. It follows from the above results that J§(z), Jh(z) are positive definite at any
2z # 0, and g, h are continuously differentiable on R?. O

Define the following set in C™*¥ x C™ with N > m which is analogous to the set S defined in (6):
Sc = {(A,y) e C™N % C™| every m x m submatrix of A is invertible, and y # 0}. (21)

In many important applications such as compressed sensing, a complex matrix A satisfying the condition
specified in S¢ can be obtained by uniformly at random choosing from a r x r Fourier matrix for a prime
number 7 [11] using row-repetition free Bernoulli selectors or a random subset model [3]. The following
result extends Proposition 3.1 to the complex setting.
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Proposition 5.2. Let p > 1. For any (A,y) € Sc, the following hold:
(i) The minimizer x* € CN of the BP, (1) satisfies |supp(z*)| > N —m + 1;
(ii) If 0 < e < ||yll2, then the minimizer x* € CN of the BPDN, (2) satisfies |supp(z*)| > N —m + 1;

(iii) For any r > 0, A\; > 0 and Ay > 0, each nonzero minimizer x* € CN of the EN, (5) satisfies
|supp(z*)| > N —m + 1;

(iv) For any A > 0, the minimizer z* € CN of the RR,, (4) satisfies |supp(z*)| > N —m + 1;
(v) If 0 < p < mingg—y ||x||p, then the unique minimizer x* of (3) satisfies |supp(z*)| > N —m + 1.

Proof. For each (A,y) € Sc, let (A, 7) € R2m*2N x R2m 1o defined before, where A = [A1., ..., Asn_128].
Hence, 3 # 0, and [ﬁQk_l;gk]keI is invertible for any index set Z with |Z| = m. For any = € CV satisfying
Az =y, T = [T1.2;...;Tan_12n] € R?V satisfies Az = y and supp(z) = {k |Tok—1.2k # 0}. Recall that
f(x)= Z]kvzl | Zok—1.2k]5 = ||z||h. We sketch the proofs for (i)-(v) as follows.

(i) The vector % € R? associated with the unique nonzero minimizer z* € CV of the BP,, (1) satisfies
the KKT condition: Vf(z*) — ATy = 0, and Az = y, where v € R?™ is the Lagrange multiplier, and
V@) =[9(z7.9);---;9(T5N_1.95)] With g defined in (20). Suppose z* has at least m nonzero elements.
Then there exists an index set Z with |Z| = m such that 3, ., = 0 for each k € Z. By the properties
of g, we have g(z%,_,,,) = 0 for all k € Z. Since [ggk,mk]kez is invertible, it follows from the KKT
condition that v = 0 so that V f(z*) = 0. Therefore, z* = 0 or equivalently z* = 0, contradiction.

(ii) Define (%) := ||AZ — J||2 — &2 for any & € R2V associated with 2 € CN. Hence, 0(Z) =
|Az — y||3 — 2. By a similar argument for (ii) of Proposition 3.1, we deduce that the vector * € R?V
associated with the unique nonzero minimizer z* € C of the BPDN,, (2) satisfies the KKT condition:
V(x*)+upVe(*) =0and 0 < p L 6(z*) > 0, where the multiplier ¢ > 0. It follows from Vé(z*) =
2AT(AZ* — 7)) and a similar argument for (ii) of Proposition 3.1 that |supp(z*)| > N —m + 1.

(iii) For an arbitrary r > 0, we have |[z[;, = [£(Z)]"/P.  Hence, the EN,, (5) is equivalent to
mingcgen %Hgi — 7113 + M[f(@)]"/? + X2||Z||3. For a nonzero minimizer x*, its corresponding Z* is also
nonzero and satisfies the optimality condition: AT(AZ* —7) + A (r/p)[f(F9)] PPV f(Z*) + 2097 = 0.
Applying the similar argument for (iv) of Proposition 3.1 leads to [supp(z*)] > N —m + 1.

(iv)-(v) These proofs are omitted as they resemble those for (ii) and Proposition 3.2 respectively. [

Theorem 5.2. Let p > 1. The following hold for almost all (A,y) € C™N x C™:
(i) Let N > 2m — 1. The unique minimizer x* € C of the BP, (1) satisfies |supp(z*)| = N;
(i) Let N >m and X\ > 0. The unique minimizer x* € CY of the RR,, (4) satisfies |supp(z*)| = N;

(iii) Let N > m. If y # 0 and 0 < & < ||y||2, then the unique minimizer 2* € CN of the BPDN, (2)
satisfies |supp(x*)| = N;

(iv) Let N > m, r > 1, and A1, s > 0. The unique minimizer z* € CN of the EN, (5) satisfies
|supp(z™)| = N;

(v) Let N > m. Ify € R(A) and 0 < 1 < minagz—y, ||z||p, then the unique minimizer x* € CN of (3)
satisfies |supp(x*)| = N.

Proof. Letting § € R?™ be the unique correspondence of y € C™ defined above, we define the set
S = {(Ar, A1,Y) | (Ar + 2A1,y) € Sc}. Clearly, S is open and its complement has zero measure in
RN 5 RM*N 5 R2m For any A = A + 14 given from S¢, we often write A(Ag, A1) as A to simplify
notation when the context is clear. For any (unique) minimizer z* € CV associated with (4,%) € S¢
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in each problem, let J := {k |z} # 0} = {k|T}_1.0p # 0} C {1,..., N}. Partition A as A = [A; Ay,
where A; 1= [Avgk_lzgk]kgjc and Ay = [ggk_lzgk]kej. Note that A has full row rank and |7 <m-—1
by Proposition 5.2. Hence, the columns of A, 7 are linearly independent, and so are the columns of A;.

(i) Consider p > 2 first. For any (Ar, A1,9) € S, (2%,v") € RV xR?™ is a unique solution to the equa-
tion F(Z,v, Ar, A7) := [Vf (%) — ATv; A7 — ] = 0. Let A(x*) := diag(Jg(ZT.s), .-, JG(T5N_1.0n)) =
diag(A1, A2), where Ay := diag(Jg(z5,_1.o1))kege = 0, Ao 1= diag(Jg(T5,_.01)) ke, and Jg(T5,_1.55) is
positive definite for any k € J. Using this result, we can show that Jz ) F (z*,v*, AR, A1,79) is invertible
and 7*(AR, A1, 7) is a local C! function. Following a similar argument for Proposition 4.1, it can be
further shown that each row of Vi z%.(Ar, A1, y) is nonzero. This yields the desired result.

Consider 1 < p < 2. In this case, T, .o, = h(Agk L. ZkV) for each k =1,..., N, where the multiplier
v € R?™ satisfies the equation F(v, Ar, A1,7) = Zk 1A2k 1.9k ° h(AQk IQkV) — 9y = 0. Then Q :=
J F(v, AR, A7) = AOAT | where © := d1ag(Jh(A{2V) Jh(AQN LanV)), and A has full row rank.
When p = 2, © = I/2 so that Q is positive definite. When 1 < p < 2, we have w’ Qw = fo:l(;{gw)T
Jh(A% LokV) - (ngfmkw) for any w € R?™. By Lemma 5.1, the property of S, and a similar argument
for Proposition 4.2, we see that @) is positive definite for 1 < p < 2. Since each column of A from the set
Sc is nonzero, each column of A is also nonzero. This, along with a similar argument for Proposition 4.2,
shows that the gradient Vggz;u(AR, A y) = Eﬂ@fl # 0 for each i = 1,...,2N at any (4R, A1,y) € S.
In light of sgn(z}) = sgn(gfiu) for each i =1,...,2N, the desired result follows.

(ii) Consider p > 2. The vector 7* € R?" associated with the unique minimizer z* € C" satisfies
the equation: F(Z, Ar, A1,7) = AVf(Z) + AT(A — 7) = 0, where J;F(Z, Ar, A1, ) = AD(F) + AT A,
and D(z) is a block diagonal matrix. Partition D(z) = diag(D1, D2) as before, where D; = 0, Dy is
positive definite, and A; has full column rank. Using these results and a similar argument for Case (i)
in Theorem 4.2, we have that JzF'(7*, Ar, A1,y) is positive definite and each row of V; 7%, (AR, 41,7)
is nonzero at each (Ag, Ar,y) € S. The case of 1 < p < 2 can be shown via a similar but lengthy
computation and is thus omitted.

(iii) Consider p > 2 first. For any (Agr,Ary) € S, (%) € € R?N x R is a unique solution to the
equation F(Z, u, Ar, A1) = [Vf(Z) + 2uAT (AF — 7); HAJ: —9l3 —¢] = 0, where . > 0. It can be
shown that J g ., F(Z, i, AR, A1,y) is invertible and each row of VyZ jC(AR,AI,@ is nonzero at each
(AR, A1,y) € S. When 1 < p < 2, it can be shown via a similar argument for Proposition 4.4 that
T*(AR, A1,79) is a local C! function. Further, using /NllT(zzﬁ* —y) =0, gg(ﬁi* —y) # 0 and each
Aa; # 0, it can be shown that for any i € 1 := {2k — 1,2k|k € J°}, we have Vyq;(Ar, A1, y) # 0,
where ¢;(Ag, A1,7) := AL (Y- A-7*(A,7)). In light of sgn(Z (AR, A1,7)) = sgn(¢i(Ar, A1,7)) for each
i=1,...,2N, the desired result follows.

(iv)-(v) These proofs are omitted as they are similar to those for Theorems 4.3 and 4.5 respectively. [

The extension of Theorem 5.1 and Corollary 5.1 to the complex setting can be made similarly.

6 Conclusions

This paper provides an in-depth study of sparse properties of a wide range of p-norm based optimization
problems with p > 1 generalized from sparse optimization and other related areas. By applying optimiza-
tion and matrix analysis techniques, we show that optimal solutions to these generalized problems are
the least sparse for almost all measurement matrices and measurement vectors. We also compare these
problems with those when 0 < p < 1. The results of this paper not only give a formal justification of the
usage of £,-optimization with 0 < p <1 for sparse optimization but they also offer a quantitative charac-
terization of the adverse sparse properties of £,-optimization with p > 1. These results will shed light on
analysis and computation of general p-norm based optimization problems. Future research includes the
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compressibility of ¢, minimization with p > 1 and extensions to matrix norm based optimization prob-
lems. Our preliminary results show the poor compressibility for p > 1; a further study of this property
will be reported in a future work.

7 Appendix

In what follows, we show that the function || - ||b with p > 1 is strictly convex.

Proof. Let p > 1. By the Minkowski inequality, we have ||z + y|, < ||z, + [|y|l, for all z,y € R,
and the equality holds if and only if y = px for 4 > 0. For any z,y € RY with  # y and any
A € (0,1), consider two cases (i) y = px for some p > 0 with p # 1; (ii) otherwise. For case (i),
Ao+ (1= Ayl = A+ (1— Nzl = [1-A+p (L= NP 2]} < (L= M]llallh = AzlB+(1— ) ],
where we use the fact that |z|P is strictly convex on Ry. For case (ii), we have ||Az 4+ (1 — N\)y|h <
(Allzllp + (1= Mlyllp)” < Allz|5 + (1 = A)||y||5. This shows that | - 5 is strictly convex. O
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