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Abstract

Motivated by long-time dynamic analysis of hybrid systems and safety verification problems,
this paper addresses fundamental positive invariance issues of an affine dynamics on a general
convex polyhedron and their applications. Necessary and sufficient algebraic conditions are
established for the existence of a positively invariant set of an affine system on a polyhedron
using the recent tools of lexicographic relation and long-time oscillatory dynamic analysis. It
is shown that these existence conditions can be finitely verified once the eigenvalues of the
defining matrix are known. The positive invariance results are applied to obtain an explicit
characterization of global switching behaviors of piecewise affine systems (PASs). In particular,
the PASs with isolated equilibria and infinite mode switchings are characterized via the positive
invariance conditions. The positive invariance techniques developed in this paper are also
exploited to show decidability of safety verification of affine dynamics on semialgebraic sets.

1 Introduction

Modeling, analysis, control, and computation of hybrid dynamical systems has received fast grow-
ing interest in the past decade, driven by various important applications such as air traffic control
[29], nonsmooth mechanical/electrical systems [25, 26], embedded systems [21], dynamical opti-
mization [26], and systems biology [5, 17]. A hybrid ODE system consists of a family of ODEs,
each of which is defined on a constraint set (i.e., invariant set) and forms a mode, with mode
transitions occurring along state trajectories on boundaries of invariant sets following switching
rules. As a distinct and intrinsic feature of hybrid dynamical systems, mode switching complicates
various fundamental analytical, numerical, and design issues, for example, the issue of solution
existence and uniqueness. Another critical issue, associated with short-time and finite-time hy-
brid dynamics, is whether infinitely many mode transitions exist in finite time, which is referred
to as the Zeno behavior in the literature. More challenging, albeit practically important, issues
pertain to long-time dynamic properties, e.g., stability, reachability /safety, and long-time system
properties such as observability, which have found a wide range of applications [18].

Inspired by the study of global and long-time dynamics of hybrid systems, the present paper
investigates positive invariance of an ODE system on a constraint set. Roughly speaking, a set is
positively invariant if any system trajectory starting from the given set will remain in that set for all
positive times; see Section 2 for a formal definition. The concept of positive invariance is essential
in asymptotic analysis of unconstrained smooth dynamical systems and Lyapunov stability theory.
For example, if a trajectory is contained in a compact set for all positive times, then its positive
limit set is nonempty, compact, connected, and positively invariant [38, Proposition 1.1.14]. A
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prominent application of this result is in the proof of LaSalle’s invariance principle [20]. In the
realm of hybrid systems, it has been recently recognized that positive invariance of each mode of a
hybrid system plays a crucial role in addressing a variety of important long-time dynamic issues.
For instance, it is shown in [34] that a positively invariant set of each linear mode of a class of linear
hybrid systems can be used to characterize global switching behaviors of such a system. Positive
invariance results also shed light on reachability analysis and safety verification with interesting
applications in engineering [6] and systems biology [1, 5].

Given an ODE system ¥ and a nonempty constraint set S, two related but different positive
invariance problems naturally arise:

I Find conditions on X and S such that S is a positively invariant set of X;

IT Characterize the (largest) positively invariant set of ¥ contained in S, where specific char-
acterization issues include the existence of a positively invariant set and algebraic/geometric
properties of such a set.

The first problem bears a larger body of the literature than the second, partly because it is
more tractable and more relevant to control synthesis. Loosely speaking, this problem can be
solved by imposing inward-pointing conditions on the vector field of 3 on the boundary of §. Such
conditions usually lead to verifiable algebraic results together with algebraic structure of S. Some
recent results, among many others, include [1] and [12] for positive invariance of a linear dynamics
on a polyhedron and on a box respectively as well as [6] for a multi-affine dynamics on a rectangle.
Also refer to [7] for the treatment of the similar problems and [37] for an application in control of
multiple agents. The first positive invariance problem has been extended to differential inclusions
with set-valued right-hand sides; see [4] and the related “viability theory”.

Being more analytic in nature, the second positive invariance problem, however, has received
relatively less attention so far, in spite of equally important applications in hybrid systems, e.g.,
[18, 34]. One exception is [18, Therorem 3.1], which provides a neat necessary and sufficient
condition for an affine dynamics on a polytope; the proof of this condition is based on an elegant
use of the topological fixed point theorem and the convex structure of the problem. However, if
the boundedness or stability-like assumption is removed, then characterization of the positively
invariant set becomes rather nontrivial, both analytically and numerically, even for relatively
simpler dynamics and constraint sets. Nonetheless numerous hybrid systems and many reachability
analysis or safety verification problems possess unbounded constraint sets, which call for novel
techniques to handle them.

In this paper, we address the positive invariance problem of the second kind with a focus on
an affine dynamics on a (possibly unbounded) convex polyhedron. While such a problem can be
formulated as an infinite dimensional linear programming and tackled from topological perspective,
e.g., [16, Theorems 12-13] and [2], no finitely verifiable conditions are established. Combining the
recent results for long-time linear dynamic analysis and the algebraic structure of lexicographical
relation, we obtain verifiable necessary and sufficient existence conditions for positive invariance of
an affine dynamics on a general polyhedron. It should be pointed out that although we concentrate
on a seemingly simple dynamics, the analysis performed is far from trivial. Instead, it involves
many nontrivial techniques from asymptotic analysis and lexicographic algebra, which have not
been fully exploited to our best knowledge. By generalizing our recent treatment for a class
of linear hybrid systems in [34], the positive invariance results are applied to obtain an explicit
characterization of global switching properties of piecewise affine hybrid systems with each mode
defined on a possibly unbounded polyhedral set. These characterization results are expected to lead
to refined and less conservative stability conditions. Moreover, we exploit the positive invariance
techniques developed in the paper to show decidability of exact safety verification problems for
affine dynamics on semi-algebraic sets.



The rest of the paper is organized as follows. In Section 2, we formally define the positive
invariance and safety verification problems and present preliminary technical results. In Section 3,
a detailed development of the necessary and sufficient algebraic conditions for the existence of
a positively invariant set on a polyhedron is given; special cases and extensions are discussed.
Section 4 focuses on global switching properties of piecewise affine hybrid systems, for which
verifiable algebraic conditions are established using the positive invariance results. In section 5,
decidability analysis is performed for safety verification of affine systems with the aid of the long-
time analysis techniques developed in Sections 2 and 3. The paper concludes with final remarks
and discussions on future research directions in Section 6.

2 Problem Formulation and Preliminaries

2.1 Positive Invariance and Safety Verification

Consider an ODE system on R”

i = f(z) (1)
where f : R" — R" is assumed to be globally Lipschitz continuous. Let z(t,2°) denote the unique
C! trajectory of (1) corresponding to an initial state z° € R™.

Definition 1. [38] A set N’ C R" is called positively invariant (with respect to (1)) if the following
implication holds: 2° € N' = x(t,2°) € N, V ¢t > 0. The set N is called invariant if 2° €
N = z(t,2°) e N,V tER.

Two problems emerge from many applied dynamical systems modeled by (1):

e Positive invariance analysis (of the second kind): given a set S in R”, characterize the subset
A C S that consists of all the z¥ satisfying the following implication

e A = z(t,2%)eS, vVt>o. (2)

e Safety verification on a time interval A C R: given two sets Sp and Sy in R"™ such that
Sp € &y, determine whether the following implication holds

€S = a(t,a%) €Sy, VieA. (3)
Typical time intervals include R and R4 = [0, 00).

The first problem bears the name positive invariance in that the subset A is the largest positively
invariant in § with respect to (1) (provided that it is nonempty), due to the semi-group property
of the trajectories. The set Sy in the second problem represents the safe region of the system and
the implication (3) means that any trajectory starting from the initial set Sp will not leave Sy
at any time in A, and thus remains safe from Sy on A. It is worth pointing out that the safety
verification problem can be treated as a relevant positive invariance problem. For example, the
dynamics is safe on the entire time domain (i.e. A = R) if and only if the initial set Sp is contained
in ANA’, where A and A’ are the largest positively invariant sets of the safe region Sy with respect
to & = f(z) and & = — f(x), respectively.

Before closing this subsection, we mention some basic facts for positive invariance analysis
defined above. It is easy to see that if S is closed and its positively invariant set A given in (2) is
nonempty, then A is closed. Moreover, if f is affine and S is convex, then A is convex. Hence, if f
is affine and S is a closed convex polyhedron, then A is closed and convex, albeit not necessarily
polyhedral, upon its existence. If S is additionally bounded (i.e., S is a polytope), then A is
compact and convex.



2.2 Preliminary Technical Results

Two key techniques have been exploited in this paper to carry out the positive invariance anal-
ysis: long-time dynamic analysis of oscillatory dynamics and lexicographic relation. We present
preliminary results associated with these techniques.

2.2.1 Long-time dynamic analysis of oscillatory modes

The following results provide major tools to deal with oscillatory modes (corresponding to complex
eigenvalues of the defining matrix) in positive invariance analysis and safety verification of affine
dynamics. These results are related to the so-called “almost periodic functions” [30].

Lemma 2. [34, Lemma 13] Given (finitely many) continuous periodic functions g; : R — [a;, b;]
with frequency w; > 0, where [a;,b;] C R and ¢ = 1,--- ,m. Assume that each g; is onto [a;, b;]
and the frequency ratio w;/wj is irrational for ¢ # j. Then (g1(t), -, gm(t)) is dense on [a1, by] X

- X @, bn], 1.e., for any given § € [a1,b1] X - -+ X [aym, byy] and any scalar € > 0, there is a t > 0

such that [|[7 — (91(t),- - , gm(t))|| < e

The next result states that a nontrivial linear combination of sinusoidal functions has persistent
sign alternating and its positive/negative variations are not diminishing as time goes.

m
Lemma 3. [34, Corollary 15] Let f : R — R be f(t) = > [y cos(w;t) + B sin(w;t) ], where w; > 0,
i=1
w; # w; whenever i # j, and |a;|+[03;] # 0 for all . Then there exist two scalars y; > 0 and 2 < 0
such that for any ., two time instants t1,te € [t., 00) exist satisfying f(t1) > v1 and f(t2) < 7.

In view of this result, we immediately have:
Corollary 4. Let v* € R™ and the scalars w; > 0, §; be given, where i = 1,--- ,¢ and w; # wj
. 4
whenever ¢ # j. Then ) v* sin(w;t +6;) > 0 for all ¢ > 0 sufficiently large if and only if v* = 0 for
i=1
alli=1,--- 1.
m
We discuss more properties for the function f(t) = Y [ cos(wit) + B;sin(w;t)]. For no-
i=1
tational simplicity, let d;(t) = «; cos(w;t) + Bisin(w;t). By considering the rationality of ratios
of the frequencies, we obtain the collection of (disjoint and distinct) equivalent classes FE,, =
{di(t) | wi/w; is rational } as shown in [34, Lemma 14]. Note that each equivalent class £, at-

tains a basis frequency ws > 0, namely, w; /W is a positive integer for any frequency w; associated
with the function d;(t) € E,,;. Let Ej, denote the equivalent class and let ¢z, (t) = > di(t).
di S EJJS
Then the following hold:
(1) gg.(+) is a real-valued smooth and periodic function with the frequency ws;

(2) if gz, (+) is not identically zero, then it attains the maximal and minimal values o, > 0 and
vy, < 0 on (—oo,00) respectively;

(3) g3,(+) is onto [vg, , og,];

(4) the ratio of two basis frequencies associated with two distinct equivalent classes is irrational.

k
Suppose there are k equivalent classes E and thus f(t) = > ¢g.(t). Notice that while each
s=1

g, is periodic, f is generally not and hence may not attain its maximum and minimum on R.



In spite of this, the following lemma shows that its supremum (resp. infimum) is the sum of the
maxima (resp. minima) of gz ’s. This observation is essential to decidability analysis of safety
verification problems treated in Section 5.

k
Lemma 5. Let 05, and vg, be defined above for the function f. Then supy, ) f(t) = > 0z
s=1

k
and inff,, ) f(t) = > vg, for any t. € R.
s=1

k k
Proof. It is clear that ) oy, and ) vy, are upper and lower bounds of f, respectively. To

s=1 s=1
k
show ) o4, is the least upper bound, we assume that each ¢z, is not identically zero without
s=1
loss of generality. Hence, by Lemma 2 and the properties (1-4) stated above, we see that for any
e>0 sufﬁmently small, there is a t > t, such that gz, () € (05, —¢/k,05,] forall s =1,--- , k.
k
Therefore, (Z 05, — €) is not an upper bound of f. Hence, ) o, is the least upper bound.
s=1 s=1
k
Similarly, ) v, is the greatest lower bound of f for any .. O
s=1
k
It is worth noticing that Lemma 5 further implies: (1) Z = inf(_so 00) f(t), and (2)

k
f(t) > p,¥ t for a scalar p if and only if > vy, > p.
s=1

2.2.2 Lexicographic relation

In this subsection, we discuss the lexicographical relation that is crucial to establish sufficient
positive invariance conditions. An ordered real ¢-tuple a = (al, e ,ag) is called lexicographically
nonnegative if either a = 0 or its first nonzero element (from the left) is positive and we write a = 0.
In the latter case, we call the first positive element the positive leading term/entry of the tuple.
If a is not only lexicographically nonnegative but also nonzero, then a is called lexicographically
positive and we write a > 0. For two tuples a and b, we write a = b if (a — b) = 0. Hence, the
lexicographical relation defines a linear order on the vector space of ¢-tuples. An n-dimensional

vector tuple (xl, .-+, 2%) is called lexicographically nonnegative (resp. positive) if each real tuple
(x}, -+, xf) is lexicographically nonnegative (resp. positive) for all i = 1,---,n and we write
(xl, .-+, 2% %= (=)0. The set of lexicographically nonnegative (resp. positive) real /-tuples forms a,

convex, although not closed, cone in R’. In what follows, we let R" (resp. R, ) be the nonnegative
(resp. positive) orthant of R™.

Lemma 6. Let £ : R® — R™ and F : R® — R™2 be two generalized positively homogeneous
functions, ie., Ej(Az) = pi(N)Ei(x), Fj(Ax) = pj(A\)Fj(z), Vo € R", Va € Ry, Vi,j, where
pi,pj : Ry — R, are bijective and strictly increasing. Suppose there exist z!,--- ,2¥ € R™ such
that (E(z'), -, E(z¥)) > 0 and (F(2'),---,F(2*)) » 0. Then for any a € R'%, there exist
nonnegative scalars pq, - - , g such that the positive leading terms FE; (g :J:e) and Fi(pp 2?) of any

row of (E(z'),---, E(z%)) and (F(z'),--- , F(2*)) satisfy E (g %) ( Z |Ei(pj )—I—ai and
j=+1

Fy(pp 2P) ( Z |Fy(pjx > respectively.
j=p+1



Proof. We assume, via suitable row switchings, that both (E(z!), -+, E(z¥)) and (F(z?),--- , F(a"))
are of echelon form, namely, the nonzero row(s) are above all the zero rows and the positive leading
term of a row is either at the same column or to the right of any leading term above it. We also
: E(x")
P (

assume that each column z* = > € R™T™2 contains at least one positive leading term of

some row, since otherwise we can simply drop such a column (or equivalently by choosing p; = 0)
without affecting the conclusion of the lemma. To find the desired p;’s, define §; C {1,--- ,m1+ma}
to be the set of the indices of the positive leading terms in 2’ for each i = 1,--- , k. Clearly, 6;

is nonempty and zéi > 0 for each 7. Let a = <8> We now start from the rightmost column,
a;
ok
%

i.e., zF, and choose j, := max p}l(

na. ), where p;1 is the inverse function of p;. It is clear that
JE Ok

pj_1 : Ry — R4 is also bijective and strictly increasing. Hence, for any j € 6 corresponding to
E;(z%), we have

Ej(uxa*) = pj(ux) Bj(z") > [pj0p}1(f,;)}Ej(zk) > aj,

where we use z;.“ =FE; () > 0 and the construction of y,. This also holds for j € 6}, corresponding

to Fj(z*). For i =1,--- ,k — 1, we then recursively compute y; (from i =k —1toi=1) as

k
2 Pili) 25| + a
:’l-‘r
! ; (4)
%

;= max p.
Ha= 6 P

k k k
Notice that Y pj(ue) ]zf| equals to > |Ej(uext)| or Y. |Fj(pea)| for any j € 6;. It is
f=it+1 l=i+1 (=i+1
easy to verify via the echelon structure and an induction argument that these u;’s are the desired

ones. ]

Corollary 7. Let E be the generalized positively homogeneous function defined above and suppose

(E(ze), e ,E(zo)) > 0 for 20,--. 2 € R™. Then there exist nonnegative scalars p1, - - - , jte such
that E(z°)+ > E(uiz") > 0and E(2/)+ Y. E(pi—j2") >0forallj=1,---,¢—1. In particular,
i=1 i=j+1
4 A
if (zé, e ,ZO) > 0 holds, then there exist nonnegative scalars p1, - - - , jtg such that 20+ p; 2/ > 0
i=1
) 4 .
and 2/ + Y pi—jz' >0forallj=1,---,£—1
i=j+1
Proof. Let y* = E(z%). Since (ye,--~ ,yo) = 0, (ye,--- ,y) =0 foralli=1,---,¢ Hence,
(ye gl oyl 0 ) = 0
y* vy
yg yf—l
yé

We also assume, via suitable row switchings, that the above tuple is of the echelon form as in
the previous lemma. Letting pug = 1, which corresponds to the rightmost column, and applying



Lemma 6, we obtain nonnegative reals p1,-- -, ug such that the positive leading term y7 in the

s—1 .
jth row of (yz, e ,yo) satisfies Ej(pus2®) > > |E;(p; 2')| and that the positive leading term y;
i=0

s—1 )
in the kth row of (yf,--- ,yP) satisfies Ej(ps—pz®) > > |Ex(pti—p2?)|, where p € {1,--- £ — 1}.

1=p
Z .
Noting that yo = 1 and E;(z") = 0 for all r > s, we have E;(2°) + > Ej(uiz") = Ej(psz®) +
i=1
s—1 . s—1 . s—1 . 4 ' X
S Ej(pizt) > Y |Ej(ui 2| + 3 Ej(uiz) > 0. Hence, E(2°) + Y E(u;2") > 0. Similarly, we
i=0 i=0 i=0 =1
, 4 ,
can show F(z7) + > FE(ui—;2") >0 forall j =1,---,¢— 1. Finally, letting £ be the identify
i=j+1
mapping, we obtain the special case stated in the corollary. ]

3 Positive Invariance of Affine Dynamics on a Polyhedron

In this section, we are concerned with fundamental positive variance issues of an affine dynamics
on a general convex polyhedron. In particular, we address the existence of a positively invariant
set and finite verification of the existence conditions. Necessary and sufficient algebraic conditions
are derived and extensions are discussed. Throughout this section, let the affine dynamics be
& = Az + d and a nonempty polyhedron be P = {z € R"|Cx > b}, where A € R™*" d € R",
C e R™*" and b € R™.

3.1 Positive Invariance of Linear Dynamics on a Polyhedron

To ease the presentation, we focus on linear dynamics first, i.e., d = 0. Without loss of generality,
we assume throughout this section that the matrix A is of the real Jordan canonical form. Let J;;
be the jth real Jordan block associated with a possibly complex eigenvalue \; of A. Then A is the
direct sum of J;;’s and we write A = @Z ; Jij. For each Jy;, let C% denote the corresponding block
in C. Let n;; be the order of J;; and n; = max; n;;. For each real eigenvalue \; of A, suppose there
are /; real Jordan blocks J;;. For the jth Jordan block J;; € R™4*™i et the corresponding n-vector
be of the form v = (0, c,0, (010, O)T, where v¥/ € R™J. The collection of such the vectors,
denoted by V;;, is a subspace of R" isomorphic to R"%. The direct sum of all the subspaces V;;’s is a
subspace of R™ given by { (0, 0, (0T ()T 0, - - ,O)T ER" | v e RMi, j=1,--- ,4;}
and is isomorphic to R™ T *"it denoted by V ()\;) = @?;1 R"™i. Each vector v € V()\;) is formed

by vector stacking, i.e., v’ = ((v“)T, e ,(vwi)T)T, where v¥ € R™4. For notational convenience,
we write v* = P j v, For a vector u = (u1,--- ,uy)T in R, we define the following lifting operator:
T
E(U) = (UQ, cr, Uy, O)

Let £ be the composition of k-copies of £, i.e. £¥ = Lo---0 L. By convention, we let £° be
&
k-times
the identity mapping, i.e., £L°(u) = u, and L7 (u) = 0,V u. It is easy to verify that £ is a linear
operator and satisfies £F1 o £F2 = £F2 0 £ = £F1Fk2 for any nonnegative integers ki, ko. Moreover,
for any u € R, £F (u) =0 if k > £. The lifting operator £ provides a compact way to express the
solution of a linear dynamics defined by a Jordan canonical form. Indeed, for any Jordan block
Jij associated with a real eigenvalue \; and any vector v € R™i, we have

g N 1tk o i
eliit il = it Z Eﬁ (v*7)
k=0

7



Let C' = [C®,... |C%] and J; = @D, Jij- Similarly, for any vt = =D, v € V(\;), we have

Clielityt — ZC@] ijtyid — it Z (ZCU ﬁk(vij))7 (5)
J

where we recall 7; = max n;; and £¥(v¥) = 0 whenever k > n;;. For such a v* € V();) and an
J

index set § C {1, -, m} whose cardinality is denoted by |0|, we define the following |#|-dimensional
vector tuple

Ce, ( ZCU ﬁnl—l z] ZCU Cnl_Q 1] . Zcﬂj EO zg ) (6)

Proposition 8. For a pair (C?,J;) associated with a nonnegative real eigenvalue \; of A, if
=@, v € V();) and the index subsets 6,6’ C {1,---,m} exist such that P(C},v") > 0 and
(Cé,, Z) = 0, then for any a € ]R'_EL_, there exists u’ € V()\;) such that C} elityl > eMtq > g and
Cj elitut =0, Vt>0.

Proof. For notational convenience, let zF = ZCéj LE(v"7) where k = 0,--- ,72; — 1. Therefore,
J
we have P(Cj,v') = (2™71,...,20) such that z"~1 > 0 and (2"',---,2%) = 0. For the
n;—1
given v' = = @D, v¥ | define u¥ = Z s £5(v¥), where pg = 1 and the nonnegative real numbers

[1,- -, fa;—1 are to be determlned Let u’ =@, u € V()\;). Hence,

n;—1 nz—l n;—1
Cée.]itui _ eAitZ Z(Zcéjck(uij)> _ Atz = {ZCU Z” £k+s z] }
k=0 j
)vtmil tr ij me kts(, ij
= MY S (Y mLted))]
k=0 g s=0

n;—1 n;—1—k TLZ—l n;—1

_ eAitZZ[ Z uszcéjﬁk“( z]]: Atz '[Z“P kzp}
k=0 s=0

J

where p = k+s, and we use the facts that the operator £ is linear and that £87¢(u¥) = 0 if k+s >
n; — 1 for all j. Furthermore, by using Corollary 7 and recalling o = 1 and 2" ~! > 0, we deduce

n;—1 n;—1
that there exist nonnegative reals i, , p =1, --- ,n;—1 such that Z pp 2P > 0 and Z pp—i 27 >0
p=0 p=k
forall k =1,---,n; — 1. In particular, we can further positively scale j,’s for each p > 0 such that
n;—1 nl—l n;—1

Z pp 2° > a. These results, together with \; > 0, yield Cé elityl = eMit Z T [ Z Hp—k Zp} =
p=0

n;—1
et Z pp 2* > eMta > a for all t > 0 as desired. Similarly, letting 27 = 3" Cy, LP(v"), we have
p=0 J

nz—l n;—1

Cé,e‘]"tui = et Z { Z Pp—k Z } Since P(Cj,,v") = (Eﬁi*lf-- ,EO) and P(C§,,v") = 0,
=k

Chelitut = 0 for all t. O



Remark 9. For the vector tuple (zﬁi*l, - ,zo) in the above proof, let the index set ¢ consist

of the indices corresponding to the positive leading terms of the tuple in the last column 2, i.e.,

op={j| z? is the positive leading term in the tuple }. If ¢ is nonempty, then the lexicographical
. n;—1

relation of zP’s shows that zg = 0 for all p > 1 and thus C(; ut = > zi = lo zg. Moreover,
p=0

if zg > ag > 0, then it is easy to see that py = 1 needs not be positively scaled in order for
n;—1

>~ wpzP > a (but other u,’s may need). That is to say, po can always be chosen as one in this
p=0

case. These observations will be used in the proof of Theorem 12. By convention, we assume that
P(C},v") = 0 (resp. = 0) vacuously holds if the index set 6 is empty.

The following example illustrates Proposition 8 and other related lexicographical conditions:

Example 10. Consider J; = [/?)1 )\1] with Ay > 0, C} = [g 51], and v’ = (—1,1)7. Hence,
) _
P(Cy,v") = (ChL(WY), Chov') = (g _53> = 0. Define 2° = (5,-3)" and 2! = (0,2)T. It

follows from Corollary 7 that p; = 2 renders 20 + p12' > 0. Let pg = 1 and v = 1 L(v?) +
povt = (1,1)T. Proposition 8 asserts that Cje’itu = eM[ ozt + (u2! + poz®)] > 0,V ¢t >
0. Indeed, a straightforward computation shows that C’g ety = eMt(5, 2t + 1)T. Moreover,
since eM poz't + (u12' + 1o2°)] is linear in (o, p1), one can positively scale (uq,p1) such that
M ozt + (12t 4 po2°) ] is greater than any positive vector for all ¢ > 0.

We introduce more notation. For the given vector b = (b1, ,b,)T € R™ characterizing the
polyhedron P, define three index sets: a = {i|b; > 0}, = {i|b; = 0}, and v = {i|b; < 0}. For
notational convenience, we let b™ = b, b® = bg = 0, and b~ = b,. Likewise, we use C*,C? C~ for

the corresponding blocks Cy,, Cjg, Cy in C respectively. Let F, G : R — R’ be two functions. We
say that F'(t) tends to G(t) as t — +o0 if for any € > 0, there is t. > 0 such that ||[F(t) — G(t)| <

g,V t > t.. With this notion, we present the following proposition instrumental to the necessity
proof of the main result.

Proposition 11. Let f: R — R and b, € R be given such that f(t) > b,V ¢t > 0. Suppose that

k
P
f(t) tends to e - {po—i— g Ps Sin(wst—i—ﬁs)] as t — +o00, where the real tuple (pg, p1,- -, pr) # 0,
p!
s=1

p is a nonnegative integer, A € Ry, w, € Ry, with w; # w; whenever 7 # j, and 65 € R. Then the
following hold:

(a) If (A\,p) > (0,0) or b, > 0, then pg > 0;
(b) Tt po < 0, then (A,p) = (0,0);
(C) If (Aap) = (07O)a then pPo = be.

k
Proof. We prove (a) as follows. Let h(t) = po + > ps sin(wst + 05) and assume pg < 0. Since
s=1
(po, p1,--+ 5 px) # 0, either pg < 0 with (p1,---,px) =0 or pg =0 with (p1,---, px) # 0. For both
the cases, we obtain a scalar 7 < 0, particularly via Lemma 3 for the latter case, such that for any

t, > 0, there exists € [t., 00) with h(t) < 5. Consider the following two cases:
(1) (A\,p) = (0,0). Since, as t — oo, e\t is arbitrarily large and f(t) is sufficiently close to
e’\t;—p! h(t), we deduce that for any ¢ < 0 and any small ¢ > 0, there exists ¢ > 0 such that

e’\t/(t;# h(t') < ¢ and |f(t') — e’\t/(t;% h(t")| < e. This shows that for any ¢ < 0, there exists
t" > 0 with f(t") < {/2, which contradicts f(t) > b;,V ¢t > 0 for any given by.



(2) by > 0. We only need to look at the case (\,p) = (0,0) since (\,p) = (0,0) and the case
(A, p) > (0,0) has been treated in (1). Notice that f(¢) tends to h(t) as t — +oo0. Hence,
via the property of h(t) with n < 0 stated above, we see that for any t, > 0, there exists
t € [t.,00) with f(t) <n/2 <0, a contradiction.

Hence, we must have pg > 0 in (a). Statement (b) is a direct consequence of (\,p) = (0,0)
and (a). To show (c), notice that (A, p) = (0,0) implies that f(¢) tends to h(t) as ¢t — 4o0. If
(p1,-+,pr) = 0, then py > by holds true obviously. Otherwise, we apply Lemmas 3 and 5 to
obtain pg > by. ]

The following result provides main necessary and sufficient existence conditions of a positively
invariant set of a linear dynamics on a polyhedron; its extension to affine dynamics is given in
Theorem 18. The proof for sufficiency relies on the lexicographic relation results developed before.
The necessity proof shares the similar spirit in the recent paper [34]. However, a major difference
is that [34] imposes observability-like conditions on the pairs (C%,J;;), while the present paper
does not. The latter allows us to handle a general polyhedron on one hand, but considerably
complicates the analysis on the other hand. This difficulty is overcome by introducing the lifting
operator and making full advantage of the echelon structure of the lexicographic relation and the
long-time dynamic analysis results as shown below. The proof is given in the Appendix in order
to maintain a smooth paper flow.

Theorem 12. The positively invariant set A of the linear dynamics on the polyhedron P is

nonempty if and only if the index set « is empty or there exist real eigenvalues A\;y > Ao > --- >
A > 0of Aand v" € V()\;),i=1,---,k such that
(a) PT = (P(CL0Y), -+, P(CEW¥)) =0, PY= (P(Cé,vl), R P(C’g,vk)) = 0, and
(b) the following implication holds:
P = (P(C’i,vl), e P(Cﬁ,vk)) 70 = (7)
[ Ne=0, 3, CH 0k 2 by 3,00 08 > by, (P(CL .00, -, P(CE . 0%) =0 }

where the index sets ¢ C a and 1) C v consist of the indices corresponding to the rows whose
positive (resp. negative) leading terms appear in the last columns of P+ and P~ respectively.

We say a few more words about the implication (7). This condition should be read as: if P~ is
not lexicographically nonnegative (namely, some row of P~ contains a negative leading term), then
all the following four conditions must hold: (i) the last real eigenvalue )y is zero; (ii) each negative
leading term of P~ only appears in the last column of P~ (which corresponds to the constant
mode), and all the rest rows of P~ are lexicographically nonnegative; (iii) letting 1) C 7 denote
the index set corresponding to the rows of P~ with negative leading terms (in the last column of
P7), then Zj Czj vk > by; and (iv) letting ¢ C o denote the index set corresponding to the rows

of Pt whose positive leading terms appear in the last column of P*, then > y C;ﬁj vk > bg.

The conditions of Theorem 12 can be greatly simplified if A is a diagonal matrix. To see this,
we assume, without loss of generality, that A = diag(Ji, J2,- - ,Jp), where the diagonal matrix
block J; = diag(\;, - -, Ai), and the eigenvalues Ay > A > --- > A,. Accordingly, the m x n matrix
C and an n-vector v can be partitioned as C = [Cl c? .. -C’p] and v = ((vl)T, ()T, (Up)T)T
respectively, where C* and v* correspond to J;. Note that for any J;, each of its Jordan block is just
the scalar \; so that n; = 1. Therefore, it follows from (6) that for any index set 8 C {1,--- ,m},
P(Ci,v") = Cjv'. Hence PT in Theorem 12 becomes (CLv!,-- -, Ck v*); the similar simplification
can be made for P® and P~. To further illustrate this discussion as well as the conditions of
Theorem 12, we present the following example.
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Example 13. Let A € R*>4, C € R®**, and b € R® be

5 -1 % K * 1

4 0 1 2 * 3

A= 0 , cC=]10 -1 1 *| b=10.2
6 0 -2 1 * 0

0 0 —-05 = -1

where * denotes the uninteresting terms and k is a real parameter we shall discuss below. Note
that the polyhedron defined by C' and b is unbounded, and the index sets o = {1,2,3}, 5 = {4},
and v = {5}. Let v = (v',v% v3 v*)T, where each scalar v’ corresponds to the ith eigenvalue

of A. Furthermore, C? is the ith column of C in this case. Choose v!' = —1 and v3 = 2. We
1 2k
obtain Pt = (Clo!,C30v3) = 8 421 =0, PY = (C5v',C30v%) = (0,2) = 0, and P~ =

(C% vl,Cg v3) = (0,—1) # 0. To verify the implication (7), notice that v3 corresponds to the
zero eigenvalue, the negative leading term of P~ is in the last column of P, and the index sets
¢ ={2,3} and ¢ = {5}. Moreover, Cg v3 = (4,2)T > by = (3,0.2)T and C;rz v} =—1>b,=—-1.
Hence, the positively invariant set A exists. In fact, for any s, z = (=1 — 2|x/|,0,2,0)" € A.
Finally, we point out that a nonzero v? will not make (Cv!, C2v?% C3v3) = 0 since the leading
terms of the second and third rows of C' have opposite signs.

It is interesting to observe that conditions (a) and (b) of Theorem 12 do not involve the complex
eigenvalues of A and thus can be cast as a constrained eigenvector problem. We elaborate more
on this observation via the following example; computational issues pertaining to verification of
the positive invariance conditions will be discussed in Remark 21.

Example 14. Let A = diag(Jy, Jo) € R**4 C € R34 and b € R? be

0 5 x x 3

le[gl H ng{_Az ;"] C=12 -1 % *|, b=|0], with Ay >0, w>0
! 2 0 -1 % % —4

Corresponding to J; and Jp, we partition C and v € R* as C = [C! C?], and v = ((v1)7T, (v*)T)7,
where Ct = (Cl;,CL) contains the first two columns of C and v! = (v},vd)T € R% Since J;
has order 2, we obtain from (6) that, for any 6 C {1,2,3}, P(Cj,v') = (C’(}1 vy, Cgi vl + Chy v%)
Moveover, the index sets o = {1}, 8 = {2}, and v = {3}. Since P* = (0,5v1), P’ = (20}, 2v{ —vd),
and P~ = (0, —v3), we must have v} > 0 for P = 0, but this implies P~ # 0. Therefore, if \; > 0,
then the condition (7) fails, which rules out the existence of the positively invariant set. On the
other hand, if \; = 0, then, as partially shown in Example 10, vi = —1 and v} = 1 satisfy the
conditions of Theorem 12 and thus the positively invariant set exists.

Finally we informally explain why the oscillatory mode associated with the complex eigenvalues
plays no role in the positive invariance conditions as follows. Consider a positively invariant
trajectory z(t,2°). If Ay > Ay > 0, then the oscillatory mode would dominate as ¢ sufficiently
large. However, due to Ao > 0 and the persistent sign alternating property of the oscillatory mode
(cf. Lemma 3), Cx(t,2°) > b cannot hold for large ¢, which contradicts the positive invariance
of z(t,2°). Hence, such the oscillatory mode must vanish in z(t,2°). If Ao < A1, then as t is
sufficiently large, the mode corresponding to J; will dominate. The case where Ay = A1 is subtle,
but it can also be shown via the sign alternating property that the mode corresponding to .J; plays a
major role in z(¢,z%). In all the cases, we obtain the (necessary) positive invariance conditions that
only depend on the mode associated with A; for sufficiently large ¢t. On the other hand, under the
positive invariance conditions, one can always use the lexicographical relation and perform positive
scaling to obtain a positively invariant trajectory without considering the oscillatory mode.

S|
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3.2 Non-trivial Positive Invariance of Linear Dynamics on a Polyhedron

We discuss a special case in the positive invariance analysis of the linear dynamics. Recall that if
the index set « is empty, then 0 € A. We shall derive necessary and sufficient conditions for this
case such that A is nontrivial, i.e., A # {0}, in this section. This result is useful to characterize
global switching behaviors of piecewise affine systems to be discussed in Section 4. Notice that
when P is a polyhedral cone, i.e., b = 0, a similar result is obtained in [24] using the fixed point
theorem. The interested reader may also refer to [7, 36] for a connection between this result and
the Krein-Rutman Theorem in linear operator theory. The following results deal with the case
where P is other than a cone, i.e., v is nonempty, using the dynamical systems approach developed
in the previous section.

Lemma 15. Let (C% J;) be a pair corresponding to a real eigenvalue \; of A. If there exists
a nonzero v’ € V(\;) such that P(C},v") = 0 for a nonempty index set 6, then there exists an
eigenvector u € V(\;) of J; (associated with \;) such that Cju > 0.

Proof. Given the nonzero v' = @ v € V();), let £ be the largest integer such that £%(v¥) # 0 for
J
some j, namely, LP(v¥) = 0, V j if p > £. Since v* # 0, it is clear that £ exits and 0 < ¢ < n;—1. For

this ¢, define the index set ¥ = {j | L*(v") # 0} which is nonempty. By the property of the lifting

operator £ discussed in the previous section, we have for any j € o, Lf(vY) = (pj,0,--- ,O)T,

where p; # 0. Therefore Z C” LYY = 3 p; CF), where C’ej1 denotes the first column of Cy
jEY
This thus shows

P(Cévvz) = (07 707zcéj££(vij)a*7"' 7*) = (07 707 ijoéjla*a"' 7*) =0
j JjED

where x denotes the terms we are not interested in. Consequently, > p; Céjl > 0. It is also noted
jEV
that for each j € 9, £f(v¥) is an eigenvector of J;; associated with \;. Hence, u = @ £L(v¥) is an
J

eigenvector of J; associated with A;. The lemma thus holds as Cju = 3 p; Cel > 0. t
jEeY

Theorem 16. Consider the linear dynamics and the polyhedron P with o = 0, C? = Cp and
C~ = C,. Then A is nontrivial if and only if any one of the following conditions holds:

(a) (C,A) is an unobservable pair, i.e., there exists a nonzero vector v € O(C, A);

(b) there exists an eigenvector v associated with a real eigenvalue A of A such that C% > 0 and
the following implication holds: A >0 =— C~v > 0;

(c) there exist a complex eigenvalue (A + 1w) of A (with w # 0) and an associated complex
eigenvector (u +1v) such that A <0 and C%u = C% =0 .

Proof. “Sufficiency”. Case (a) is trivial. We consider (b) and (c) as follow:

Case (b). Let A be a real eigenvalue of A and v # 0 be an associated eigenvector satisfying
the conditions stated in (b). First, it is easy to see COetv = eMC% > 0,V ¢ > 0. Consider
two subcases: (i) A > 0; and (ii) A < 0. For the first subcase, we have C~ ety = eMC~v >
0>b", Vt>0. Thus v € A. For subcase (ii) where A < 0, we have a scalar ¢ > 0 such that
Cc- (z-:v) > b~. Notice that CY%e4*(cv) > 0,V t > 0. Define the index set ¢ = {i | (C~v); > 0}.

Clearly, [C™(ev)]y > 0 and 0 > [ “(ev)l5 = (b7)5. Therefore, [C~ eAt(ev)]y = MO (ev)]y >

0> (b7), and [C~ e (e V)5 = eM[C (e )] > [C7(ev)]g = (b7)g for all t > 0 (because A < 0).

12



In conclusion, C*eAt(E v)>b",Vt>0. Thus0#cv e A

Case (c). Notice that v # 0 and the condition C% = C% = 0 implies (u +1v) € O(CY, A),
i.e., CO%A(u +1v) = 0,V t. Therefore, COe*v = 0,Vt > 0. Moreover, observing that C~ ey =
eM [cos(wt)C~v + sin(wt)C~u] and A < 0, we deduce that ||[C~eAtv||s < 6,Vt > 0 for some scalar
§ > 0. Hence, there exists a scalar e > 0 such that |[C™e?(cv)|2 < min;e~(|b;]),Vt > 0.
Therefore C~eA(sv) > b~ and C%eA*(cv) = 0 for all ¢ > 0. This implies cv € A.

“Necessity”. Let 0 # z* € A, ie., Ceftz* > bVt > 0. To avoid triviality, we assume
z* ¢ O(C, A). Since Cetz* is not identically zero, there is an eigenvalue )\; associated with the
largest non-vanishing mode in C'e*z* as shown in the proof of Theorem 12. We consider two cases
as follows:

(N1) A; > 0. In this case, by the similar argument in the necessity proof of Theorem 12, we
deduce that there exists a nonzero v* € V()\;) such that P(C%v") %= 0. This thus yields, via
Lemma 15, an eigenvector u of J; such that C*u > 0. Appropriately expanding u to a vector
v € R" by adding the zero subvectors, we obtain an eigenvector v associated with A; such that
C% >0 and C~v > 0. This leads to (b).

(N2) A\; < 0. We consider two subcases: (i) z* ¢ O(C?, A); or (i) #* € O(C°, A) but z* ¢
O(C~,A). For the first subcase, CleAly* = Cs eAtz* > 0,¥ ¢t > 0 but is not identically zero.
Hence, P(Cé, v?) %= 0 for some 0 # v € V()\;). Following the argument in (N1), we thus obtain an
eigenvector u associated with \; such that Csu = C%u > 0. This results in (b) by observing that
the implication in (b) vacuously holds as A; < 0. For the second subcase, we have the non-vanishing
terms in C,YeAtx* corresponding to A; as

n;—1
>\t g k ) zk zk ik
5 (00 ) + X st )
where v ulk Wik 9% depend on C, A, z* only. If all (u*), = 0, then v’ = =D, v # 0. But since

Cée‘]"tvi =0,V t, we have P(C" B’ v") = 0 which leads to an eigenvector v of A associated with \;

such that Cgv = C%v > 0. This gives rise to (b). If, however, (ul¥), # 0 for some s and k, then
u’* # 0 and we must have a complex eigenvector (u -+ 2v) associated with the complex eigenvalue
Ai + 1w such that CO(u +1v) = 0, or equivalently C% = C% = 0. Since \; < 0, we obtain (c)
as desired. O

It is worth pointing out that the algebraic conditions in the above theorem are finitely verifiable.

3.3 Positive Invariance of Affine Dynamics on a Polyhedron

We now return to positive invariance analysis of the affine dynamics & = Az + d on the convex
polyhedron P = {z € R" | Cz > b}, where A € R™"™ and d € R". For the given A and d, we
can uniquely decompose d into d = d. + d,,, where d. is the orthogonal projection of d onto the
column space of A and d,, is the projection onto the null space of AT such that d. is orthogonal
to d,. Since d. = Au, for some vector u., the state transformatlon T = + u, converts the affine
dynamics into # = A%+ d,, and the polyhedron into P = {Z | C% > b}, where b = b+ Cu,. Hence,
if d, = 0, namely, d is in the range of A, then the affine dynamics can be transformed into the
linear dynamics such that the results in the previous section follow. Consequently, we assume,
without loss of generality, that d # 0 is in the null space of A”. Equivalently, this assumes that d
is an eigenvector of AT associated with the zero eigenvalue which further implies that A has the
zero eigenvalue.

To develop the necessary and sufficient condition for the existence of the positively invariant set
of the affine dynamics, we present a technical lemma extended from Proposition 8. Let J; = @ ; Jij

be the Jordan block associated with the zero eigenvalue \; and d* = @ ; d" be an eigenvector of JiT.
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Hence, d¥ = (0, -0, dffij)T, where di{ij #£ 0 is the last element of d”. Recall that n; = max; n;;
where n;; is the order of J;;. For a given index set § and v* € V(0), define the vector tuple:

P(Cg,vi,d E (ZCIJ Em( ”)—i—ﬁn’_l Z] . ZCZJ zg +£0 ZCU EO 2] )

J
(8)
Lemma 17. Let d* be an eigenvector of JZ-T associated with the eigenvalue A\; = 0. For a given
vector b € R™, if there exist v* € V();) and the index subsets 0,0" C {1,---,m} such that
P(Ci, vt dY) = 0, P(C’g,,vi,di) =0, and }; C’;j LO(v¥) > by, where ¢ C 6 consists of the indices
corresponding to the positive leading term of the tuple in the last column of P(C’é,v' d?), then
there exists u’ € V();) such that C} [e”i Z—i—fe (=T dr d'] > by, Cl [efit Z—i—fe (=Tdr d'] =

0, vt>0.

Proof. Let d' = P ; d, where d/ is in the null space of the Jordan block JiJT» associated with the

zero eigenvalue )\; and at least one of d*/’s is nonzero. Since di = (0, -0, difij)T with difij # 0,
¢ o Tl y y y y
we have ({e‘lﬁ(t—ﬂdr dv = ’;0 %(sz)kd” = Z (;52:11)' (d7). Let 20 = 33, Cf LO(v)

and 2F = Z] C’éj [Ek(v”) + Ekil(d"j)} for k =1,-- ,ﬁi. Likewise, let 3° = > C’éj; L£0(v¥7) and
y* = > C;], [£F(vT) + £F1(dY)] for k = 1,--- ,7;. Hence, (2, ,2%) = 0 with zg > by and

(ym, e ,yo) = 0. By Corollary 7 and Remark 9, we obtain nonnegative scalars j1, - - - , up, with

po = 1 such that > psz® > bg and > pus—rp2® >0 forall k =1,--- 7, and Y ps—ry® = 0 for
s=0 s=k s=k

all k > 0. Let u¥ = g LO(v¥) + 521 s [L£5(v9) + £571(dY)], and v’ = @D, u” € V(\;). Hence,

t
Jtuz_|_ eJZtTdel

0
otk y
= s Cl] [,k 1]) _|_£k—1(dzj)]
Py k! ( )
g n;—k
- Z%( O 13w [ £ ) + L5079 4 £46%) 4 g £ )
k=0 s=1
ik —k
= 7]( CZJ Z LLs £k+s( Z])+£k+s 1(dz3)])
k=0 k! s=0
g tk ; . 1 I tk
- Mk.@up ety o) - 5 4w

where we recall L7 (w) = 0 for any w by convention. Therefore, we have C} [e”/it Z+f et dr dt] >

n;
> pp 2P > b, ¥Vt > 0. Similarly, we obtain

p=0
e t Jilt—r) ‘ n; tk ng
Ciilef'u +/0e1 drd'] =k§_0 k![g—kup_kyp} =0, Vt>0. O
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Theorem 18. Consider the affine dynamics ©@ = Ax + d, where d # 0 is in the null space
of AT. The positively invariant set A of the affine dynamics on P is nonempty if and only
if there exist real eigenvalues \; > Xg > -+ > Ay > 0 = M\ of A and v' € V(\), i =
Jk such that (P(CLvb), -+, P(CELok7L), P(CE vk, d%)) = 0 with 32, C57 oM > b,
(P(Cé,vl), e P(Cg_l,kal), P(Cg,vk, dk)) %= 0, and the following implication holds:

(P(C},0Y), -+, P(CET1 MY, P(CE R, d¥) # 0 =

[ 2,65 04 = by, (P(Cly0h), o, P(C 057, P(CY 08, d") = 0],

where the index sets ¢ C « and ¥ C ~ consist of the indices corresponding to the rows whose
positive (resp. negative) leading terms appear in the last columns of the respective tuples.

Proof. Since d # 0 is in the null space of AT, A has the zero eigenvalue and thus A always has
a nonnegative eigenvalue. The sufficiency of the theorem can be proved in the similar fashion via
the corresponding argument in Theorem 12 by making use of Lemma 17 and A; = 0 for the zero
eigenvalue mode. To prove the necessity, let * € A. It is clear that

n;—1
C’[eAtfc* +/ Alt=r de Z { At Z Z ( ZCij Ek(vij) + Zuff sin(wékt+ 9;’“)) }
0 k=0 s

Ai#0
ok , A 3 A _

+ Z 7 ( Z X [Ek(voj) + Lk Ld%)] + Zugk sm(wgkt + 92’“)),
k=0 J s

where )\; and 7; are defined in the same way as in Theorem 12, v% and ugk correspond to the
zero eigenvalue and (possibly existing) imaginary eigenvalues of A respectively, which depend
on C,A,z* only. Let the real parts of the eigenvalues of A be labeled in a descending order,

€, AL > Ag > oo > A > A =0 > Mgy > -0 > Ay. Define the vector tuples P(C* Y
corresponding to positive A\;,7 =1,--- ,k — 1 in the same fashion as in Theorem 12. In particular,
if \; corresponds to a strictly complex eigenvalue of A, then \; must be positive and P(C?, v*) = 0.
We also define P(C*, v*, d*) for the zero eigenvalue \j, with v* = D, v € V(\g) and d* = D, d%,
which is an eigenvector of Jg . The remaining proof thus follows from the necessity arguments in
(N1-N3) of Theorem 12 by considering the large-time dominating mode of Cy [eA*z* + d t] for each
{ € a, l € and f € v respectively. Recall that if any index set is empty, then the associated
lexicographical relation is assumed to hold vacuously; see Remark 9. Lastly, since A has the zero
eigenvalue, by removing the positive A; that corresponds to a strictly complex eigenvalue of A
and its corresponding zero block in the obtalned tuples, we attain the desired nonnegative real
eigenvalues \; and associated subvectors v* € V()\i) as explained at the end of Theorem 12. O

We present the following example to illustrate the above conditions.

Example 19. Consider Example 13, where A is diagonal, and d = (0,0, p,0)” with p # 0 such
that d is in the null space of A”. Hence, d° = 0,7 = 1,2,4 and d®> = p. Recall that the polyhedron is
unbounded and a = {1,2,3}, 3 = {4}, and v = {5}. Since d> corresponds to the zero eigenvalue,
it follows from (8) that P(Cj,v%,d*) = (Cjd® Cjv3) for any index set § C {1,---,5}. Let
p > 0. Note that no matter what v!, v? and v3 are chosen, (P(C% v, P(Cg v?), P(C’g’ v}, d?%)) =
(0,0, —0.5 p, —0.503) # 0 and the negative leading term —0.5 p does not appear in the last column.
Hence, the conditions of Theorem 18 fail such that the p051t1ve1y invariant set does not exist.
This result can be directly verified as the last entry of CleAtx + f eAt=7)dr d] takes the form
—0.5(pt + 23 + x4 %), which cannot be greater than —1 for all t > 0. Now consider p < 0. Since

—v * Kp Kv>
(P(CL,0Y), P(CZ0%), P(C3, 0%, d%) = [ 0 2?2 2p 203 |,
0 - p 3
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no v',v?,v3 will make the above vector tuple lexicographically positive. Hence, the positively

invariant set does not exist either. Finally, we comment that if p > 0 and we change the (5, 3)-
entry of C' from —0.5 to a nonnegative number, then the conditions of Theorem 18 are satisfied
for any x, which ascertains the existence of the positively invariant set.

Remark 20. An interesting special case is when the convex polyhedron P is bounded, i.e., P is
a polytope. For a general affine dynamics & = Ax + d with (possibly zero) d in the null space
of AT it has been shown in [18, Therorem 3.1] via the fixed point argument that the associated
positively invariant set A exists if and only if Av + d = 0 for some v € P. The long-time dynamic
analysis techniques in Theorems 12 and 18 provide an alternative proof for the necessity of this

t
result (the sufficiency is trivial). Indeed, letting 2* € A and noticing e*z* + [eAt="drd is
0

t
bounded on [0,00), we have eAtz* + [eAlt=Tdrd = D, (0% + t (L(vY) 4 dY) + hj(t)], where
0

v% corresponds to the zero eigenvalue, d = € ; d%, and h;(t) contains all the terms associated
with the eigenvalues with non-positive real parts. Hence £(v%) + d% = 0 for all j due to the
boundedness. By (c) of Proposition 11, we deduce }_; C% % > b. Moreover, L(v%) = Jo; v%
holds. Hence, by appropriately expanding v°, we obtain v satisfying Cv = Zj C% % > b and
Av = B; Jo; v = — @D, d% = —d. This shows that v € P and Av + d = 0 as expected. This
result can also be obtained by directly checking the conditions of Theorem 18 with the observations
that v* = 0 for \; > 0 and ¢ = « if o # () due to the boundedness of P.

Remark 21. The necessary and sufficient conditions presented in Theorems 12 and 18 pose the
question of whether they can be verified by a finite procedure, or namely whether the verification
problem is decidable. Upon knowing the eigenvalues of the matrix A, the answer is affirmative
since the matrix A has finitely many nonnegative eigenvalues and checking the algebraic conditions
in the theorems, especially the lexicographical relation, can be formulated as a feasibility test of
finitely many linear inequalities; see [25, Section VII] for detailed discussions. Consequently, once
the eigenvalues of A are found, not only is the verification problem finitely verifiable, it can also
be solved by efficient linear programming methods.

3.4 Extension to Generalized Suplinear Sets

We briefly discuss an extension of positive invariant analysis to a more general set of the form
S ={x € R"| H(z) > b}, where the vector-valued function H will be specified below. An extended
real-valued function f : R™ — RU {400} is called generalized sublinear if (i) f is subadditive, i.e.
flx+y) < f(z)+ f(y),¥Y z,y € R", and (ii) f is generalized positively homogeneous, i.e., there
exists a bijective and strictly increasing function p : Ry — Ry such that f(Azx) = p(\)f(z),V z €
R™ V¥ A € R;. It is clear that p is continuous on R;. If p(\) = A, then f becomes the standard
sublinear function and is convex [10, 19]. Letting domf := {z € R"| f(z) € R} be the domain of
f, we call f nontrivial if domf # () and f is not identically zero on domf. The following lemma
states basic properties of p and f whose proof is given in the Appendix:

Lemma 22. Let the generalized sublinear function f : R” — R U {400} be nontrivial. Then
f(0) =0 and p is inverse symmetric, i.e., p(%) = ﬁ,v A > 0 with p(1) = 1.

An example of a nontrivial generalized sublinear function is as follows with p(\) = A™:

— Tz, if zeR?
fwy={ 4 +

400, otherwise
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A function h : R” — R U {—o0} is called generalized suplinear if —h is generalized sublin-
ear. A vector-valued function H : R” — (RU {—o00})™ is called generalized suplinear if each
of its components H;(x) is a generalized suplinear function defined by a (possibly different) bi-
jective and strictly increasing function p;. We assume that each —H; is nontrivial through this
section. We call the set S = {x € R" | H(z) > b} generalized suplinear if H is generalized su-
plinear. Note that such a set is generally non-convex. Given a vector u € R”, we write it as u =
> (0,0, (u)T,0,- -+ ,0)7 where u' € R™. Define H(u') = H((0,--- ,0, (u"),0,---,0)T). It
is clear that H* : R" — (R U {—o0})™ is generalized suplinear and H(u) > ), H'(u") (due to
subadditivity of —H). Moreover, H*(0) = 0 which implies that its domain is nonempty. We also
assume throughout this section that each component of H? is not identically zero on its domain
such that it is nontrivial.

The positive invariance results in the previous sections can be extended to yield sufficient
existence conditions for generalized suplinear sets under the above assumptions. To illustrate this,
we consider the linear dynamics # = Ax to avoid being excessively technical. Let v* € V()\;) for a

nonnegative eigenvalue )\; of A such that v* = @ ; v¥. For an index set § C {1,--- ,m}, we have
nl—l
CEIERCD SA-VI B SEACH VIR
n;—1

A\

Z diag(p;(e *))]Ee He(@ L*(w ”))

where diag (pz)z ¢ p denotes a diagonal matrix with diagonal entries given by indexed scalars p;, i € 0.
Define the tuple

P(H}(v')) = (Hé(@j[ﬁrl(vz‘j))’... 7Hg(@j£o(vu)))

' roper if each entry in the tuple is finite. It can be shown that if a proper
(resp. P(H}(v')) = 0), then there exists u’ € V(\;) such that Hi(e/i'u’) > a
0) for all ¢ > 0 and any a € RY',. Indeed, similar to Proposition 8, let

IV ©

ut = Z ps B; v with nonnegative reals s to be determined. If P(H}(v')) is proper and

n;—1 k n,—1—k

Hé(e‘]itui) > Z Hz( Z Hs@j£k+s(vij))
s=0
nzfl n;—1
> Z diag(p; (e ))jee Z Hg(up,k@jﬁp(yij)> >a, Vt>0

p=k

for suitable s > 0 by Corollary 7 and Lemma 22. The case P(H}(v')) = 0 follows from the above
argument and subadditivity of —Hg. Furthermore, if there exist real eigenvalues A\ > Ay > -+ >
A >0 and o' € V(N;), i = 1,---,¢ such that P(H}(v")) are all proper and P(Hj(v')) > 0 for

N g
some index set 0, then for any a € R, and any given u' = 820 Wi s @j v 1 > 2 with p;s > 0, we
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'FL_

obtain wu! Z 11s EBj v% € V()\1) with suitable p; s > 0 such that

ny— 1
Hg(@leejitu’ ZHZ Tty > dlag(pj( )‘lt 369[ < Z k|® ))
i=1
 n;—1 tk 4 B
* Z; kzo diag (p; ()" kl))yee Hg(@jﬁk(uw)ﬂ >a, Vt>0

where we use the inverse symmetry of p;’s shown in Lemma 22 and boundedness of pj(e()‘i_h)t tk—k,)
n [0,00). Based on these results, we obtain the following sufficient conditions via the similar
argument in (S1) of Theorem 12:

Proposition 23. Consider a nonempty generalized suplinear set S with b > 0, i.e., v = (). Then
the positively invariant set A of the linear dynamics on S is nonempty if there exist real eigenvalues
Al > Ao > o> N > 0and o' € V(N), i =1,k such that P(H.(v')) and P(Hé(vl)) are
proper for each i, (P(H.(v')), -+, P(HY(v"))) = 0, and (P(Hé(vl)), e P(H’g(vk))) = 0.

The sufficient conditions for the other cases can be established in the similar manner. Instead
of further pursuing this generalization, we show two applications of the positive invariance results
in the next two sections.

4 Application to Global Switching Characterization of Piecewise
Affine Systems

In this section, the positive invariance results are applied to a class of affine hybrid systems.
Specifically, necessary and sufficient conditions are derived to characterize global long-time switch-
ing behaviors of piecewise affine systems with isolated equilibria and infinite mode switchings.

4.1 Piecewise Affine Systems

A function f : R® — R" is called piecewise affine (PA) if there exists a finite family of affine
functions {f;}¢_, such that f(z) € {fi(x)}_, for each x € R™ [15, 31]. Consider the ODE system:
& = f(z), where f : R™ — R™ is continuous and piecewise affine. We call such a system the
piecewise affine system (PAS) [11]. A continuous and PA function possesses an appealing geometric
structure for its domain, which provides an alternative representation for the PAS. To elaborate
on this, let = be a finite collection of polyhedra P; = {z € R" | Cjz > b; } for C; € R™*™ and
b; € R™i. A face of P; is defined as P;N{x | (Ciyx —b;)o = 0} for a nonempty index set a such that
there exists € R™ with (Cjx — b;)q = 0 and (Cjz — b;)5 > 0, where & denotes the complement of
«a; see [31, Proposition 2.1.3] for more details. A face of P; is called proper if it does not coincide
with P;. We call = a polyhedral subdivision of R™ [15, 31] if

(a) the union of all polyhedra in = is equal to R, i.e., Ji~; P; = R,
(b) each polyhedron in = has a nonempty interior (thus is of dimension n), and

(c) the intersection of any two polyhedra in E is either empty or a common proper face of both
polyhedra, i.e., P;NP; #0 = [P;NP; = Pin{z|(Ciz — bi)a =0} = P; N {z|(Cjz —
bj)g = 0} for nonempty index sets a and § with P; N {z|(Cix — bi)a = 0} # P; and
Pin{z|(Cjz —bj)g =0} #P; |
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For a continuous and PA function f, one can always find a polyhedral subdivision of R™ and finitely
many affine functions g; = A;x 4 d; such that f coincides with one of g;’s on each polyhedron in
= [15, Proposition 4.2.1]. With these notions, we can rewrite the PAS in the equivalent form

T =Ax+d; if zeP, (9)

where [z € P; N Pj| = [Aix +d; = Ajz+ d;] holds true due to the continuity of f. In what
follows, we call each affine dynamics & = A;x + d; and its associated polyhedron P; a mode of the
PAS. Since a continuous and PA function is globally Lipschitz continuous [15], the PAS (9) has a
unique solution for any initial state. The PASs form a class of affine hybrid systems, for which the
time-invariant vector fields are affine, the invariant sets are the polyhedrons P; of dimension n, the
guard sets are the boundaries of these polyhedra, and the reset maps are all identities. The PASs
model important hybrid systems in various areas and thus have attracted considerable research
attention. Examples include affine complementarity systems in dynamical optimization [26, 32]
and nonsmooth dynamical systems such as genetic regulatory networks in systems biology [14].

An important class of the PASs is the conewise linear systems (CLSs) [11, 34, 35], for which
b; = 0 and d; = 0 for each i such that (9) becomes & = A;x if x € C; ={z | C;x > 0}. We shall
discuss more about the CLSs and PASs in the next subsection.

4.2 Mode Switchings and Global Long-time Switching Behaviors

A PAS is subject to state-dependent mode switchings along its trajectories with implicit transition
times and implicit mode selection at switching times. The mode switching is formally defined as

Definition 24. For a given state trajectory z(t,z") of the PAS (9), we say that a time instant
t. > 0 is not a switching time along z(¢,z°) if there exist i € {1,---,m} and € > 0 such that
x(t,20) € P,V t € [t, —e, t, +€]; otherwise, t, is a switching time along z(t,2°), and that the PAS
has a mode transition or mode switching at t. along z(t, z°).

While state-dependent mode transitions are fairly common in applications with examples in-
cluding nonsmooth physical systems and dynamic optimization, they usually yield complicate
dynamical and control issues for hybrid dynamics. As a special case of the PASs, the CLSs have
been extensively studied in the recent papers [11, 34], particularly for their state-dependent mode
switching behaviors. In specific, a CLS is shown to be Zeno free [11] and possess the “simple
switching property” [34]. These results are critical to various local and global dynamic properties
of the CLSs. We extend these results to the PASs in this section, motivated by explicit character-
ization of long-time switching behaviors of the PASs. It can be shown that the PASs enjoy similar
local switching features as the CLSs, e.g. the non-Zenoness and simple switching property; see the
Appendix for their formal definitions and proofs as well as other background results. However, the
extension to long-time switching properties turns out to be rather nontrivial since these properties
are closely related to positively invariant sets of affine modes of the PASs that have not been fully
treated. The positive invariance results in Section 3 provide essential tools that lead to verifiable
characterization conditions as shown below.

Let A; and & = {x | A;x+d; =0, x € P;} denote the positively invariant set and equilibrium
set of the ith mode of the PAS (9), respectively. An equilibrium z¢ of the PAS is called isolated if a
neighborhood of z¢ exists such that it does not contain any other equilibrium. We call a PAS with
1solated equilibria if each of its equilibria is isolated. Notice that an equilibrium is asymptotically
stable only if it is isolated. Hence a PAS with isolated equilibria is of special interest in asymptotic
stability analysis. It is easy to show via the convex structure of the PAS that each equilibrium of
the PAS is isolated if and only if the equilibrium set of each mode contains at most one element.
Therefore, such a PAS has finitely many equilibria.
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In the sequel, we concentrate on a specific class of PASs, namely, the PASs whose trajectories
have infinitely many mode transitions (in the positive time direction) whenever they start from
non-equilibria. These PASs are referred to as the PASs with infinite mode switchings. The following
result characterizes such a PAS via the positively invariant set of each mode. Its proof, relying on
the non-Zeno and simple switching properties, is given in the Appendix.

Lemma 25. The PAS (9) has infinite mode switchings if and only if A; = &; for each i.

In view of this lemma, we focus on each affine mode of the PAS. For the ith mode and its
equilibrium set &, we assume the (possibly zero) d; to be in the null space of A;TF as before.
Obviously if &; is nonempty, then d; must be zero. Consider the following cases:

(1) & = 0. In this case, A; = &; if and only if exactly one of the following holds: (1.1) the
existence conditions in Theorem 12 fail when d; = 0; (1.2) the existence conditions in Theorem 18
do not hold when d; # 0.

(2) &; is a singleton set. In this case, since d; = 0, the sole equilibrium in &; can be taken as
x¢ = 0 (by a suitable state translation). Therefore, b; < C;z¢ = 0, which implies that b; has no
positive element or equivalently the index set « associated with b; is empty. Hence, A; = &; if and
only if A; is trivial, i.e., A; = {0}, or equivalently the nontrivial positive invariance conditions in
Theorem 16 fail.

By virtue of the above discussions, we immediately obtain the following result without proof:

Corollary 26. A PAS with isolated equilibria has infinite mode switchings if and only if the
conditions in (1) or (2) discussed above hold for each of its modes.

Remark 27. We make a few comments before closing this section: (i) For a CLS, all of its
equilibria are isolated if and only if it has a unique equilibrium at the origin. Hence, we deduce
from Theorem 16 that a CLS with isolated equilibria has infinite mode switchings if and only if
A; is trivial for each 4, which is further equivalent to the conditions that (Cj;, A;) is an observable
pair and that A; has no eigenvector in the polyhedral cone {z | C;x > 0}. This recovers the result
of [34, Proposition 17]. (ii) if & is non-degenerate, i.e., & N int P; is nonempty, then the similar
characterization conditions for A; = &; can be obtained as those in [34, Proposition 19] via the
positive invariant results and the observation that d; = 0.

5 Application to Exact Safety Verification of Affine Dynamics

A general safety verification problem poses a challenging analytical and numerical problem, even
for relatively simpler dynamics and constraint sets, because of infinite dimensional nature of ODE
dynamics. For this reason, two technical paths have been widely followed in the literature: one is
based on approximation methods (e.g., over-approximation/under-approximation and asymptotic
approximation) for general nonlinear dynamics or fast computation [28, 29, 39], and the other
focuses on exact approaches but only for simpler dynamics such as linear or affine dynamics
[22, 23, 40]. We take the second path in the current paper and concentrate on exact safety
verification of affine dynamics. The affine dynamics and algebraic structure of constraint sets
allow us to obtain less conservative and computationally tractable verification results. This is
demonstrated by the following example.

Example 28. Consider the affine dynamics # = Ax + d with the polyhedral initial set Sy and
the final safe region Sy. By Minkowski-Weyl Decomposition Theorem, we decompose Sy into
the sum of a compact convex hull and a conic hull, i.e., Sy = conv(v!, -+, v%) + cone(ul,- -, u*)
for the extreme points v’ and the extreme rays u/, where conv and cone denote the convex hull
and the closed conic hull of the given sets, respectively. Using this decomposition and letting
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Sy = {z|Cx > b}, it is easy to verify that the affine dynamics is safe from Sy on A = R if and only
if CleM v+ [ eAt=Ddrd] > bVt > 0foralli =1,--- ,£and Cle™w/+ [} eAtTdrd] > 0,¥¢ > 0
for all j=1,--- k. These conditions enable one to check for finitely many vectors only and thus
considerably Simplify computations.

Analytic results are hard to obtain for general Sy and Sy in safety verification, and the best way
to solve the (exact) safety verification problem is to pursue numerical approaches. This yields a
critical computability question, namely, whether such the problem is finitely verifiable or decidable
[8]. A typical approach to address this issue is to convert the original safety verification problem
into a semi-algebraic problem and then apply the celebrated Tarski-Seidenberg decision procedure
[9, Corollary 1.4.7]. Such an approach has been successfully invoked to show decidability of several
classes of linear dynamics on semi-algebraic sets, for example, [13, 22, 23, 40].

In the following, we show that the dynamic analysis techniques for positive invariance analysis,
along with semi-algebraic arguments, lead to improved decidability results. Specifically, we consider
an affine dynamics whose defining matrix contains complex eigenvalues only. Examples of such
a system include linear Hamiltonian dynamics with complex eigenvalues only [3, Appendix 6].
Furthermore, we assume that Sp and Sy are closed semi-algebraic sets, i.e., they are described
by finitely many multi-variate polynomial equations or inequalities which are neither convex nor
polyhedral in general. It is shown below that the safety verification problem is decidable even if
the ratios of mode frequencies of the dynamics are irrational. Two key tools have been exploited
to establish this result: (i) Lemmas 3 and 5 that express the infimum of a linear combination of
periodic functions in term of the sum of the minima of the periodic functions, and (ii) an algebraic
technique that formulates finding the minima of the periodic functions as a semi-algebraic problem.

Admittedly, the obtained decidability result is perhaps mainly of theoretical interest since
practical computations assume rational numbers. Nevertheless it reveals an interesting perspective
for decidability analysis via dynamic system techniques that may be extended to a broader class
of systems.

Proposition 29. Let Sp = {x € R" |p(x) > 0, w(xz) =0} and Sy = {z € R"| f(x) > 0} be closed
semi-algebraic sets, where p, w, and f are vector-valued multivariate polynomials. Suppose that
A has only complex eigenvalues which are all known. Then checking safety of the affine dynamics
# = Az 4 d on the time interval A = R is decidable.

Proof. Since A has no real eigenvalue, it is invertible and thus d is always in the range of A.
Therefore, via a suitable affine coordinate transformation, we assume d to be zero such that the
affine dynamics becomes linear, i.e., © = Az. The sets Sy and Sy remain semialgebraic after the
transformation. Since all the complex eigenvalues of A are known, each entry of e*z can be
written as e tP1(x) cos(wt) or eMtP[(z) sin(wt) for the known A, p,w, where p > 0 is an inte-
ger, w > 0, A 1w is the corresponding complex eigenvalue of A, and [(x) is a linear function
of x. Therefore, via basic trigonometric relations and straightforward computations, we have
At MNP [, ~ _ (S :
fletx) = c(z) + (XZl) et P [9(,\,]3@) (x) cos(wt) + hiso) (z) sin(@t) |, where ¢(z) is a (vector-
7p7w
valued) multivariate polynomial, 9655.5) (x), h(:\ﬁ@ () are (vector-valued) multivariate polynomi-
als corresponding to the tuple (X,ﬁ,fu), and w’s associated with the same (X,fﬁ are all distinct.
Notice that there are finitely many such tuples. We have the following claim:
Claim C1: the linear system is safe on A = R if and only if for all z € Sy, 9IG55) (x) =

h(;\ﬁ@) (x) = 0for (A\,p) #0and c(x)+>_ [ (0,0,0;) (%) cos(wjt) +N 0,00, (T) sin(w;t)] > 0,Vt € R,
where each w; in the latter condition corresponds to the pure imaginary eigenvalues of A.
The proof for (C1) is as follows. The sufficiency is obvious. To see necessity, we first show that

for each z € &y, 9IG53) (x) = h(Xﬁa)(x) = 0 whenever (\,p) > (0,0). Suppose not. Then there
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exist z* € Sy and (X, p) = (0,0) with (9(7\,5@) (z*), hi 5o (z*)) # 0 for some @ > 0. Let (\*,p*)
be the largest such a pair in the lexicographical sense, i.e., (A*, p*) > (X,f)’) for any pair (X,f)) with
nonzero (9(7\,;7@) (z*), h(;\ﬁ&) (z*)). Therefore, f(e'2*) tends to eX " ¢ > (900 p* ) (&%) cos(@t)+
hxs pz)(x*) sin(@t)] as t — +oo. However, by Corollary 4 (or Proposition 11) and feAta®) >
0,V t >0, we have gy« pz) () = h(r« pz) (") = 0 for all W, a contradiction. Similarly, by the
reverse-time argument, we conclude that if (X,p) < (0,0) (or equivalently A < 0), 9I555) (x) =
hi 5o (x) =0 for all x € Sp. Hence, the claim holds.

In the sequel, we show that the necessary and sufficient conditions established by Claim C1 can
be finitely verified. It is easy to see that checking the first condition, i.e., 9I5.5.2) (x)=h

Gim) (@)
0 with (X, p) # 0 for all z € Sy, can be cast as a semialgebraic decision problem and thus is
decidable. Hence, we only focus on the second condition which possesses a universal quantifier .
For the ease of development, we consider two cases as follows:

(1) The ratio of any two frequencies associated with pure imaginary eigenvalues of A is rational.
This case follows from [40, Section IV].

(2) Among all the frequencies w; of the pure imaginary eigenvalues of A, some of w;/wj,i # j,
are rational and the others are irrational. Define the function sy, (t, ) = g(0,0,0,)(®) cos(w;t) +
h(o,o,wj)(ﬂf) sin(w;t) for each w;. Following the similar treatment as in Section 2.2, we obtain the
collection of (disjoint) equivalent classes F,,; = { s, (t, 7) |w;/w; is rational } (which is independent
of r). Let Wy > 0 be a basis frequency associated with each FE,, and denote such the equivalent

class by Fg,. Let qz,(t,x) = >, su,(t,x). For any fixed z € R", we see that each component
Sw; € E‘T’l

of qz,(t,x) enjoys the same four properties of g, stated in Section 2.2. In particular, if the ith
component (qg,)i(-, ) is not identically zero, then it attains the maximal and minimal values
ti 5, (x) > 0 and v; g, (z) < 0 on (—o0,00) respectively. Furthermore, recall that for each s, €
E,, wj/we is a positive integer. Therefore, by the basic trigonometric results, we see that each
¢z,(t,x) can be expressed as a (vector-valued) multivariate polynomial function in terms of z,
sin(we t), and cos(w,t). In other words, letting ug, = sin(w, t) and vy, = cos(w, t) for each E,, we
obtain a (vector-valued) polynomial function qg, (, ug,, vg,) that is equivalent to ¢z, (, z), where
0 4z, (tv J")
~ ot
valued) polynomial function dg,(x, ug,, vz,). Suppose there are k equivalent classes Eg,. Since
c(z) + ij [g(o,o,wj)(fﬂ) cos(wjt) + h(070,wj)(x) sin(wjt)] = c(x) + Eif:l 4z, (t, x), we have:

Claim C2: for any fixed = and each i, ¢;(z) + Z];:l(q@)i(t,x) >0, V¢ e Rif and only if the
following implication holds

u%g + UL%Z = 1. Likewise, we can write the time derivative as an equivalent (vector-

k

[(3@)2‘(%, U, ,U‘Dé) = 07 'U/(_%l“‘v%e = 17 V= 17 to 7ki| = Cl(x)—i_Z(a@g)l(xv UGy UCJ@) >0 (10)
/=1

The proof for Claim C2 is as follows:

“Sufficiency”: Without loss of generality, we assume that (gg,):(-, ) is not identically zero for
each ¢. Observe that for every ¢, the real pairs (U@[, U@e) that satisfy (J@[)i(x,uaz, vy,) = 0 and
“023@ +v%£ = 1 correspond to critical points of the real-valued function (¢g,)i(-,«) (by the definition

of Elvgé). Therefore, one of such the (ug,z,v@é)’s, say (uge,vgl), is a minimizer of the bounded

periodic function (gg,)i(-, ). This shows that (gz,)i(z, vk ,v: ) =v; 5,(x) < 0 (see the definition

wp? Wy

k
of v; 5, above). We thus deduce from (10) that ¢;(z)+ ) v; g,(x) > 0. Since (gg,)i(t, ) > v; 5, ()
(=1

for all ¢, we have c;(x) + > (qg,)i(t,x) > ci(x) + > v 5,(x) > 0 for all ¢ as desired.

k k
/=1 /=1
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k
“Necessity”: We show this by contradiction. Suppose ¢;(x)+ Z ¢z, (t,x) >0, Yt € R but there

exist pairs (uN v*z) with (u:%e)2 + (1%)2 =1 and (67&4)@(33 Uz,

wp? W wg’w)

=0,¢=1,---,k, such that

k
ci(z) + > (q,)i(x, ut 500 U, v% ) < 0. Notice that for each ¢, (gz,): (:c,uw,v::[) IS [W@Z(x), Mz‘,w[(ﬂf)]
‘67

and that (gg,)i(t,z) is onto [v; 5, (2), pi z,(x)]. Consequently, by the properties of (gg,)i(-,z)
and Lemmas 3 and 5 (which rely on irrational ratio of any two basis frequenecies) we deduce
the existence of ¢, € R such that (gg,):(t«, x) is arbitrarily close to (ggz,)i(x,u% ,v% ) for each £ =

) WlZ’ w
, k. This, together with the continuity of (gz,)i(-, ), shows that ¢;(x) + Z (q3,)i(ts, ) <0,
(=1

which is a contradiction.

In view of Claim C2, we now complete the proof for the second case. Recalling z € Sy &
[p(x) >0, w(x) = O] and defining @*,7° € R¥,i = 1,--- ,m, we obtain the following implication
that is equivalent to the second condition of Claim C1: for each ¢,

k
[p(x) >0, w(z) =0, (dg ) (mvuy j) 0, (u ) +(®\;‘)2_1 = O] = Ci(x)+2(qwz) (x’u;ab\;) >0
/=1
Denoting = = (x, atl,--,am, o, ,Um) € R*TFX2m e can rewrite the above implication as

[P(Z) >0, w(Z)=0] = [g(x)=0, h(Z) >0],

where p, w, g and h are appropriate vector-valued polynomials. Since checking this implication can
be accomplished in finite steps via the Tarski-Seidenberg decision procedure, the safety verification
problem is decidable. ]

The above result can be easily extended to a broader semi-algebraic set of the form Sy = {x €
R™ | f(x) > 0, g(x) = 0} with polynomials f and ¢, since Sy is equivalent to {x € R™ | f(x) >
0, g(x) > 0, —q(x) > 0}. The following illustrative example shows how to convert a safety
verification problem into a decidable semi-algebraic problem via Proposition 29.

Example 30. Consider the linear system on R® whose defining matrix A = diag(Ay, Az, A3, Ay).
Here the matrix blocks A; are

o1 wr 10 7 1 0 27 10 1
Al_[—wl 0—1]’ AQ‘[—W 0}’ A3_[—27r 0}’ A4_[—1 0}’

where 01 # 0 and w; > 0. Let the initial set So = {z € R®| ||z — 2*||3 < 1} for a given z* and
the safe region Sy = {z € R®|c'z > b} for some ¢ € R® and b € R. To simplify notation, let

cl'=(t, . cl)and z = ()T, -, (@H)T)T, where ¢;, 2" € R? correspond to the matrix block
A;, and let the symplectic matrix S = [(1] _01 . Therefore,

cletle = e elx! cos(wit) 4+ (Sey)Tat sin(wit)] + qi(z,t) + qo(, 1),
where q1(t,7) = ¢l 22 cos(rt) + (Sca)T 2% sin(nt) + ¢ 23 cos(27t) + (Sez) T3 sin(27t) and go(t, x) =
cl'zt cos(t) + (Secq)T o sin(t). Notice that qi(t,x) and go(t, ) are periodic in ¢ but their frequency
ratio is irrational. Moreover, for a fixed x, even though ¢; is the sum of two sinusoidal functions
with frequencies 7 and 27 respectively, the maximal (resp. minimal) values of ¢; cannot be simply
written as the sum of the maximal (resp. minimal) values of the two sinusoidal functions. This is
why we introduce the time derivative of g1 to characterize the extremal value of q;. Now define
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up = cos(wt),v1 = sin(nt) and ug = cos(t), vy = sin(t). Rewriting ¢;(¢,z) and W,i =1,2
in terms of x, u1,v1, uo,v2 and applying the argument in Proposition 29, we transform the safety
verification problem on the time domain A = R into the following semi-algebraic decision problem
[P = Q] on R'2, where

P = [r(—ciz?v + (Sco)Ta?ur — ded 2Purvr + 2(Ses) 2 (uf — v3)) = 0] A [uf +0f —1=0]

A[ = clatvy + (Sea)Tatug = 0] A [ui +03 —1=0] A [(z —2)T(z —2%) -1 <0],

Q = [cgm’Qul + (Seo)Ta?vy + L ad(u? — v?) 4+ 2(Ses) T 23urvy + e wtug + (Seq)Tatvg — b > 0]
A [c{xl =0] A [(Scl)Tarl =0].

The latter problem is decidable and can be solved using the quantifier elimination technique. The
recent sum-of-squares relaxation approach provides a numerically efficient alternative via powerful
semidefinite programming techniques. Nevertheless further exploration of numerical issues is be-
yond the scope of the current paper. We refer the reader to [27, 28, 40] for additional information.

6 Conclusions

In this paper, we have addressed the existence of a positively invariant set of an affine dynamics
on a convex polyhedron. Necessary and sufficient existence conditions are established via alge-
braic properties of the lexicographical relation and long-time dynamic analysis techniques. These
positive invariance results form a cornerstone for long-time switching characterization of piecewise
affine systems and safety verification of affine dynamics on semi-algebraic sets. A deeper under-
standing of switching behaviors of affine hybrid dynamics and safety analysis problems warrants a
further investigation of the positive invariance problem, e.g., further characterization of algebraic
and geometric structures of the positively invariant sets. Partial results along this line have been
obtained by the author to understand positively invariant cones for the CLSs. Another interest-
ing problem is how to develop refined and less conservative stability or other long-time dynamic
results using the switching properties characterized in this paper. Preliminary results have been
reported in [33, 34] for the CLSs and an extension to the PASs is expected. Feedback control
design that ensures (non-)existence of a positively invariant set in a convex polyhedron remains
an open, yet interesting, issue to be investigated. Finally, numerical aspects of positive invariance
analysis and safety verification, e.g., complexity analysis and algorithm design, pose practically
important problems that will be addressed in the future.

7 Appendix

7.1 Proof of Theorem 12

Proof. The case where the index set « is empty is trivial since 0 € A, which shows that A
is nonempty. Note that the matrix A needs not to have a real eigenvalue in this case. In the
subsequent development we assume that a is nonempty.

“Sufficiency”. We consider two cases as follows:

(S1) a # 0,y = 0. In this case, there exist real eigenvalues \y > Ao > -+ > X\t > 0 and
v? € V(\;) such that (P(g’é,vl), -+, P(CF,v%)) = 0 and (P(C’};,vl), e ,P(C”g,vk)) = 0. Let o C
0 C aU J3 be such that P = (P(Cj,v'),---, P(Cg,v")) » 0 and (P(C},v'),---, P(CE,v%)) =0,

where 0 is the complement of . Hence, each row of P contains a positive leading entry. Without
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loss of generality, we further assume that P is of the echelon structure via suitable row switchings
and that each P(C},v") contains a positive leading entry in P. For each P(C§,v'), define the index
set

0; = {j € 0| the jth row of P(C},v") contains a positive leading entry of P}
It is clear that 6; is nonempty, 8 = Ule 0;, ;N 6; =0 for any i # j. Besides, due to the lexico-
graphical relation and echelon structure of P , we have, for each i, P (C’gi, v") = 0 and P (C’ji ) =0

for 1 < j < 4. The following diagram illustrates this structure which is critical to the rest of the
proof:

P(C} ") * N
P(CgQ,vz) * e *
P = :
P(Cy R *

P(Cg, ,v")

where * denotes the blocks without a leading entry in P. For each i, define the index set

@ = Ué?:i 0;. We claim that for every ¢ = k,---,1 and any h € R'ﬁi, there exists a vector
u=Pu € @V(\) such that C’g'e‘]jtuj > h for all t > 0. We prove the claim by induction
=i =i =i "

on ¢ as follows. First, consider ¢ = k. In this case, the claim follows immediately from Proposition 8.
Suppose that the claim holds for all i = k,--- ,£+ 1, where 1 < ¢ < k — 1. Now consider i = /.

By the induction hypothesis, for a given h = (hy, hy) € Rfﬂ with hy € ]R‘fﬂ and hy € R'ﬁf 1',

there exists © = @ @ with @/ € V(\;) such that ) C(%Hle‘]jtﬂj > hg, ¥Vt > 0. Notice
j=f+1 j=L

that Ay > \; for all j = £+ 1,--- k. Hence, e M| 3" Cy,e”1' W |2 is bounded on [0,00) as W’s
j=t
ko A
are fixed, namely, there exists a positive scalar p satisfying e || 3 C’gge‘]jtﬂ]\\z <p, Vt>0.
j=t
Moreover, by Proposition 8 and P(Cg/,ve) > 0, we deduce the existence of u’ € V(\;) such that

k . ,
C’gée‘]ft ut > eMt(hy + pl), where 1 = (1,---,1)T. Consequently, nge‘]etﬂe + > C’gée‘]ﬂ'tﬂ] >
j=t+1
eMthy > hy, V't > 0. Furthermore, it is noted, by the definition of 6; and the echelon structure of P,
that P(Cﬁj,vg) =0forall j=/¢+1,---,k. Hence, we obtain, via Proposition 8, that ngngtaf =0

k . .
forall j =/¢+1,--- k. Asaresult, forany i =/¢+1,--- ,k, we have Cgie‘]‘ft '+ > C’gie‘]ftﬂj =
J=t+1

k . .

> C’gie‘]jtﬁj, V¢t > 0. Letting u = @?ZZ u; € @é-:e V(A;), it is easy to see from the above
J=t+1
development that

k . k .
J it G it
Z Cp,e" Z Cp,e"
=t =t
3 Cy,e’it Ko - koo . hi
Z CZ er t &’] — | == __ — Z Cg£+1er Ll _ Z C;e+1€Jj L > o -1
0p o~ =0 j=0+1 -
= Cgé“@‘]] t 7 J J hy
k
Sy edital S O editud
j=t j=L+1



for all £ > 0. This shows that u is the desired vector and thus completes the proof of the claim.

ko )
Letting ¢ = 1, then for h € REL with he = b > 0, we obtain u = €@ v’ with w/ € V();) satisfying
j=1
the condition stated in the claim. Note that C’g—e‘]ﬂ't w =0,Vtforall j=1,---,k, where § C 8.
Therefore, appropriately expanding u to u* = (u’,0)” € R™ by adding the zero subvectors, we

have Cyedtu* = > Clelityl > bt and C’geAtu* = > C’ée‘]jtu] > 0 for all £ > 0. This shows

j=1 j=1
u* e A.
(S2) o # 0,7 # 0. If, in addition to P* > 0 and P° = 0, P~ = 0 holds true, then we
have P > 0 and (P(Cj,v'), ---, P(C§,v*)) = 0, where P is defined as before with § C 58U 7.

Hence we can apply the similar argument as in (S1) to obtain u* € R™ such that Cpeltu* > bt
CgeAtu* > 0, and CveAty* >0>0b forallt>0. Thus uv* € A. Now supposeiP_ i 0 but the
condition (7) holds. Let ¢» = {1,--- ,m}\ 1, where 1 is defined in (7). Therefore ) = aUSU(y\v).
ko
Hence, Py = (P(C’};,vl), e P(CE,U’C)) = 0. By (S1) shown above, there exists u = € w/ with
j=1
u/ € V(\;) such that

k k k
i Jit, g + g Jit, j J Jit, J
E Cle?*u? > b, g Cﬁe ul >0, g Cw\we uJEOZbW\w, V>0

Particularly, since ; C;zj LOWM) =Y ; Czj v* > by, we deduce, via the proof of Proposition 8
and Remark 9, that the positive coefficient pg in u*

lexicographical relation and A\ = 0, we have

can be taken as one. Therefore, using the

k
ZC’fbe‘Iitui = C{Z ektyf = e)"“t,uo ZCSJEO(vkj) = ZC’JZJ vk > by, V't >0.
i=1 J J

Consequently, appropriately expanding u to a vector u* € R™ by adding the zero subvectors, we
obtain u* € A.

“Necessity”. Let z* € A, i.e., Cea* > b for all t > 0. Since o # 0, CeMz* is not identically
zero, i.e., x* ¢ O(C, A), where O(C, A) denotes the unobservable subspace of the pair (C, A). We
deduce from (5) that

fi—1

Cettyr = 3 { Ay Z ( S0 L)+ S usin(witt + 92’“)) } (11)

i k=0 j

where \;’s are the real parts of the eigenvalues of A, 7; is the largest order of the Jordan blocks
associated with (possibly complex) eigenvalues with the real part \;, and (possibly zero) ul* €
R™, w* € Ry, #%% € R depends on C, A, z* only. It should be noted that if )\; is such that the
matrix A has no Jordan block associated with a real eigenvalue \; (namely, \; corresponds to a
strictly complex eigenvalue of A), then }, CY LF(v¥) =0 for all kin (11). Let the real parts of the
eigenvalues of A be labeled in a descending order, i.e., A\t > Xy > -+ > X\ > 0> Ay > -+ > Ay
For each nonnegative real part \;, define the vector tuple P(C?, v?) as follows: if \; corresponds a
strictly complex eigenvalue of A, then we set P(C? v') = 0; otherwise, i.e., ); is a real eigenvalue
of A,

P(CP ') = ( Zcij Eﬁi_l(vij)7 Zcij Eﬁi_Q(Uzj)’ . Zcij 50(01‘]’)>7 i=1,--,k

J J J

26



where v’ = ®D, v € V()\;) is the subvector in z* corresponding to )\;. We show below that
the tuples P* = (P(Cy,'), -+, P(CE,vY)), P° = (P(Ch0'), -+, P(CE, %)), and P~ =
(P(C;,vl), RN P(C’,’Y“,vk)) satisfy the conditions (a) and (b) in the theorem. For notational
simplicity, let Pf, Pio7 P denote the ith row of P, PO and P~ respectively.

(N1) To prove PT = 0, it is sufficient to show that for each ¢ € o, P;" = 0, i.e., P} # 0
and the leading entry in PJr is positive. Let the real pair (\,p) represent the ‘mode” of e’\ttp in
Cy eAtx , where p is a nonnegative integer, and let ( , D) represent the largest non-vanishing mode
in Cype'z* in the sense that (\,p) = (A;, p;) for any other non-vanishing mode defined by (Nispi)-
Since Cypedta* > by > 0,V t > 0, we must have (\,p) = (0,0) because otherwise, Cpefdty* — 0
as t — 0o, a contradiction. Since > 0, X = )\, for some r € {1,--- ,k}. Furthermore, we

tP ‘
deduce from (11) that C;eA*z* tends to et 51 [,00 + Z'DS sin(wst + 95)] as t — 400, where
’ s=1

(posp1,-- -, pk,) # 0 depends on Cy, A, z* only and py = Zj C’Zj LP(v"7). Since (A, p) denotes the
largest non-vanishing mode in Cy eA*z*, all the terms before pg in PZF must be zero. Therefore, pg
is the first nonzero entry in PZF . Since by > 0, we deduce pp > 0 in view of (a) of Proposition 11
as desired.

(N2) To prove PY = 0, we show that Pzg >= 0 for each ¢ € (3, where iy is the row index
of PV corresponding to ¢ € (3. Suppose, in contrast, that there exists £ € (3 such that the

first nonzero element in Pig is negative which corresponds to the mode in Cye?*z* defined by
(Ar,P). Hence, (Ar,p) = (0,0), >, C)7 LP(v) < 0, 3, C)7 LP(v™) = 0 for p < p < 7y — 1,
and P(C’é,vi) =0foralli=1,---,r+ 1. Let (X D) represent the largest non—vamshlng mode in

CyeAta*. Therefore, (X,D) exists and satisfies (X,D) = (Ar,D) 3= (0,0). Moreover, Cy eAtz* tends

~ tﬁ 2
to e 51 [po + Zps sin(wst + 05)] as t — +oo , where (po, p1,- -, pr,) # 0. Notice that either
’ s=1

~

po = 0 when (X, D) = (Ar,p) or po < 0 when (A, p) = (A, p). However, this contradicts (a) of
Proposition 11 since by = 0.

(N3) To show the implication (7) holds for P~, define the (nonempty) index set ¥ = {j €
~v | the jth row of P~ has a negative leading entry }. For each ¢ € 1, let the pair (\.,p) = (0,0)

correspond to the mode in Cye?tz* associated with the negative leading entry in F, (again iy

corresponds to the ¢ € 1), and let (X, D) = (Ar,p) correspond to the largest non-vanishing mode in
CyeAta*, We claim that (X, p) = (A, ). Suppose not. Then (X,p) = (0,0) and Cy efz* tends to

~ tp
e = [po+z Ps sin(wst—l-ﬁs)] ast — 4oo with pg = 0 and (p1,-- - , p,) # 0, a contradiction to (a)
p- s=1

~ ) tﬁ
of Proposition 11. Hence (X, p) = (A, p) and C; eAz* is tends to e [po+2ps sin(wst +65)

for t — 400 with pyp < 0. We thus deduce (\;,p) = (0,0) and )\r =\ = 0 by (b) of Propo-
sition 11, namely, the negative leading entry in P; appears in the last column of P~. This

shows that 9 equals to ¢ defined in (7) and thus ( (Cl\w, vh), - (Ck\w, v¥)) = 0. More-
over, we obtain pp = }_; ij v* > by for each ¢ € ¢ from (c) of Proposmon 11. Therefore,
> i C’ZZj ok > by, holds. Following the similar argument, we also have, for each £ € ¢ C a, Cy ety

L ke
tends to > C’f] v+ 3 Py sin(wst + 05) as t — +oo. This yields, via (c) of Proposition 11, that
s=1

> C’fj v > by > 0. As a result, > Czj vF > by,
Finally we remove each nonnegative \; corresponding to a strictly complex eigenvalue of A from
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(A1, -+, Ax) and its associated zero block from P*, P’ P~. Since the index set « is nonempty,
there exists £ € a such that the long-time dominating mode of Cy e*z* has a positive pg as shown
in (N1). This implies that at least one of \; > 0,7 = 1,--- |k is a real eigenvalue of A. For each
remaining real eigenvalue \; > 0, let n; be the largest order of the Jordan blocks associated with
the real \;. If the integer m;, the largest order of the Jordan blocks associated with (possibly
complex) eigenvalues with the real part )\;, is greater than 7;, then we can replace P(C*,v*) by

P(Ci,vi) = (Zcij ,Cm_l(vij), Zcij Em—Q(vij)’ e Zcij Eo(vij)>,

J J J

since }; C LP(v') = 0 for p > n;. We thus obtain the nonnegative real cigenvalues A; >
s> Xk > 0 and the tuples ]5+, 130, P 1t is easy to verify that removing the zero blocks from
P, fo, P~ does not change the lexicographical relations or the implications proved in (N1-N3)
for P*,P% P~, ie., P = 0, P~ = 0 and the implication (7) holds for P~. This shows that
nonnegative eigenvalues \; and v* € V()\;) satisfy the conditions (a)—(b). O

7.2 Generalized Sublinear Functions

Proof of Lemma 22. Since f is nontrivial, there exists a nonzero * € domf such that f(z*) # 0.
Hence, we have f(0) = f(0-z*) = p(0)f(z*), which yields f(0) < +oo. Furthermore, noting
that f(z*) = f(A- 3 -2*) for all A > 0, we have f(z*) = p(\)p(3)f(z*). This shows that
p()\)p(%) =1,¥ A > 0 and p?(1) = 1 by letting A = 1. Since p(\) > 0,V A > 0, we have p(1) = 1.
The increasing property of p further implies that there exists \* > 1 with p(A*) # 1. Observing
f(0) = p(\)f(0),YX > 0, we obtain f(0) = p(\*)f(0) and thus f(0) = 0 by using f(0) < 400
shown before. Now let A = 0. For any = € domf with f(z) # 0, we have f(0) = p(0)f(x).
Therefore, p(0) = 0. This yields p(A) > 0,V A > 0 and thus p(%) = ﬁ for all A > 0. O

7.3 Switching Properties of PASs

Associated with the PAS (9), we define a reverse-time system as follows: for any given terminal
time 7" > 0, let 2"(t) = (T — t) and 2"(0) = (7). Then we have

" = —A; 2" —d;, if " e P;. (12)

It is easy to show that the reverse-time system (12) remains a PAS. We call the PAS (9) forward-
time non-Zeno if for any £° € R™, there exist a scalar € > 0 and a convex polyhedron P; such that
z(t,2°) € P; for all t € [0,¢]. Similarly, the PAS (9) is backward-time non-Zeno if the associated
reverse-time PAS is forward-time non-Zeno. If a PAS is both forward-time and backward-time
non-Zeno, then we call it non-Zeno.

To characterize the local solution properties of the PAS, we introduce the vector z € R* T +m
and write the ith mode of the PAS in the following equivalent homogeneous form

2= Az, if zeﬁiz{z\@ZZO},

where
. Az I 0 . T
A;=[0 0 0f eREmmx@rim) = [C; 0 I] eR™Cmm 5= | d; | e RPTET
0 00 —b;
For the ith mode of the PAS, let
L s T
yi = {$ S R" | (CZZ, CZ'AiZ, te CiAZ-Qn—’_m_lZ) = 0, z = d,’ }
—b;
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For any 20, x(t,2°) € P; for all t > 0 sufficiently small if and only if 2° € Y;. Given 2° € R", define
two index sets Z(2°) = {i|z" € P;} and J(2°) = {i|2° € Y;}. It is clear that J(2°) C Z().
Similarly, we can define J"(2°) for the associated reverse-time system. We call a PAS of simple
switching property if for any state trajectory x(t,z%), J(z(t«,2°)) = J"(z(t«,2°)) at any non-
switching time ¢, whose definition is given in Section 4.1.

The non-Zeno and simple switching properties of the PASs can be proved via the similar
techniques as those in [11, 34] for the CLSs. To be self-contained, we provide concise proofs with
an emphasis on different arguments due to the presence of affine dynamics and polyhedrons for
the PASs (in contrast to linear dynamics and polyhedral cones for the CLSs) in this section. The
interested reader may refer to [11, 34] for more technical details.

Proof of non-Zenoness. It is sufficient to show the forward-time non-Zenoness of the PAS,
which is equivalent to the condition that for any 20, 20 € Y for some i. For any z° € R™ and
i € Z(zY), let 20 = (( N al, —bT) . We collect the following facts that can be proved in the
similar way as in [11]:

2n+m—1

(a) 2° € Y; if and only if > tF /Tf 20 € P; for all ¢ > 0 sufficiently small;
k=0

(b) A; 210 = ;[j 29 for any i,j € Z(z);
(c) Zf 20 = Z;“ 270 for all k > 0 and any i,j € J(2°);

(d) for a vector-valued polynomial p(t) with p(0) = 20, there exists i € Z(2°) such that p(t) € P;
for all ¢ > 0 sufficiently small.

For a given 2, let To = I(2°). Define 2° = 20 and zl = A4;2° for any i € Zp. We deduce from
(b) that 2 and z' are unique. Now let 7; = {i € Zo | 2" + tz €’ P; for t > 0 sufficiently small }.
We claim: (i) Z; is nonempty, (ii) Zy C Zo; and (iii) A;2' = A 2! for i,j € Z;. Indeed, since
i ={i€Zo| (Cx¥ —b;) +tCi(Aiz’ + d;) > 0 fort>0suﬁic1entlysmall} ={ieTy| 2"+
t(A;2° + d;) € P; for t > 0 sufficiently small }, (i) follows from (d). Moreover, (ii) is obvious. To
see (iil), it is clear from the above analysis that 7 = Z([2° + tN(AixO + dz)]) for t > 0 sufficiently
small. Hence, for i, j € Zj, we have, via (b), that A;(20+tz1) = A;(20+tz1) for allt > 0 small. This
gives rise to (iii) and shows the claim. Inductively, we define Z, = {i € Zj | Dttt e

P; for t > 0 sufficiently small }, where 27 = A; 277 for some i € Zj1,j=1,---,£ We claim for
each ¢ > 1: (i) Zy is nonempty; (ii) Z, C Zy—1; and (iii) At = Ajzé for i,j € Zy. The case of £ =1
has been proven. Now suppose the claims holds for all £ = 1,--- ,p, where p > 1, and consider

¢ =p+ 1. The nonemptiness of Ip+1 is due to the similar reason as for £ = 1. To see Z, C T;_1,
it is observed that for any ¢ € Iy, Ci (z +t2l o4t 5) > 0 for t > 0 sufficiently small. This
shows that (@zo,@zl, e ,@ze) »= 0, which further implies (Cizo,Ciz o ,C’izé 1) >= 0. The
latter yields C; (zo itz te_lzf_l) > 0 for t > 0 sufficiently small, or equivalently ¢ € Z,_1.
Finally, (iii) holds because the similar argument for £ = 1. To complete the non-Zeno proof, letting
¢ =2n+m — 1 and using (a), we reach the desired result. O

Proof of the simple switching property. We prove that a time ¢, > 0 is a non-switching
time along a state trajectory z(¢, 2°) if and only if J (z(t«, 2°)) = J"(2(ts, 2°)). Let 2* = x(t,, 2°).
It can be shown using the same argument in [11, Propositon 3.11] that ¢, is a non-switching time
if and only if J(x*) N J"(x*) is nonempty. Therefore, the “if” part is a direct consequence of
the fact that J(z*) is nonempty due to the non-Zenoness proved previously. For the “only if”
part, since t, is a non-switching time, J(z*) N J"(z*) is nonempty. Let j € J(z*)NJ"(z*). It is
sufficient to show J"(z*) C J(z*) since J"(z*) O J(z*) can be proved in the similar way via the
reverse-time system. Suppose this is not the case. Then there exists ¢ € J"(z*) but i & J(z*).
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Hence z(t,2°) € P; NP, on [t. —&,t,] for some € > 0, namely, z(t,2°) € PN {z|(Ciz — b;)o =
0} =P;N{z|(Cjz —bj)g = 0} on [t. — ¢, t,] for nonempty index sets a and . This implies that
((l'*)T,djT, —b;*-r) € 6((6]-)5,2]-), which further shows that (C; z(t,2°%) — b;)s = 0 on [t ts + €].
Hence, z(t,2°) € P; N {x|(Cjz —b;)g = 0} = P; N Pj on [ty ts + €]. Consequently, z(t,2°) € P;

on [ts,t« + €| and thus ¢ € J(2*). This is a contradiction. O

Proof of Lemma 25. The proof is similar to that of [34, Proposition 10]. To see the “if”
part, it is observed that z(¢,2%) & |J, & at each t > 0 for any non-equilibrium z°. Since A; = &;
for all 4, we have z(t,2°) & |J; A; for all ¢ > 0. This shows that there are infinite mode switchings
along z(t,2°) in the positive time direction in view of the simple switching property. On the other
hand, suppose the PAS has infinite mode switchings but A4; # &; for some i. Since & C A;, there
exists ¥ € A; C X; but 2° ¢ &;. This implies that x(¢, 2") has no switching for all t > 0, via the
simple switching property. This is a contradiction as 2 is not an equilibrium. O
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