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PROOF OF THEOREM 1 15
Forany f,g € W3* and € R,

1 1
Ul +d0) = 6() = 201(£.9) + 8] | 0w +7 [ pta™ e @

where

1 1
bi(f.g) = /0 2B F() — h()}g(t)deon(t) + A /0 o F (0™ (dt. (@)

LEMMA 1. f € W3 minimizes ¢(f) in (2), if and only if, Y1(f, g) = 0 for all g € W3".

Proof. If f € W3 minimizes ¢(f), ¥ (f + dg) — ¥ (f) > 0 for all g € W™ and any ¢ € R.
Then 91 (f,g) = 0 follows since § can be either negative or positive. On the other hand, if 2
P1(f,g9) =0, we have ¥(f + dg) — 1(f) > 0 by (1). Thus, f minimizes ¥ ( f). O

Letg(t) = t*(k = 0,...,m — 1) in (2). An application of Lemma 1 shows that if f minimizes

¥(f), then

/1 o2 {f(t) — h(t)} tFdw,(t) = 0(k = 0,1,...,m —1).
0

We first have

1
L(f,1) = (k1) :/0 o 2(){F(t) — h(t)}dwn(t) = 0.
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2 X. WANG, P. Du, J. SHEN

Further,

1
B(f,1) — Da(h,1) = / [ )} den(0ds = [ o L0 = hio)} i (0) = 0.

Similarly, it is shown that [ (f, 1) = Ix(h,1)(k = 1,...,m).
LEMMA 2. If f € W3 satisfies I,(f,1) = I1.(h, 1)(k = 1,...,m), then for all g € W3,

1
g) = /0 ba(f) g™ (t)dt, 3)

Ya(f) = A p(t) FT () + (=) {In(f,8) = L (R, 1)} 4)
Proof. If f € W3 satisfies I(f,1) = lg(h,1) (k = 1,...,m), we have

1 1
/0 o2 (O{f(8) = h(t) g (t dwn()—/0 o2 (OLf () = h()} {g(t) — 9(1)}dwn(t)

——/01 (t)} / s)dsdwn, (t

_ /{llf, —0i(h, )} g'(s)ds

where

/{z (/.8) = n(h, )} g (s)ds

Hence, (4) follows. O

Let Bt={tc[0,1]:¢s(f)>0} and B~ ={te[0,1]:¢s(f) <0}. Define
gsrm) (t) = —Ip+(t) and g(_m) (t) = Ip-(t), where [ is the indicator function. Since ¢ (f,g) =0
for all g € W, we have ¢1(f, g4+) < 0 and ¥1(f,g—) < 0, unless Bt and B~ are of measure
zero. This shows that ¥ (f) = 0 almost everywhere.

PROOFS OF THEOREM 2 AND COROLLARY 1
It follows from (9) that r—1 () f(t) = Vi (t) + Va(t) + Va(t) + Vi(t), where

dm 1
V) = o [ PesL o s)ds
dm 1 . .
V) = G [ PN 09) = o)},
m 1 R . R
Vi) = G [ POl = for) = Ll = for )},

and Vy(t) = Eizl akC]im) (t). Let f be the minimizer of the functional

1 1
/ r () {f(s) = fo(s)}2ds + A / p®){ ™ (s)}2ds.
0 0
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Similar to Theorem 1, we have
(=D Ap(6) ™ () + U (f,1) = L (fo, ), 5)
and
In(f,t) = /01 P(t, 8)lm(fo, 5)ds. (6)
Hence, V1 (t) = r~1(t) f(t). Taking the mth derivative of both sides of (5), we get
(=1 Mp() FU ()3 4+ (@) (1) = v () fo(t).

Recall that f; is 2m times continuously differentiable and 3 = A\~1/(2)_ Combining this with
(6), it is easy to show that f*¥)(¢) — fék) (t)(k=1,...,2m) as 8 — oo. Therefore,

Vi(t) = () fo(t) + (1™ A p() £ ()1 + o(N).

PROPOSITION 1. Assume that a function J(t, s) satisfies

(—1)m§n;J(t s) = gth(t s), t,s€[0,1].
Then,
m—1 7”(8)
) + kZZO Ve Cer1(s)Ju(t) = 6
where

1 1 1 B ok
:/ / / dsg—1dsg—o---ds1, Ji(t) = ) J(t,5) |s=1,
s Sk—3 v/ Sk—2

and J(t, s) is the Green’s function for

(=)™ Ar () {p(t)u™ ()} + u(t) = 0. )

Proof. Consider the integral equation (—1)"\p(t) £ (t) + L (f, 1) = L (g, t). If we write
this equation as a differential equation for f, we have

(=)™ Mp() fM (O™ 7 (0 (1) = 7 (1)g(t). ®

Further writing (8) as a differential equation for /,,,(f, t), we obtain

dm dm
(=1)™An(t) dtm{() b, >}+zm<f,t>=zm<g,t>. ©
It follows from (9) that [,,, fo g,s)ds. Hence,
P OF(0) = (1) / P8 o, )5 = (1 [ 20,5t s
=<—1>m2< D i (0. ) Tsl8) + Tt sy (g(s)ds
k=1
m—1

= [ {0 e at + e Glats)is

40
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From (7) and (8), we have f(t) fo s)ds. Thus,
! -1
/ [7“ —{ Z VeChia () Tu(t) + J(t,5) }r (s)}g(s)ds —o.
0
Since the above equation is true for all g € L5]0, 1], the proposition follows. O

a5 By applying Proposition 1, we have, for any ¢ € (0, 1),

1 mo g
Va(t) :/0 (—1)ma9—mj(t,s)lm(h—fo,s)ds
1 m—1
_ /O Tt $)d{ii(h — fo, 5) mz k()1 (h— fo, 1)
=1

L=t
= Z :((Z)) J(t,t;)o 1 (t;)e; + higher order terms .
Eggermont & LaRiccia (2006) established the uniform error bounds for regular smoothing

splines. We adopt the same approach as in Eggermont & LaRiccia (2006) for adaptive smoothing
splines; the details are omitted here. For A < (n~!logn)?™/(1+4m) we obtain

. max ({log 1//\}1/2,{10glogn}1/2)
Hf_f(]H:O[ TLI/QAI/Mm) :|

Therefore, || V3| < O(8™)Dy||f — fol- Finally, it follows from Lemma 4 in next section that
||Va]| is of order O(ﬁm)exp{ BQg( {Qs(1) — Qs(t)}}, and thus a negligible term in the

asymptotic expansion of r~1(¢) f(¢). This completes the representation for f.

s Proof of Corollary 1. Define Ug(t) = 2 31" {o(t;)/q(t:)}J (¢, t;)e;. For any t € (0,1), the
variance of Ug(t) is given by

1 0'2 S
BUBO} = [ )t s)dan()

¢*(s)

52 ( ) 2r2 - S Wi\ S

> [ s (510 0) ~ Qato) (s

2

6 / r(s){Q}(s }2L2{5|Q5 — Qga(s)|}ds + higher order terms

5 BQs(t) z ) - , .

55 / [Tg{Qg(t) — 23 Q'[T5{Qs(t) — =} L*(|z|)dz + higher order terms
B{Qs(1 s p
:ir(t)Q'(t)/_ L2(|x|)daz+ higher order terms

where Y is the inverse function of (g, the second last equality is obtained by letting
B{Qs(t) — Qs(s)} = z, and the last equality is from a simple Taylor expansion. We invoke the
Lindeberg-Lévy Central Limit Theorem to verify that (n/3)'/2Us(t) converges in distribution
o to N{0, r(t)1_1/(2m)p(t)_1/(2m)L0}. Lindeberg’s condition is easily satisfied if the ¢; have the
finite fourth moment. The corollary follows by incorporating the bias term from Theorem 2.
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Green’s Functions

A critical step in the representation of the adaptive smoothing spline estimator is to use the
Green’s function to solve a two-point boundary value problem with a large parameter. This step
is of independent technical interest. In this section, we derive the Green’s functions for the time-
varying ordinary differential equation

(D)™ \w(®){rOF™ )} ™ + Ft) = Gt), telo,1], (10)

subject to the natural boundary conditions.
We firstly focus on the homogeneous equation with a large parameter 3 = \~1/(27).

(=D)™w@){r@)F™ @Y™ + g2 F@) =0, teo,1]. (11)

We exploit the techniques in Coddington & Levinson (1955) to establish approximations to its
fundamental solutions and their derivatives up to the (m — 1)th order. Let

B (14 2k)m (42K B m
,uk—cos{ o },wk—sm{ 5 }(k—(),...,2—1)
when m is even, and let
k k -1
bl = COS (—W>,wk = sin <—7T) (k= 1,...,L)
m m 2

when m is odd.

LEMMA 3. Given an m, suppose that w(-) and r(-) are positive functions in C™+1[0, 1].
Denote v(t) = {w(t)r(t)Y Y/ @™ Then, for all § sufficiently large, a fundamental solution of
(11) is given by

hi(t) = exp {B( + g Wk:)QB(t)}a

for any k defined above (corresponding to either an even m or an odd m), where

Qp(s) = /O v(s){1+ 07" }ds.

Furthermore, for each k and £ =1,...,m — 1,

hl(f) (t) = {ﬂ(j:ﬂk + zwk)v(t)}é exp [6( + g 1 wy) /Ot v(s){1+ O(ﬁ*l)}ds]

Proof. We exploit the techniques in Coddington & Levinson (1955) to establish approxima-
tions to its fundamental solutions of (10) and their derivatives up to the (m — 1)th order. The
homogeneous ordinary differential equation (11) can be written as

(=)™ ) {r(t)FE™ () + mr’ () FE= D) + -+ r M@ FM ()} + B2 F(t) = 0
Since w(t)r(t) > 0 on [0, 1], we have
FO™ (@) + Bay (t, B)FPD (1) 4 B2ag(t, B)FC™ 2 () + - - - + B2 agm(t, B)F(t) = 0
(12)
where

m—1 r(m) (t)

an(t,8) = (1" G,

FEOR
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6 X. WANG, P. Du, J. SHEN

and

(_1)m—1

w(t)r(t)

In particular, a;(t, ) = (=1)™ " 1p;(t)/{Bw(#)r(t)} (i = 1,...,2m — 1), where p;(t) is a lin-
ear combination of finite products of w(t) and the derivatives of r(t) up to the mth order. Hence
each a;(t, ) can be written as a;(t, 8) = 37" a;;(t)377 for suitable functions a;;(t) which
are at least in C'[0, 1]. Therefore, a;(¢,3) — 0 (i = 1,...,2m — 1) uniformly in ¢ on [0, 1] as

B — oo. Let x1(t) = F(t) and z;41(t) = x}(t)/5 (i = 1,...,2m — 1). Then the ordinary dif-
ferential equation (12) can be written as

x; :6xi+17 (Z: 17-'-72m_1)7 x/Qm: _B{GQm(t75)xl+"'+a1(t76)x2m} (13)

Let == (x1,...,22,)" € R?". The ordinary differential equation (13) becomes i =
BA(t, B)x, where

ag(t,ﬁ)EO(€:m+1,...,2m—1), agm(t,ﬂ):

) 1 0 0 0 ]
0 0 1 - 0 0 o1
A(t,B) = - =) BFAW)
0 0 0 --- k=0
__a2m(t7 /8) —CLQm_l(t, ﬁ) """ _a2(t7 ﬁ) _al(t7 /8)_

Here

0 10---00]
0 01---00

0 00---01
| —a2m,0(t) 00 -+ 00

where agp o(t) = (=1)™1 /{w(t)r(t)}, and Ak(t) (k =0, - ,2m — 1) are at least of the class
C1[0,1]. Note that for each ¢ € [0,1], Ag(t) has 2m distinct eigenvalues given by (d-py, £
wop) /{w(t)r(t)}/?™, where u;, and wy, are defined before this proposition. Since the angle be-
tween any two distinct roots of the equation (—1)™2?™ + 1 = 0 is given by +qr/m, where ¢ €
{1,---,m}, it follows from the similar argument in Abramovich & Grinshtein (1999) that the
hypothesis of Coddington & Levinson (1955) holds. Let {\x(¢) } represent the 2m distinct eigen-
values of Ag(t) (or equivalently the distinct roots of (—1)™z?™ 4 1 = 0). Consequently, by us-
ing Coddington & Levinson (1955), we conclude that the fundamental solution X (t) € R?™x2m
of the homogeneous ordinary differential equation X (t) = SA(t, 3)X (t) can be represented
as X (t) = Bo(t)P(t, 8)efeO+Q11)  O(5~1), where Q) (t) = diag(A1(£), - - - , Aam(t)) with
Q(0) = 0, Q) () is a diagonal matrix whose diagonal entries are bounded on [0, 1] with Q1(0) =
0,

1 0 0 - 0 0
0 1 0 - 0 0
P(t,B) =
0 0 0 - 1 0
_0(5—1) ......... 0(5_1) 14+ O(ﬂ_l)_
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and
[ 1 .. 1 T
A(t) o Aam(t)
Bo(t) = | M) A3 ()

AT e AT ()

Recall that F©) = 8fz,,; and each A(t) is continuous and bounded away from 0 on
[0,1]. These results, together with the discussion in (Coddington & Levinson, 1955, Sec-
tion 6.5), show that the /th derivative of each fundamental solution is of the form
{BA(t)} exp [ fo Ak(8){1+O(B1)}ds)] (¢ =0,...,m — 1). Hence, the lemma follows.0J

The functions represented by O(3~!) in Lemma 3 might be different, although they have the
same order.

PROPOSITION 2. Let P(t,s) be the Green’s function for (10). Let P(t,s) equal to P;(t,s)
whent > s and Py(t, s) whent < s. If

k k

=0,1,...,2m —2
aEhi b9, = gEhats)| _ (k=01,...2m-2),
and
H2m—1 2m—1 1
— Pt — ——D(t =
ot2m—1 1( ’S)‘s:t ot2m—1 2( ’S) s=t (—1)m)\w(t)7“(t)’

then Fy(t) = fol P(t, s)G(s) is a solution of (10).

Proof. We write Fy(t ) f Pi(t,s)G(s)ds + ftl Py(t,s)G(s)ds for all ¢ € [0,1]. Since
oFP(t,s)/0tk (k=0,1,...,2m — 1) is continuous at s = ¢, we have

k
F9 () = %P(t $)G(s)ds (k=1,2,...,2m —1).
0
Furthermore, due to the jump of 9"~ P(t, s)/0t>™~! at s = ¢, we have
G(t) N 1 an
(=)™ w(t)r(t)  Jy ot*m

FP™(t) = P(t,s)G(s)ds.
For any ﬁxed s, P(t ( ) is a solution of the homogeneous differential equation (11). This verifies
that Fy(t fo s)ds is a solution of (10). O

Now consider a special case when w(t) = 1 and r(t) = 1 for ¢ € [0, 1]. This leads to the time-
invariant ordinary differential equation

(=1)™AFC™ (1) + F(t) = G(t), tel0,1].

Under this circumstance, the Green’s function has been obtained explicitly before, see Berlinet
& Thomas-Agnan (2004) and Wang et al. (2010). The homogeneous differential equation
AFZmM)(#) 4+ F(t) = 0 has 2m solutions exp{ (£, + wwi)Bt}. Let K (t, s) be the correspond-
ing Green’s function. It turns out that K (t,s) is a function of |t — s| and can be written as
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8 X. WANG, P. Du, J. SHEN
K(t,s) = L(B|t — s|). The explicit formula for L is

m_g
2
L(t) = Z e M ¢y, cos(wyt) + dy, sin(wyt) }, (14)
k=0
for an even m, and
(m—1)/2
L(t) = cpe ' + Z e_’““t{ ¢k cos(wit) + di, sin(wyt) }, (15)
k=1

for an odd m. Similar to Proposition 2, the coefficients cg, d, can be uniquely determined from
the following conditions:

L®(t)],_,=0 (k=1,3,....,2m—3) and L™ V(t)|,_ = (_;) (16)

Define
P(t,5) = B o(s) Qj(s) L{BIQs(1) = Qs(5)] }, a7

where o(s) = 1+ O(37!) holds uniformly in s € [0, 1]. It is easy to verify that P(¢,s) in (17)
satisfies the conditions in Proposition 2. Therefore, it is the Green’s function for (10).
The homogeneous differential equation (11) has 2m linearly independent solutions:

Chi(t) = e PR cos{ BupQp(t)}, Cralt) = e @M sin{ B Q4 (1)}, (18)
Cia(t) = e Prl@MW=Qs M} cos{ B Qa(t)}, Cra(t) = e Pel@MW=QsM} gin{BuyQp(t)},

where k = 0,...,m/2 —1whenmisevenork =0,...,(m — 1)/2 when m is odd. These so-
lutions, together with the 2m boundary conditions for (10) F*)(0) = 0 and F*) (1) = G*)(1),
k=0,1,...,m— 1, yield:

LEMMA 4. The solution to (10) subject to the boundary conditions can be written as
1
F(t) = / P(t, S)G(S)ds + Z {aklckl (t) + akQCkg(t) + akngg(t) + ak4Ck4(t)}, (19)
0 e

where the Green’s function P(t,s) is given in (17), and the coefficients ay1, a2, axs, axy are
unique and bounded for all 3 sufficiently large.

Proof. Consider an even m; the case of an odd m is similar and is omitted. For notational
convenience, let
m

Xj+1:_N]+ZWJ (j:()av?_l)v

where each p; >0 and w; >0, and (t) = {w(t)r(t)} V@™, Let A\gj_1(t) = x;7(),
A2j(t) =X;v(#)(t) (5 =1,...,m/2), where X; denotes the conjugate of x;. Let hy(t) =
exp { B( fot Ak(s){1 4+ O(B71)}ds)} be the corresponding m fundamental solutions. Similarly,

define g (t) = exp [B{ [, M.(s)(1 + O(51))ds}]. Hence, for each odd k, hy11(t) is the conju-
gate of hy(t). Define the complex number py, = bgy + b2, p;: = bL + zb,jQ k=13,...,m—
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1). Therefore, F'(t) can be written as

m/2
F(t) = Fo(t) + Y {paj—1haj1(t) + Poj_1ha;(t) + p3;_1925-1(t) + Dg;_192;(£) },
j=1

where bkj,b;j are to be determined. Define b = (bll,b12, .. .,bgl,b%bbﬁ,bﬁ, .. .,bél,b%J
|G|, and G = (|G|, G(1),G'(1),...,GM=D(1)). It is easy to verify that the coefficients

ag1, G2, 03, G4 are unique and bounded for all 5 jufﬁciently large if and only if b is so. The
boundary conditions lead to the linear equation D Bb = v, where

b= (plaﬁlup?nﬁ?n s )pm/2—17ﬁm/2717pT>ﬁfap§raﬁ§ra s 7p:rn/2_1vﬁ;;/2_1) € C2m’

v" = [vg, v1] with
/ (m—1)
vo = | — Fp(0), _Foﬂ(())’ L _Foﬁml(())}’
i /i ! _ (m=1) (m—1)
o= - R +a@, THEER = e D]

and the matrices D € R27*2m and B € C2m*2m gre
D = diag(1,9(0),7%(0), .-, (0), 1,7(1), (1), ... .77 (1))

and

B11 Bia
B= ,
[321 322]

where the matrix blocks B;; € C™*™ are obtained from the derivatives of ho;_; att = 0 given
in Lemma 3:

1 1 1 1 1 1
X1 X1 X2 X2 Xz YQ%
2 <2 2 =2 . .2 o
By = X1 X1 X2 X2 X% X% 7
XX ST T e

and B27 has the similar structure, and each entry of Bjo, Bo; is of order O(e‘ﬁ ). Therefore, By
is a Vandermonde matrix and is invertible, and there is a uniform bound on the entries of the
inverse of B1; for all large 5. The similar argument can be applied to Baa. Consequently, B and
D are invertible and the elements of B~!, D~! are uniformly bounded. Furthermore, using the
argument in Proposition 2 and uniform bounds on the derivatives of ~(¢) up to the (m — 1)th
order, it can be shown that for ¢, = 0 or 1,

| (1)
ﬁj

for some suitable constants x, o > 0. As a result, the equation D Bx = v has a unique solution b
that satisfies the desired bound. This also holds true for b. O

1
= 2””“’"/ Be=Pdr |G|l < 2mn/o) |G| (j=1,....,m—1).
0
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PROOF OF THEOREM 3
It follows from Assumption 2 that u(t) = féQm) (t) € Lo[0,1]. Letting zo =
{fém)(O), ce féQm*Q)(O), fé2m71)(0)}T € R™, we have z(t) = fém) (t) such that (u,zg) € P
for a large 1 > 0 and a small € > 0. This shows that ‘P is nonempty. It is also straightforward to
verify that P is convex based on the strict convexity of the function (-)~'/(2™) on (0, c0).

LEMMA 5. The objective functional J is strictly convex over the set P C Ls[0, 1] x R™.

Proof. The lemma holds true even if the upper and lower bounds specified in Assumption 6

are removed. For each (u,xg) € P, let p denote z(t)/ fém) (t) for z(t) generated from (u, z),
recalling that we require p(¢) > 0 once t € N. Denote the set of such p’s by S. It is clear that p
is strictly positive and p~ /(2" is Lebesgue integrable on [0, 1]. Noting that p shares the same
convex combination relation with (u, z¢), the set S is convex and it suffices to show that II(p) is
strictly convex on S. Write IT in (14) as II(p) = II1(p) + Ha(p), where

1 2 1
o) = [ 20 [{oos™ O}t Talo) = [ Lar(®)!1Cm oy,
0 0
Obviously, II; is convex on S. We show next that IIs(p) is strictly convex on S. Using the
fact that the function (-)~%/(™) is strictly convex on (0, oc), we have, for any py, ps € S with

p1 # p2 and any a € (0, 1),
{apr(t) + (1 — @)pa®)} O™ < afpr ()} ™ + (1 = a){pa(t)} ™, t € [0,1].

Hence, gt) = af{p ()} ™ 1 (1= a){pa(t)} V™ — fapi(t) + (1 -
a)pg(t)}_l/(zm) is strictly positive on [0, 1]. Therefore, Lor(t)!=1/™g(t) >0, t € [0,1].

Since {p1 (t)}_l/@m) and {pg(t)}_l/@m) are Lebesgue integrable, so is ¢(t). Further-
more, it follows from Assumption 2 that r(¢) is strictly positive and continuous on [0, 1].
Hence, there exists a positive constant x such that 0 < r(t) < &, t € [0,1]. In view of this,
we deduce that Lor(t)'~1/(>™)g(t) is Lebesgue integrable. Thus it is easy to show that
Iy (apr + (1 — a)p2) < alla(p1) + (1 — a)llz(p2), leading to the strict convexity of IIs. By
this result, we further have, for any p1, po € S with p; # p2 and any o € (0, 1),

H(apr + (1 — a)p2) = Mi(apr + (1 — a)p2) + a(apr + (1 — a)p2),

where  IIi(ap1 + (1 — a)p2) < odli(p1) + (1 — )1 (p2) and IIa(apr + (1 — a)p2) <
allz(p1) + (1 — a)II2(p2). Hence, II(apr + (1 —a)p2) < oll(p1) + (1 — «)II(p2). This
shows that I1(p) is strictly convex on S, so is J(u, o) on P. O

Next, we use this lemma to derive the proof of Theorem 3.

Proof. The first part of the proof follows from a standard argument in functional analysis.
Consider the Hilbert space L]0, 1] x R endowed with the standard inner product and norm.
Since P is nonempty, pick an arbitrary (u,z) € P and define the level set £ = {(u,z) € P :
J(u,z) < J(u,x)}. It follows from the condition ||zo|| < p and the structure of J that L is
bounded. Further, due to the convexity of J, the set £ is also convex. Since the space L3 |0, 1] x
R™ is reflexive and self-dual, it follows from the Banach—Alaoglu Theorem that an arbitrary
sequence {(un,x,)} in £ has a subsequence {(u,,,x})} that attains a weak*, thus weak, limit
(u*,z*) € Ls]0,1] x R™.

In the next, we show that (u*, z*) € L. Let 2, ,)(t) denote 2(t) generated from (u, x). Since
u € L2[0,1], it belongs to L1[0, 1]. In view of z(, ,(t) defined in (15), we see that z(, () is
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absolutely continuous on [0, 1] for any (u, z) € L2[0,1] x R™ and m € N. Obviously,
w. Furthermore, for any ¢ € [0, 1],

t t t 1
/ i (s)ds — / u*(s)ds| < / il (s) — u (s)|ds < / () — u (s)|ds < ||, — "o,
0 0 0 0

where || - ||z, denotes the Lo-norm on L2[0,1]. Together with the convergence of z), to z*,
we deduce that z(,s ,/)(-) converges to z(,«,)(-) pointwise on [0, 1]. Therefore, we have

z*|| <

Z(ur 24y (t)/ fom) (t) > e, t € [0, 1]. Moreover, a similar argument based on the property of r asin  1ss
Lemma 5 shows that r(¢)'~ /(™) {2 a0 )(t)/fém) )} —HEm) g Lebesgue integrable for all n.

n*n

In addition 0 < {2, z%)(t)/fém) (t)}_l/(Qm) < e~1/@m) "t ¢ [0, 1]. This implies that for all n,

mn?

(Y@ Lz (/8 (6)) T < ()@ e=1/@m) on [0, 1], where the latter

mn’

function is clearly Lebesgue integrable since r(+) is continuous. By Lebesgue’s Dominated Con-
vergence Theorem, r(t)l_l/(gm){Z(u*x*)(t)/fém) (t)}_l/(gm) is Lebesgue integrable on [0,1] 20
and as n — oo,

. —1/@m) 1 ~1/(2m)
/ r(t)11/2m) {W} dt / r(t)i=1/@m) {Z(ux)(t)} "
0 fém) (t) 0 fém) (t)
(20)

This shows that (u*, x*) € P. Using the property of (¢) deduced from Assumption 1 again, we
obtain a positive constant ' such that for any € > 0,

1 1
/ r2(8)](up) (1) — (W) (1) dt < ,4/ [ (u)*() = (u*)* ()] dt < wJuf, — w" ||yl + |,
0 0
< A flug, = |, (2l L, + €)

for all n sufficiently large, where the Cauchy—Schwarz and triangle inequalities are used. To-

gether with (20), we see that J(u),, x],) converges to J(u*, z*) as n — oo. 205
Consequently, we have J(u*,z*) < J(u,x) such that (u*,z*) € L. This shows that £ is

weakly compact. In view of the continuity of J, we see that a global optimal solution exists

on L (Luenberger, 1969, Section 5.10, Theorem 2), and thus on P. Finally, since J is strictly

convex on the convex set P, the optimal solution is unique. O
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