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Abstract

Shape restricted smoothing splines receive considerable attention, motivated by a wide range
of important applications in science and engineering. In this paper, we consider smoothing
splines subject to general linear dynamics and control constraints, and formulate them as finite-
horizon constrained linear optimal control problems with unknown initial state and control. By
exploring techniques from functional and variational analysis, optimality conditions are devel-
oped in terms of variational inequalities. Due to the control constraints, the optimality conditions
give rise to a nonsmooth B-differentiable equation of an optimal initial condition, whose unique
solution completely determines the shape restricted smoothing spline. A modified nonsmooth
Newton’s algorithm with line search is used to solve this equation; detailed convergence analysis
of the proposed algorithm is presented. In particular, using techniques from nonsmooth analy-
sis, polyhedral theory, and switching systems, we show the global convergence of the algorithm
when a shape restricted smoothing spline is subject to a general polyhedral control constraint.

1 Introduction

Spline models are extensively studied in approximation theory, numerical analysis, and statistics
with broad applications in science and engineering. Informally speaking, a univariate spline model
gives a piecewise polynomial curve that “best” fits a given set of data. Such a spline can be attained
via efficient numerical algorithms and enjoys favorable analytical and statistical properties [9]. A
number of variations and extensions of this model have been developed, e.g., penalized polynomial
splines [36] and smoothing splines [43]. Specifically, the smoothing spline model is a smooth function
f:[0,1] — R in a suitable function space that minimizes the following objective functional:

—Z — i) +>\/ dt (1)

where y; are data points at t; € [0,1],i=1,...,n, ™) denotes the m-th derivative of f, and A > 0
is a penalty parameter that characterizes a tradeoff between data fidelity and the smoothness of f.
We refer the reader to [43] and references therein for statistical properties of smoothing splines.
From a control systems point of view, the smoothing spline model (1) is closely related to the
finite-horizon linear quadratic optimal control problem by treating f (M) as a control input [12].
This has led to a highly interesting spline model defined by a linear control system called a control
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theoretic spline [12]. It is shown in [12] and the references therein, e.g., [16, 40, 46|, that a number of
smoothing, interpolation, and path planning problems can be incorporated into this paradigm and
studied using control theory and optimization techniques on Hilbert spaces with efficient numerical
schemes. Other relevant approaches include control theoretic wavelets [15].

Although many important results for unconstrained or equality constrained spline models are
available, various biological, engineering and economic systems contain functions whose shape
and/or dynamics are subject to inequality constraints, e.g., the monotone and convex constraints.
Examples include monotone regulatory functions in genetic networks [37] and a shape restricted
function in an attitude control system [30]. Other applications are found in reliability engi-
neering (e.g., survival/hazard functions), medicine (e.g., dose-response curves), finance (e.g., op-
tion/delivery price), and astronomy (e.g., galaxy mass functions). Incorporating the knowledge of
shape constraints into a construction procedure improves estimation efficiency and accuracy [29].
This has raised surging interest in the study of constrained splines and shape restricted estimation
in statistics and other related fields; see some recent results [23, 36, 38, 39, 44].

The present paper focuses on shape restricted smoothing splines formulated as constrained linear
optimal control problems with unknown initial state and control. Two types of constraints arise:
(i) control constraints; and (ii) state constraints. While several effective numerical methods have
been developed for state constrained optimal control problems in [14, 19, 45] (also see [18] for a
recent survey), we focus on control constraints in this paper, since a variety of shape constraints,
which may be imposed on derivatives of a function, can be easily formulated as control constraints.
It should be noted that a control constrained optimal control problem is inherently nonsmooth, and
thus is considerably different from a classical (unconstrained) linear optimal control problem such
as LQR. Moreover, the goal of the shape constrained spline problem is to find an optimal initial
condition and an open-loop like optimal control that “best” fit sample data instead of finding an
optimal state feedback as in LQR. Furthermore, most of the current literature on control constrained
smoothing splines focuses on relatively simpler linear dynamics and special control constraints,
e.g., [10, 12, 16, 23, 41], and many critical questions remain open in analysis and computation
when general dynamics and control constraints are taken into account. For example, a widely
used approach in the literature concentrates on shape restricted smoothing splines whose linear
dynamics are defined by certain nilpotent matrices, and whose control constraints are a cone in
R [11, 22]. In this case, the smoothing spline is a piecewise continuous polynomial with a known
degree. Hence the computation of the smoothing spline boils down to determining parameters of a
polynomial on each interval, which can be further reduced to a quadratic or semidefinite program
that attains efficient algorithms [10, 12]. However, this approach fails to handle general linear
dynamics and control constraints, since the solution form of a general shape restricted smoothing
spline is unknown a priori. Therefore new tools are needed to handle more general dynamics and
general control constraint induced nonsmoothness.

In this paper, we develop new analytical and numerical results for smoothing splines subject
to general dynamics and control constraints by using optimal control and nonsmooth optimization
techniques. The major contributions of the paper are summarized as follows:

1. Optimal control formulation and analysis. By using the Hilbert space method and variational
techniques, optimality conditions are established for shape restricted smoothing splines in the form
of variational inequalities. These optimality conditions yield a nonsmooth equation of an optimal
initial condition; it is shown that the unique solution of this equation completely determines an
optimal control and thus the desired smoothing spline (cf. Theorem 3.2 and Corollary 3.1).

2. Numerical computation and convergence analysis. To solve the above mentioned equation, we
show the B-differentiability and other nonsmooth properties of this equation. A modified nonsmooth
Newton’s algorithm with line search [24] is invoked to solve the equation. This algorithm does not



require knowing the solution form of a smoothing spline a priori. However, the convergence of
the original nonsmooth Newton’s method in [24] relies on several critical assumptions, including
the boundedness of level sets and global existence of direction vectors for a related equation. The
verification of these assumptions for shape restricted smoothing splines turns out to be rather
nontrivial, due to dynamics and constraint induced complexities. By using various techniques from
nonsmooth analysis, polyhedral theory, and piecewise affine switching systems, we establish the
global convergence of the proposed algorithm for a general polyhedral control constraint under
mild technical conditions (cf. Theorems 5.1-5.2).

The paper is organized as follows. In Section 2, we formulate a shape restricted smoothing
spline as a constrained optimal control problem with optimality conditions developed in Section 3.
A nonsmooth Newton’s algorithm for the smoothing spline is proposed in Section 4; its convergence
analysis and numerical results are presented in Section 5 and Section 6 respectively, for polyhedral
control constraints. Finally, conclusions are made in Section 7.

Notation. We introduce the following notation used throughout the paper. Let (-,-) denote the
inner product on the Euclidean space. Let Ig denote the indicator function for a set S. Let L
denote the orthogonality of two vectors in R”, i.e., a L b implies a’b = 0. For a closed convex
set K in R", IIx(z) denotes the Euclidean projection of z € R™ onto K. It is known that Ilx(-) is
Lipschitz continuous on R™ with the Lipschitz constant L = 1 when the Euclidean norm is used
[13]. Throughout the paper, let | be the Lebesgue integral. For a matrix M, Mj, denotes its jth
row and Ker(M) denotes the null space of M. Finally, for a function F' : R” — R™ and a closed
convex set K in R™, let VI(K, F') be the variational inequality problem whose solution is z, € K if
(z — 2z, F(z¢)) > 0 for all z € K. We shall use SOL(K, F) to denote the solution set of VI(K, F').
A VI is a highly nonlinear and nonsmooth problem, even if F' is linear and K is polyhedral [13].

2 Shape Restricted Smoothing Splines: Constrained Optimal Con-
trol Formulation

Consider the linear control system on R¢ subject to control constraint:
& = Az + Bu, y =Cuz, (2)

where A € R*! B € R and C € RP*!. Let Q C R™ be a closed convex set. The control
constraint is given by u € La([0,1]; R™) and u(t) € Q for almost all ¢ € [0, 1], where La([0, 1]; R™) is
the space of square R™-valued (Lebesgue) integrable functions. We denote this constrained linear
control system by (A, B, C, ). Define the set of permissible controls, which is clearly convex:

W= {ueLg([O,l];RmH u(t) € Q, ae. [0, 1]}.

Let the underlying function f : [0,1] — RP be the output f(t) := Cz(t) for an absolutely
continuous trajectory x(t) of ¥(A, B,C, ), which can be completely determined by its initial state
and control. Consider the following (generalized) regression problem on the interval [0, 1]:

Yi = f(ti)—i-éi, 1=0,1,....,n, (3)

where t;’s are the pre-specified design points with 0 =ty <t; < --- <t, =1, y; € RP are samples,
and ¢; € RP are noise or errors. Given the sample observation (;,y;)i_, and w; > 0,5 =1,...,n
such that > 7" w; =1 (e.g., w; = t; — t;—1). Define the cost functional

n

1
T =3 willy: - Ca(ty)||; + )\/O [u(t)|2dt, (4)

=1



where A\ > 0 is the penalty parameter. The goal of a shape restricted smoothing spline is to find
an absolutely continuous trajectory z(t) (which is determined by its initial state and control) that
minimizes the cost functional J subject to the dynamics of the linear control system (A, B, C, )
(2) and the control constraint u € W.

Remark 2.1. Let R € R™*™ be a symmetric positive definite matrix. A more general cost

functional
n

1
J = ZwiHyi — C’x(tZ)H; + )\/0 u” (t) Ru(t)dt (5)
i=1

may be considered. However, a suitable control transformation will yield an equivalent problem
defined by the cost functional (4). In fact, let R = PT P for an invertible matrix P. Let v(t) = Pul(t),
Q' =PQ, and W := {v e Ly([0,1;R™) | v(t) € ¥, ae. [0,1] }. Clearly, €' remains closed and
convex, and W' is still convex. Therefore the constrained optimal control problem defined by (5)
for the linear control system X(A, B, C, ) is equivalent to that defined by (4) with u replaced by
v for the linear system X (A, BP~!,C, ) subject to the constraint (v,z) € W' x R,

Example 2.1. The constrained linear control model (2) covers a wide range of estimation problems
subject to shape and/or dynamical constraints. For instance, the standard monotone regression
problem is a special case of the model (2) by letting the scalars A =0, B=C =1, and Q = Ry.
Another case is the convex regression, for which

A:[g [ﬂeRM, B:meRQ, CTZHGRQ, Q=R,.

3 Optimality Conditions of Shape Restricted Smoothing Splines

This section develops optimality conditions for the finite-horizon constrained optimal control prob-
lem (4) using the Hilbert space techniques. We first introduce the following functions P; : [0, 1] —
RPX™ inspired by [12]:

CeAt=0B if t [0,
P, = ’ (e i =1.....n.
i(t) { 0, it 0 T e

Hence,

1
f(t) = Calty) = Cetiag + / Pu(dt, i=1,....n,
0

where g denotes the initial state of 2(¢). Define the set P := W x R. It is easy to verify that P
is convex. The constrained optimal control problem is formulated as

inf  J(u,x 6

Lt (), (6)

where J : P — R is given by

n

J(u, o) = Z wj

=1

1 2 1
CeAti:L‘o + / Pi(t)u(t)dt — y;|| + )\/ Hu(t)”%dt
0 2 0

For given design points {¢;}7_; in [0, 1], we introduce the following condition:

CeAtr

CeAt2
H.1: rank . =/.

CeAtn



It is easy to see, via t; € [0, 1] for all 4, that if (C, A) is an observable pair, then the condition H.1
holds for all sufficiently large n. Under this condition, the existence and uniqueness of an optimal
solution can be shown via standard arguments in functional analysis, e.g., [2, 4, 6, 17, 21, 42]. We
present its proof in the following theorem for self-containment.

Theorem 3.1. Suppose {(ti,yi)}, {wi}, and X > 0 are given. Under the condition H.1, the
optimization problem (6) has a unique optimal solution (u.,xj) € P.

Proof. Consider the Hilbert space La([0, 1]; R™) xR endowed with the inner product {(u, z), (v, 2)) :=

fol u (t)v(t)dt+xT 2 for any (u, ), (v, z) € Ly([0,1];R™)xR:. Its induced norm satisfies || (u, )||? :=

1/2
||uHL2 + ||lz||3, where ||ul|L, := (fo dt) for any u € Lo([0,1];R™) and || - ||2 is the Eu-

clidean norm on R’. The following propertles of J: Ly([0,1];R™) x R! — R, can be easily verified
via the positive definiteness of the matrix Y"1 | w;(Cet)T (CeAti) € R*¢ due to H.1:

(i) J is coercive, i.e., for any sequence {(ug, xx)} with |[(ug, zg)|| — oo as k — oo, J(ug, z) — 00
as k — oo.

(ii) J is strictly convex, i.e., for any (u, z), (v, 2) € Lo([0, 1]; R™) x R, J(a(u, 2) + (1 — ) (v, 2)) <
aJ(u,z)+ (1 —a)J(v,2), Va e (0,1).

Pick an arbitrary (u,z) € P and define the level set S := {(u,z) € P : J(u,z) < J(u,7)}.
Due to the convexity and the coercive property of J, S is a convex and (Lg-norm) bounded set in
La([0, 1]; R™) xRE. Since the Hilbert space Lz ([0, 1]; R™) xR’ is reflexive and self dual, it follows from
Banach-Alaoglu Theorem [21] that an arbitrary sequence {(us,z;)} in S with ux € W and x5, € R?
has a subsequence {(u},z})} that attains a weak*, thus weak, limit (u*, *) € L([0,1];R™) x R
Clearly, z* € R’. Without loss of generality, we assume that for each uy, uy(t) € Q forall t € [0,1].
Therefore, Cetiz) + fo ), (t)dt converges to Celiz* + fo uy(t)dt for each .

Next we show that u, € W via the closedness and convexity of Q In view of the weak conver-
gence of (u}) to uy, it follows from Mazur’s Lemma (28, Lemma 10.19] that there exists a sequence
of convex combinations of (u} ), denoted by (vy), that converges to u, strongly in Ly ([0, 1}; R™), i.e.,
for each k, there exist an integer p, > k and real numbers A\ ; > 0,k < j < p, with Zé”;k Akj =1
such that v, = > 5% Pr o AUk, and [lvg — ]|z, — 0 as k — oo. Since each uy(t) € Q,Vt € [0,1],
the same holds for each vy via the convexity of 2. Furthermore, due to the strong convergence
of (vg) to uy (i.e., in the Lo-norm), (vy) converges to u, in measure [3, pp. 69|, and hence has a
subsequence that converges to u, pointwise almost everywhere on [0, 1] (cf. [3, Theorem 7.6] or [17,
Theorem 5.2]). Since (2 is closed, u.(t) € Q for almost all ¢ € [0, 1]. This shows that u, € W.

Furthermore, by using the (Lz-norm) boundedness of (u}) and the triangle inequality for the Lo-
norm, it is easy to show that for any n > 0, there exists K € N such that [Ju.[|7, < [lu}ll7,+1,Y k >
K. These results imply that for any € > 0, J(ux,z*) < J(u},z},) + € for all k sufficiently large.
Consequently, J(u.,z*) < J(u,z) such that (u,xz*) € S. This thus shows that S is sequentially
compact. In view of the (strong) continuity of J, we see that a global optimal solution exists on S
[21, Section 5.10, Theorem 2], and thus on P. Moreover, since J is strictly convex in (u,zy) and
the set P is convex, the optimal solution (u,x{) must be unique. ]

The next result provides the necessary and sufficient optimality conditions in terms of varia-
tional inequalities. In particular, the optimality conditions yield two equations: (7) and (8). It is
shown in Corollary 3.1 that equation (7) implies that if xf is known, then the smoothing spline
can be determined inductively. Furthermore, the optimal initial state x can be solved from the
(nonsmooth) equation (8), for which a nonsmooth Newton’s method will be used (cf. Section 4).



Theorem 3.2. The pair (us,xy) € P is an optimal solution to (6) if and only if the following two
conditions hold:

u(t) = Ilo(— G(t,u.(t),z5)/N), ae [0,1], (7)
L(’LL*,SCS) = 0, (8)
where . .
Gt u(t), af) = ;wipf (t) (CeAtix8+ /0 Pl-(t)u*(t)dt—yi), 9)
and

n 1
L(uy, x5) = Zwi(CeAti)T<CeAtix3 +/ Pi(t)u(t)dt — yi>.
0

i=1

Proof. Let (u/,z") € P be arbitrary. Due to the convexity of P, (u, zj) +e[(v', 2') — (us, x§)] € P for
all e € [0,1]. Further, since (u., z)) is a global optimizer, we have J((us, z§)+e[(v/, 2") — (us, x§)]) >
J(us, xf) for all € € [0,1]. Therefore

J((u*v 953) + 8[(1/,.%”) — (u*vwg)]) — J(u*, xS)

0 < lim
el0 £
n 1 1
=2 Z w; <C6At"3:(’§ + / Pi(t)u,(t)dt — i, Celi(z' —xp) + / Pi(t) (u'(t) - u*(t))dt>
i=1 0 0

A /0 L) (1)~ u. (t))dt] .

This thus yields the necessary optimality condition: for all (v/,z") € P,

n

> w <C’6Atix6 + /0 1Pi(t)u*(t)dt —y;, CeMti(a! — ) + /0 lPi(t) (u’(t) — u*(t)>dt>

=1
+ )\/Olu*(t)T<u’(t) —u*(t))dt > 0. (10)

This condition is also sufficient in light of the following inequality due to the convexity of J:

* / N * _ *
J(U/,IBI) o J(U*,IBS) Z h\?ol J((u*7x0) + 6[(” ,LU) . (U*,JJO)]) ‘](u*)xO)7 % (Ul,l'/) c 7)

We now show that the optimality condition (10) is equivalent to
<u’(t) —wuu(t), Aus(t) +G(t,u*(t),x3)> >0, ae. [0,1], Vu' € W, (11)
where G(t, u.(t), ) is given in (9), and
<L(u*,x3), $l—$6> >0, Vi’ eR. (12)

Clearly, if (11) and (12) hold, then (10) holds. Conversely, by setting «' = u,, we have from (10)
that

n 1
Zwi <CeAti:1:S —|—/ Pi(t)us(t)dt — y;, Cei(a! — :cz‘])> >0, Va' eR.

i=1 0



Since 2’ is arbitrary in R?, this yields (12) and thus (8). Furthermore, the condition (10) is reduced
to

/1 <u’(t) —un(t), Aun(t) +G(t,u*(t),:zf§)>dt >0, Vuew.
0

Let G(t, . (t), 3) 1= Aun(t) + G(t, us(t), z5). Since G € Ly([0,1];R™), o/ € Ly([0,1]; R™), and € is
closed and convex, it follows from [26, Section 2.1] that the above integral inequality is equivalent to
the variational inequality (11), which is further equivalent to u.(t) € SOL((2, G(t, -, zp)), a.e. [0,1].
Hence, for almost all ¢ € [0, 1],

<w—u*(t), () +G(t,u*(t),x;;)/A> >0, YweQ

This shows uy(t) = o (—G(t, u«(t), z5)/A) a.e. [0,1]. O

~

Let f(t,z) denote the shape restricted smoothing spline for the given {y;}, i.e.,

1
ft,zh) == CeAth—i—/ Ce=%) Bu, (s, 23)ds,
0

where u, is the optimal control, and () is the optimal initial state.

~

Corollary 3.1. The shape restricted smoothing spline f(t,x) satisfies

S wi(Ce) T (Fti,5) —vi) = 0, (13)
i=1
and G(t,u(t), zy) in (9) is given by
0, Vite [O,tl)
“ k ~
G(t,us(t), zy) = B Zwi(ceA(ti—t)B)T( (s, 28) — yi), VrE i tin) k=1, -1
i=1

(14)

Proof. Note that f(ti,asg) = Celixh + fol Pi(s)ux(s,zf)ds for i = 1,...,n. In light of (8) and the
definition of L(uy,x{), we obtain (13). To establish (14), we see from (13) that

i w; (C’eAti) T (f(ti, x5) — yz) Tjo,]

1=

0 Vite [O,tl)

= : At\T (7 * (1)
—Zwi(Ce N (ftag) —yi), VEE [titrpr), k=1,...,n—1
i=1
Moreover, it follows from (9) and the definition of P; that
n T/
G(t,u(t),zf) = Zwi (CGA(tFt)B : I[o,n]) (f(tia 0) — yz)
i=1
n T ~
= Zwi (CeAt"e_AtB> o, - (f(tia p) — yz)
i=1
T T/~
= <e_AtB) Zwi (CeAti> ( (ti,x5) — yi)I[O,ti]'
i=1
By virtue of this and (15), we obtain (14). O



This corollary shows that if the optimal initial condition z{j is known, then the smoothing spline

~

f(t,zf) can be determined inductively. In fact, on each interval [tg, tr+1), G(t, u(t), z§), and thus
ux(t), depends on f(ti, x) with t; <t only. This property will be exploited to compute the shape
constrained smoothing splines in Section 4.

We mention a few special cases of particular interest as follows. If I is a closed convex cone C,
then z € SOL(K, F') if and only if C 3 z L F(z) € C*, where C* is the dual cone of C. In particular,
if I is the nonnegative orthant R, then z € SOL(K, F)) if and only if 0 < z L F(z) > 0, where
the latter is called the complementarity problem (cf. [8, 13] for details). Especially, when F(z) is
affine, i.e., F'(z) = Mz+q for a square matrix M and a vector ¢, then the complementarity problem
becomes the linear complementarity problem (LCP). Another special case of significant interest is
when K is a polyhedron, namely, K = {z € R"| Dz > b, Ez = d}, where D € R™" E € R7*",
and b € R", d € RY. In this case, it is well known that z € SOL(K, F') if and only if there exist
multipliers y € R, 4 € R? such that F(z) = DTx+ETu=0,0<x L Dz—b>0, Ez—d =0 [13,
Proposition 1.2.1]. Along with these results, we obtain the following optimality condition for u, in
terms of a complementarity problem when 2 is polyhedral.

Proposition 3.1. Let 2 = {w € R™|Dw > b} be a (nonempty) polyhedron with D € R™™ and
beR". Then

us(t) = | — G(t, u(t), zg) + DTx(G(t, ux(t), 938))} /A, ae [0,1],

where DTy : R™ — R™ is a continuous piecewise affine function defined by the solution of the
linear complementarity problem: 0 < x L A™'DDTy — X7'Dz —b > 0.

Proof. Tt follows from u, € SOL(Q, G(t, -, x3)) a.e. [0,1], where G(, u.(t), 25) = Aty + G(ux(£), %),
and the above discussions that u, is the optimal control if and only if for almost all ¢ € [0, 1], there
exists x € R" such that

Mig(t) + G(ux(t),z5) — DTx =0, and 0<yx L Du.(t)—b>0.
This is equivalent to the linear complementarity problem
0<x LA IDDTYy = X1z —b>0, (16)

where 2z := G(u(t), ). Due to the positive semidefinite plus (PSD-plus) structure [35], it follows
from complementarity theory [8] that for any z € R™, the LCP (16) has a solution x(z), and
DTx(z) is unique, which further implies that D7"x(+) is continuous and piecewise affine [35]. O

4 Computation of Shape Restricted Smoothing Splines via Nons-
mooth Newton’s Method

In this section, we discuss the numerical issues of the shape restricted smoothing splines. As

~

indicated below Corollary 3.1, in order to determine the smoothing spline f (¢, z(), it suffices to find
the optimal initial state z{j, since once x{; is known, u, and f can be computed recursively. In fact,

~

it follows from Corollary 3.1 that f(¢, () is given by

t
f(t,zh) = Cettal + / Cert %) Bu, (s, 23)ds, (17)
0



where
HQ(O), Vie [O,tl)

*\ k ~
u(t, zp) = HQ(/\*I Zwi(CeA(ti*t)B)T( (tijxg)—yi)), Vi€ [thtit), k=1,....,n—1
=1

~

and f(t,z{) satisfies

Hy(al) = znjwi (CeAt")T(f(ti,ﬂca) ) =0, (18)
=1

To compute the optimal initial state x{, we consider the equation H, ,(z) = 0, where f(¢,2) in
H, (%) is defined by (17) with z{ replaced by z. The following lemma is a direct consequence of
Theorem 3.1 and the definition of f.

Lemma 4.1. For any given {(t;, i)}, {w:}, and A > 0 satisfying H.1, the equation Hy,(2) = 0 has

~

a unique solution, which corresponds to the optimal initial state x§ of the smoothing spline f(t,zf).

It should be noted that the function H,, : RY — R’ is nonsmooth in general, due to the
constraint induced nonsmoothness of u, (¢, z§) in z. However, the following proposition shows the
B(ouligand)-differentiability of f(t, z) in z [13, Section 3.1]. Recall that a function G : R — R’ is
B-differentiable if it is Lipschitz continuous and directionally differentiable on RY, namely, for any
z € R? and any direction vector d € R’, the following (one-sided) directional derivative exists

G'(z;d) :=lim Glz+rd) - G(z).
70 T

Proposition 4.1. Assume that Ilg : R™ — R™ is directionally differentiable on R™. For any given
{(t;,y0)}, {wi}, A >0, and z € R, f(t,2) is B-differentiable in z for any fized t € [0,1].

-~

Proof. We prove the B-differentiability of f(¢,z) in z by induction on the intervals [tg,txi1],k =
0,1,...,n—1. Consider ¢ € [0,¢] first. Since u.(t,z) = IIg(0),Vt € [0,¢1) and f(t, z) is continuous
int, f(t,z) = Cetz+ fg Cet=9) B1Ig(0)ds, ¥t € [0,t;], which is clearly Lipschitz continuous and
directionally differentiz}\ble, thus B-differentiable, in z for any fixed ¢ € [0, t1].

Now assume that f(t,-) is B-differentiable for all ¢t € [0,¢1] U --- U [tx—1, %], and consider the
interval [tg,tx+1]. Note that for any t € [tx,tx+1), the optimal control

wnt.2) = T (A_lzk:wi (cert B)T (Fiter2) —y)) . (19)
=1

~

Since the functions Ilg(-) and f(¢;,-),s = 1,...,k are all B-differentiable, it follows from [13,

Proposition 3.1.6] that the composition given in u, (¢, z) remains B-differentiable in z for each fixed

t € [ty tyt1). For a given direction vector d € R and a given 7 > 0, u,(t, z + 7d) is continuous in ¢

on [tg,tg+1). Therefore, u(t,z+7d) is (Borel) measurable on [tg,tx41) for any fixed 7 and d. Since
us(t, z + 7d) — uy(t, 2)

"(t,z:d) = li
uy (t, z;d) lim . ,

the function v/ (¢, z; d) is also (Borel) measurable on [tx, tx41) for any fixed z and d [3, Corollary 2.10
or Corollary 5.9]. It follows from the non-expansive property of Il with respect to the Euclidean
norm || - ||2 [13] that for any given 7 > 0,

k
L(t, d) — u(t, 1
[wslt, 2 + 7d) —us(t,2) |2 _ S

T AT
1=

(C'eA(ti_t)B)TH2 : Hf(ti,z +7d) — A(tz',Z)H2-



This shows that for each t € [tg,tki1), ”u*(t’erTdT)_u*(t’z)Hz < Zle MH(CG"‘(“_”B)THT

~

where L(t;) > 0 is the Lipschitz constant of f(¢;,-). Hence, it is easy to see that u/(t,z;d) is
bounded on the interval [tg,txy1), i.e., there exists g > 0 such that ||ul(¢,2;d)|2 < o for all
t € [tk,tg+1). This shows that u(t,z;d) is (Lebesgue) integrable in ¢ on [tg,tr+1]. In view of the
above results and the Lebesgue Dominated Convergence Theorem [3, Theorem 5.6 or Corollary 5.9],
we have f'(t, z;d) = CeAtqufg CeAt=5) Byl (s, z; d)ds for all t € [ty,, t41]. This shows that f(¢,-) is
directionally differentiable for each ¢ € [tg, tx11]. Furthermore, since ||Ig(2) — o (2')||2 < ||z — 2/||2
for all 2,2/ € RY and wu.(t,z) depends on finitely many f(ti,z) on the interval [t;,t;41) with
j=1,...,k (cf. (19)), it can be shown that for each j = 1,...,k, there exists a uniform Lipschitz
constant L; > 0 (independent of ¢) such that for any ¢ € [t;,¢;41), [[u(t, 2) —ui(t, 2)[l2 < Ljl[z—2"[|2

~

for all 2,2 € R In view of f(t,2) = Cettz + f(f CeAt=5) Bu, (s, z)ds, the continuity of f in ¢, and

the induction hypothesis, we deduce the Lipschitz continuity of f(¢,-) for each fixed t € [tg, tg41]-
Therefore, the proposition follows by the induction principle. ]

Clearly, the assumption of global directional differentiability of the Euclidean projector Ilg is
critical to Proposition 4.1. In what follows, we identify a few important cases where this assump-
tion holds. One of the most important cases is when € is polyhedral. In this case, as shown in
Proposition 3.1, IIg(-) is a continuous piecewise affine function, and its directional derivative is
given by a piecewise linear function of a direction vector d (cf. [13, Section 4.1] or [31]). When
Q) is non-polyhedral, we consider a finitely generated convex set, i.e., @ = {w € R™|G(w) < 0},
where G : R™ — RP! is such that each component function G; is twice continuously differentiable
and convex for i = 1,...,p1. It is known that if, for each w € R™, the set {2 satisfies either sequen-
tially bounded constraint qualification (SBCQ) or constant rank constraint qualification (CRCQ)
at IIo(w), then Ilg is directionally differentiable; see [13, Sections 4.4-4.5] for detailed discussions.

More differential properties can be obtained for f(t,z). Motivated by [27, Theorem 8|, we
consider semismoothness of f. A function G : R” — R™ is said to be semismooth at z, € R" [13] if
G is B-differentiable at all points in a neighborhood of z, and satisfies

Horn— o) — G 2 » —
lim G'(z;2 — z¢) — G'(24; 2 — 24)

= 0.
ZaF 22 ”Z — Z*H

Semismooth functions play an important role in nonsmooth analysis and optimization; see [13] and
the references therein for details.

Lemma 4.2. Assume that Il : R™ — R™ s directionally differentiable on R™. For any given
{(tis,yi)}, {wi}, A >0, and z € R, if u.(t,-) is semismooth at z for each fived t € [0,1], so is f(t,-).

Proof. Fix {(t;,yi)}, {wi}, A > 0, and 2z € R. Tt suffices to prove that Z(t,-) is semismooth at z
for each fixed t € [0, 1], where Z(¢, z) satisfies the ODE: #(t) = Ax(t) + Bu«(t,2), t € [0, 1] with
x(0) = z. It follows from the proof of Proposition 4.1 that Z(¢, z) is B-differential in z on [0, 1] and
for a given d € Rf and t € [0, 1],

t
T (t,z;d) = eAtd+/ A=) By (s, z; d)ds.
0

In view of this, it is easy to verify that for a fixed ¢ € [0,1] and any z € R,

t
T(t,22—2) -7 (t,z;2—2) = / eA(t_S)B(u;(s, 22— 2)—u.(s, 2,2 — Z))ds.
0

By the semismoothness of u.(s,-) at z, we have for each fixed s € [0, ],

lim ul(s,2;2 — z) —ul(s,2;2 — 2) 0
2#£Z—z ”5— ZH ’
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Furthermore, it is shown in the proof of Proposition 4.1 that v/ (s,2;Z — z) and (s, z;Z — 2)
are Lebesgue integrable and bounded on [0,1]. Therefore, it follows from Lebesgue Dominated
Convergence Theorem [3, Theorem 5.6 or Corollary 5.9] that

(2,2 —2) =T (t,2;2 — 2)

lim = =0.
2#Z—z ||Z — ZH
This shows that Z(¢, z) is semismooth at z for each ¢ € [0, 1]. O

Proposition 4.2. If Il is semimsooth at any point in R™, then for any z € RY, f(t, -) is semis-
mooth at z for each t € [0,1]. In particular, this holds true if Q is polyhedral.

~

Proof. Note that semimsoothness implies B-differentiability. Furthermore, f(¢,-) is clearly semis-
mooth in z on [0, #1]. Now assume that f(t, z) is semismooth in z for all ¢ € [0, ;]. By the induction
hypothesis and (19), we see that for any fixed t € [tg, tg+1], u«(t, z) is a composition of Il and a
semismooth function of z. It follows from [13, Proposition 7.4.4] that u.(t,-) is semismooth at z
for any t € [tg, tx+1]. In light of Lemma 4.2, f(t, -) is semismooth at z on [ty, k41| and on [0, tx11].
By the induction principle, f(t, -) is semismooth at z for each t € [0, 1]. Finally, if Q is polyhedral,

then Ilq is continuous piecewise affine and hence (strongly) semismooth [13, Proposition 7.4.7]. [

It follows from the above results that H,, is a vector-valued B-differentiable function (pro-
vided that IIg(-) is directionally differentiable). To solve the equation Hy ,(z) = 0, we consider a
nonsmooth Newton’s method with line search in [24]; its (unique) solution is the optimal initial
state x() that completely determines the smoothing spline f(t, x§). It is worth pointing out that the
original nonsmooth Newton’s method in [24] assumes the existence of a direction vector d solving
the equation H, ,(z) + H, ,(2;d) = 0 for any 2. While this assumption is shown to be true for
almost all z in Theorem 5.1, it is highly difficult to show it for certain “degenerate” z; we refer
the reader to Section 5 for the definition of a degenerate z. To overcome this difficulty, we show
in Proposition 5.2 that a suitable small perturbation to a degenerate z yields a non-degenerate
vector for which the assumption is satisfied. This leads to a modified nonsmooth Newton’s method
for the constrained smoothing spline; we postpone the presentation of this modified algorithm to
Section 5 after all essential technical results are given. Moreover, it is noted that if fis semis-
mooth, other nonsmooth Newton’s methods may be applied [13]. However, these methods require
computing multiple limiting Jacobians, which is usually numerically expensive. On the other hand,
the modified nonsmooth Newton’s method only requires computing directional derivatives (and a
single Jacobian) at a non-degenerate point.

Before ending this section, we show that for any given z* € R’ the level set S, := {z € R’ :
|Hyn(2)|| < |[Hyn(2*)||} is bounded. This boundedness property will be critical for convergence
analysis of the modified nonsmooth Newton’s method; see the proof of Theorem 5.2.

We introduce some technical preliminaries first. Recall that the recession cone of a closed convex
set K in R” is defined by £ := {d € R" |+ pd € K,V u > 0} for some x € K. It is known [1] that
in a finite dimensional space such as R", K is equivalent to the asymptotic cone of K defined by

{deR”] there exist 0 < up — 00,z € K such that lim xk—d}.
k—o0 L

Furthermore, K is a closed convex cone, and K is bounded if and only if £ = {0}. More
equivalent definitions and properties of recession cones can be found in [1, Proposition 2.1.5]. We
give a lemma pertaining to the Euclidean projection onto a recession cone as follows.

11



Lemma 4.3. Let Q be a closed convex set in R™, let (vg) be a sequence in R™, and let (ux) be a
positive real sequence such that limy_so i = 00 and limg_,oo = = d for some d € R™. Then

T
II
i 220 ),
k—oo Uk

where Q°° is the recession cone of €.

Proof. Tt follows from a similar argument as in [13, Lemma 6.3.13] that

IIq(ud
lim 7{2(# )

= I (d).
L—00 "
Therefore, it suffices to show limy_,o 2208 = limy . 22Wd  Without loss of generality, we
let the vector norm || - || be the Euclidean norm. By virtue of the non-expansive property of the

FEuclidean projector with respect to the Euclidean norm, we have

[Ua(vy) ~ HaGud)| _ [lvr = med]| _
Mk N Mk

Uk—dH—>0, as k — oo.
Hk

This shows the equivalence of the two limits, and hence completes the proof. ]

With the help of this lemma, we establish the following proposition.

Proposition 4.3. Let Q be a closed convex set in R™. Given any {(t;,y;)} satisfying the condition
H.1, {w;}, A\ >0, and z* € R’ | the level set S, is bounded.

Proof. We prove the boundedness of S, by contradiction. Suppose not. Then there exists a
sequence (z) in Sy« such that ||zx|| = oo as k& — co. Without loss of generality, we may assume
that (z1/|zx|]) converges to v* € R’ with ||v*|| = 1 by taking a suitable subsequence of (z) if
necessary. Define the functions f : [0,1] x R — R? and @, : [0,1] x R — R™ as:

_ t
f(t,z) == C’eAtz—i—/ Cert =) B, (s, z) ds,
0

and
HQoo(O), Vte [0, tl)

~ e k ~
Us(t,z) == o <)\_1 Zwi(C’eA(ti_t)B)T f(t¢,2)>, Vte[tptpgr), k=1,...,n—1
i=1

where 2*° is the recession cone of €2. Note that fcan be treated as the shape restricted smoothing

spline obtained from the linear control system (A, B,C, Q%) for the given y := (y;)7; = 0,

namely, the control constraint set €2 is replaced by its recession cone 2*° and y by the zero vector.
We claim that for each fixed ¢ € [0, 1],

~

¢ -
o far) it o).
k—oo || zk|
We prove this claim by induction on the intervals [t;, ;1] for j =0,1,...,n — 1.

~

Consider the interval [0,¢;] first. Recall that w. (¢, z;) = IIq(0),Vt € [0,¢1) such that f(¢, z)
CeAtzk+f(f CeAt=5) Bl (0)ds for all t € [0,1]. Hence, in view of Ilge (0) = 0 such that . (t, v*)
0 and f(t,v*) = Cev* for all ¢ € [0,1], we have, for each fixed ¢ € [0, #1],

~

t
F(t, 2) = lim Ce™ SL— Cetty* = ft,v").
k—oco sz” k—o0 sz”

12



Now suppose the claim holds true for all t € [0,¢;] with j € {1,...,n—2}, and consider [t;, ;1]
Note that for each t € [t;,t;4+1),

us(t, z) = Hg( 1Zw Ce )T(A(ti,z)—yi)>.

By the induction hypothesis and the boundedness of CeA*~t) B on [tj,tjy1] foralli=1,...,7, we
have, for each fixed t € [t;,tj11),

~

A i (CeA 0B (f(ti,2) — s < 4 T
. iy % z - ) (ti—t) Lok
i By W u(CeTIB) St ")

By Lemma 4.3, we further have, for each fixed t € [ts,ts41) with s € {1,...,7},

o (A S5y wi(CeA0B) " (F(ti,2) — )

lim M = lim
S
= I~ ()\_1 Z w; (C’eA(t"_t)B)Tf(ti, U*))
i=1
= U(t,v").

Clearly, u.(-,v*) is Lebesgue integrable and uniformly bounded on [tj,¢;41]. Therefore, for each
fixed t € [tj,tj+1],

t
7t 2) CeAtz, +/ Ce =) Bu, (s, z,) ds
lim : 0

= lim
C At
S T . /Ce (t-9)p (lim “(“’“)) ds
k—o0 ’ZkH k—o0 sz”

= Cetly* /CeA(t_s)Bﬂ*(s,v*)ds
0

= ft,0"),

where the second equality follows from the Lebesgue Dominated Convergence Theorem [3, Theorem
5.6]. This establishes the claim by the induction principle.
In light of the claim and the definition of Hy , in (18), we hence have

H -
lim —2 (2%) sz CeAt flti,v*) = Hy,, (v")

k—oc0 ’Zk” y=0’

where Hy,, : R® — R’ with § = (), is defined by

n

Iflgm(z) = Zwi (C’eAti)T<f(ti,z) — @)

=1

Since the smoothing spline ]7 is obtained from the linear control system (A, B, C,Q>), and the
recession cone {2°° contains the zero vector, it is easy to verify that when y = 0, the optimal solution
pair (uy, z5) for f(t,zf) is 25 = 0 and u. (¢, zj) = 0 on [0, 1] (such that f(¢,z5) = 0 on [0, 1]). Based
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on Lemma 4.1, we deduce that the equation ﬁo,n (z) = 0 has a unique solution z = 0. Since v* # 0,
we must have Hp ,(v*) # 0. Consequently,

- [Hyn(z)l R
1 : = ||H > 0.
vl BN [ Ho.n ()|
This shows that ||Hy,(2)| is unbounded on S+, which yields a contradiction. O

5 The Modified Nonsmooth Newton’s Method: Algorithm and
Convergence Analysis

In this section, we study the modified nonsmooth Newton’s method and its global convergence. In
particular, we focus on the case where the control constraint set ) is polyhedral for the following
reasons: (i) the class of polyhedral €2 is already very broad and includes a number of important
applications; (ii) since any closed convex set is the intersection of all closed half-spaces containing
it, such a set can be approximated by a polyhedron with good precision; (iii) when €2 is polyhedral,
Il is globally B-differentiable, while this is not the case for a non-polyhedral €2, unless certain
constraint qualifications are imposed globally. Furthermore, for a non-polyhedral €2, the directional
derivatives of Il are much more difficult to characterize and compute.

Let Q = {w € R™|Dw > b} be a polyhedron with D € R"™"™ and b € R". Proposition 3.1
shows that Il : R™ — R™ is a (Lipschitz) continuous and piecewise affine (PA) function. It follows
from (19) that for ¢ € [tg,tg+1) with k =1,2,...,n — 1, Bu.(t,z) = Bllg (BTe_ATtvk(z)), where

k
vp(2) == A1 Zwi (C’eAti)T (f(ti, z) — yz> € R". (20)
=1

Define the function F : R¢ — R as F := B oIlg o BT, which is also Lipschitz continuous and
piecewise affine. It follows from the theory of piecewise smooth functions (e.g., [31]) that such
a function admits an appealing geometric structure for its domain, which provides an alternative
representation of the function. Specifically, let = be a finite family of polyhedra {X;};", where
each X; :== {v € R¢ | Giv > h; } for a matrix G; and a vector h;. We call Z a polyhedral subdivision
of RY [13, 31] if

(a) the union of all polyhedra in Z is equal to R, i.e., Uit X = R¢,
(b) each polyhedron in = has a nonempty interior (thus is of dimension ¢), and

(c) the intersection of any two polyhedra in = is either empty or a common proper face of both
polyhedra, ie., %;NX; #0 = [XNX; =X N {v|(Giv—hi)a =0} =X N {v|(Gju—
hj)s = 0} for nonempty index sets a and g with X; N {v|(Giv — hi)a = 0} # A; and
XN {v](Gjv —hj)s =0} # ;.

For a Lipschitz PA function F, one can always find a polyhedral subdivision of R and finitely
many affine functions g;(v) = F;v+1; such that F coincides with one of the g;’s on each polyhedron
in E [13, Proposition 4.2.1] or [31]. Therefore, an alternative representation of F' is given by

F(v) = Bw+1;, VoveX, i=1,...,ms,

andv e X, NA; = Ev+1; = Ejv+1;. B
Given v € R, define the index set Z(v) := {i|v € &;}. Moreover, given a direction vector d € RY,
there exists j € Z(v) (dependent on d) such that F’(v;d) = Ejd. (A more precise characterization
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of the directional derivative of the Euclidean projection is defined by the critical cone [13, Theorem
4.1.1], which shows that for a fixed v, F'(v;d) is continuous and piecewise linear (PL) in d.) In
view of this and (19), we have that, for each fixed ¢ € [tx, tx+1) with k = 1,...,n — 1, there exists
j € I(e=4"tvy,(2)) (dependent on d) such that

k
Bu(t,z;d) = Eje e AT v).(2;d),  where v (z;d) = A_lzwi(CeAti)Tf’(ti,z;d). (21)
i=1

For each fixed ¢, the matrix F; not only depends on z, which is usually known, but also depends
on the direction vector d that is unknown a priori in a numerical algorithm. This leads to great
complexity and difficulty in solving the equation Hy ,(2) + H, ,(2;d) = 0 for a given z, where d is
the unknown. In what follows, we identify an important case where e_ATtvk(z) is in the interior of
some polyhedron X such that the matrix E; relies on z (and ¢) but is independent of d.

For notational convenience, define

q(t,v) == ey, weR,

which satisfies the linear ODE: ¢(t,v) = —ATq(t,v). For a polyhedron X; = {v|Gsv > h;} in E,
define Y; := {v € R | (Giv — hi,Gi(—AT)U,Gi(—AT)Qv,...,Gi(—AT)ZU) %= 0}, where = denotes
the lexicographical nonnegative order. For a given v € R, let the index set J(v) := {i|v € V;}.
Clearly, J(v) C Z(v) for any v. Furthermore, given a t., q(t,v) € X; for all t € [t.,t, + €] for some
e > 0 if and only if ¢(t«,v) € );. We introduce more concepts as follows.

Definition 5.1. Let ¢(¢,v) and a time ¢, be given. If J(q(t«,v)) # Z(q(t«,v)), then we call t, a
critical time along q(t,v) and its corresponding state q(t.,v) a critical state. Furthermore, if there
exist € > 0 and a polyhedron X; in = such that ¢(¢,v) € X;,Vt € [t — e, ts + €], then we call ¢, a
non-switching-time along q(t,v); otherwise, we call ¢, a switching time along q(t,v).

It is known that a switching time must be a critical time but not vice versa [32]. Furthermore,
a critical state must be on the boundary of a polyhedron in Z. The following result, which is a
direct consequence of [32, Proposition 7], presents an extension of the so-called non-Zenoness of
piecewise affine or linear systems (e.g., [5, 25, 33, 34]).

Proposition 5.1. Consider q(t,v) and a compact time interval [t., t«+T] where T > 0. Then there
are ﬁmtely _many critical times on [ty t« + T] along q(t,v). Particularly, there exists a partition
te =ty < t1 < -+ < ty_1 < tar = ta + T such that for each i = 0,1,...,M — 1, Z(q(t,v)) =
j(Q(tvv)) = j(Q(t ) ))’v te (tutl—H) for any t'e (tlvtl-i-l)'

It follows from the above proposition that for any given v, there are finitely many critical times
on the compact time interval [t,tx11] along ¢(t,v), where k > 1. We call ¢(t,v) non-degenerate on
[tk tre1] if, for any two consecutive critical times ; and t;,1 on [tg,tx41], there exists an index i,
(dependent on (£;,%;4+1)) such that Z(q(t,v)) = {i} for all t € (t;,1;41). In other words, ¢(t,v) is
non-degenerate if it is in the interior of some polyhedron of = on the entire (tj7 tj+1)

We introduce more notation and assumptions. First, it is clear that there exist constants p; > 0
and py > 0 such that ||CeA?=9)|, < p; for all t,5 € [0,1] and maxXic(i, . m.} [ Eillo < p2. In
addition, we assume that

H.2 there exist constants p; > 0, u > v > 0 such that for all n,

1% .
max [ty —ti] < 2 e Yaw<t v
0<i<n n n

S I=
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Theorem 5.1. Let ) be a polyhedron in R™. Assume that H.1 —H.2 hold and X > p?p3papy/(4v).
Given z € RY, let vi(z) be defined as in (20). Suppose that q(t,vi(z)) = e A tvp(z) is non-
degenerate on [tg,tg+1] for each k = 1,2...,m — 1. Then there exists a unique direction vector
d € RY satisfying Hyn(z) + Hy ,(2;d) = 0.

Proof. Tt follows from the non—degeneracy of q(t,vx(z)) and Proposition 5.1 that, for the given 2

and each [tg,tgp41] with k=1,.. — 1, there exists a partition t; = # 0< tk L < < M—1 <
?th = tg+1 such that for each j= 0, ooy My, — 1, q(t,vx(2)) is in the interior of some polyhedron

of = for all ¢ € (%\]{;J,%\k’j+1). It is easy to show via the continuity of f(t,z) in z that for each open
interval (tAk,j,tk,jH) there exists a matrix Ej; € {E1,..., Ey} such that for all ¢t € (t;,tkj11),
Bul(t,z;d) = E} je e~ ATt vy (2;d). Letting w; := w;/A, i = 1,...,n and by (21), we have, for r > k+1,

M —1
bt C A(trfs)B l ‘d)ds = e C A(tr—s) : BT~ =~ —ATs v d)ds
e (s, z;d)ds = e Z kg A T | € k(2 d)

t t = 3tk g

Kas A(tr—s) S —ATs ‘ ~ At\T 2

- t Cem Z Ek’j'I[tAk,j,tAk,jH] ¢ Zwi(Ce 1) fi(ti, zd)ds
k 7=0 =1
My —1

tet1 T N
= sz / CeAltr=s) [ 3~ Erj Y5 5o (CeArti=N)ds & F(t;, 2 d)
j=0

= sz rkl,z tzazd)

where, for each i =1,...,k,

tkt+1 My —1 . .
V(hk’i)’z . /t Cefltr=) Z Ek’j':[ﬁk,jy?k,ﬂrl] (CeA(tl_S)) ds € RP*P,
k i=0

Note that for a fixed triple (r, k,1), V{,. 1), depends on z only and 7 > k > i > 1. For r > i > 1,
define Wi, . = w; > i, ! Virji),z- Therefore, for each k =1,...,n —1,

+1
f (tht1,2;d) = C’eAt’““d—i—Z/ ’ tk+1_s)Bufk(s,z;d)ds

ko Jj
CeAlirid 4 Z Z Vik+1,50),2 F(ti,z:d) = CeMiid+ Z Witz [ (ti; 2:.d).
=1 i=1 =1

In what follows, we drop z in the subscript of W for notational simplicity. In view of f’(tl, z;d) =
CeAl1d, it can be shown via induction that for each k = 2,...,n,

f/‘\/(tkﬁa zZ; d) - CeAtkd + W(kyk_l)ceAtk_ld =+ (W(k:,k‘—Q) —+ W(k,k—l)W(k—l,k;—Q)) OeAtk—Qd

k—1 s1—1
+ (W(kl)+Wks (s,1) + Z Zwksl sl,sz)W(52,1)+”'
$1=3 s9=2

...... —+ W(k:,k:—l)W(k’—l,k?—Q) s W(372)W(2,1)> CeAtld
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where the matrices W(k,j) of order p are defined in terms of W ) as shown above.
For a given r € {1,...,n}, define

C@Atl N‘[p
CleAts Wy I
C, .= . e R"P*¢ W, := diag(wilp, ..., wIp) Wiy Wee) Ip € R"PX"P,
Woy Wiz - Wep1) Ip)

(22)
where I, is the identity matrix of order p and W, depends on z but is independent of d. Hence,
the directional derivative of > ;_; wi(CeAti)T( f(ti, z) — y;) along the direction vector d is given by

S wi(Cet) (i, zd) = CTW, C, d.
=1

Clearly, W, is invertible for any r, and it can be easily verified via the property of W(k’j) that

I,
~Wey b
—1 — — : -1 -1
W, = | "Wy —Waea b diag(wy "Iy, ..., w, "I,).
Wiy Wiy - Wiy Ipl
Moreover, define the symmetric matrix
[ b Wi Wi Wen 7
w1 2w1 2w1 2w1
Wi Ip Wis,2) W2
1 2w w2 2w2 2ws
_ -1 -7\ _ Wi, W(s,2) Ip :
Vii= 3 (WT + (W) ) — | T oo L :
. W(r,rfl)
2wr—1
Wiy Wi Wirr—1) Ip
2w1 2wz 2Wpr—_1 Wy

It follows from assumption H.2 that max; w; < p/(An) and that for any 1 < j < k,

tk 2 >
7 2 poip2  p(k —j)
| (k,J)H = /\n/t]- p1P20T = n

n
Furthermore, we deduce from H.2 that max; ; % < p/v. Therefore, for any fixed k =1,...,n,
k—1 n k—1 n
Wik, Wi k) 12 p3p2p
’ — < A= k—1i  —k
(S5 s 3 52 ) < e (Sw-oe 3 6-n
=1 i=k+1 =1 i=k+1
-1
12 pip2ps "ZZ < Ehpp(n=1) _
2\ n? - 4 vn ’

1=

where the last inequality follows from the assumption on A. This implies that the symmetric matrix
V., is strictly diagonally dominant for any . Hence, for each r, V. is positive definite, so are W,
and W, (although not symmetric).

Finally, note that H, ,(z;d) = CI'W, C, d, and C,, has full column rank, in light of the
assumption H.1. Consequently, CZ W,, C,, is positive definite such that the unique direction
vector d = —(CL W, Cn)ley,n(z) solves the equation Hy,(2) + H, ,(2;d) = 0. O
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The above result relies on the critical non-degenerate property of ¢(¢, v(z)). In what follows, we
consider the case where q(t,vi(z)) is degenerate on some sub-interval of [tg,tr11]. Geometrically,
this implies that the trajectory of q(t,vi(2)) travels on a face of a polyhedron in = for some time. It
shall be shown that under mild assumptions, a suitable small perturbation of z will lead to a non-
degenerate trajectory. Recall that each polyhedron &j; in the polyhedral subdivision = is defined by
the matrix G; € R™ and the vector h; € R™i. Since each X; has non-empty interior, we assume,
without loss of generality, that for each j =1,...,m;, the set {v € &; | (Gjv — h;); = 0} represents
a (unique) facet of &; (i.e., a (¢ — 1)-dimensional face of X;) [31, Proposition 2.1.3], where (G;);e
denotes the jth row of G; and satisfies H(Gz)ﬁHg =1.

Proposition 5.2. Let Q be a polyhedron in R™. For a given z € RY, suppose that q(t,vy(2)) is
degenerate on the interval [tg,tiy1] for some k € {1,...,n — 1}, where vi(z) is defined in (20).
Assume that (C, A) is an observable pair, H.1 — H.2 hold, and X\ > u?p?pap;/(4v). Then for any
e >0, there exists d € R® with 0 < ||d|| < € such that q(t,vx(z + d)) is non-degenerate on [ty tyi1]
foreachk=1,...,n—1.

Proof. Fix € > 0. Define the set of vector-scalar pairs that represent all the facets of the polyhedra
in =Z:

S = {((Gi)f,,(hi)j) li=1,...,me j= 1m2}

Note that if (¢, vk(2)) is degenerate on [tk, txy1] for some k, then there exist a pair (g,a) € S and
an open subinterval 7 C [tg,tpy1] such that g7 q(t,vi(2)) — a = 0 for all ¢+ € T, which is further
equivalent to g7 q(t, vg(2))—a = 0 for all t € [ty, tji1] in view of (¢, vg(2)) = e~ tvy(z). Therefore,
we define for each k € {1,...,n— 1}, S, x.p := {(g9,a) € S| gL q(t,vr(2)) = o, Vt € [tg, trs1]}-

Let k1 be the smallest k such that S, i p is nonempty (or equivalently ¢(¢, vi(2)) is degenerate on
[tk,tk+1]). Clearly, k > 1. Since q(t,vk(z)) is non-degenerate on [tg,txy1] for each k =1,... k1 —1,
it follows from a similar argument in the proof of Theorem 5.1 that v}, (2;d) = ATICL Wy, . Cy, d,
where we write Wy, as Wy, . to emphasize its dependence on z (but independent of d). Consider
the following two cases:

(i) (9,) € S.k,,p. It follows from the B-differentiability of vy, (-) that q(t, v, (2 + d)) =
q(t,vg, (2)) —i—q(t,v;ﬂ(z; d)+o(||d]))) for each t € [tg,,tk,+1] [13, Proposition 3.1.3]. Therefore,
using the fact that ||g||2 = 1, we have for each t € [ty,, Lk, +1]

9" a(t, e, (z+d)—a = (9" q(t, e, (2))—a) +9" q(t, v, (2 d)+o([ld]))) = 9" q(t, vi, (21 d)) +o(d]]).

Furthermore, under H.2 and the assumption on A, it is shown in Theorem 5.1 that Wy, . is
positive definite. Let the observability matrix

gT

T AT
g'A
Vy = . e R,

gT(AT)E—l

Since g7 q(t, v, (23d)) = gTe*ATtC;;Cl Wy, .. Ck, d, we see that g7 q(t, v, (25 d)) is nonvanishing
on [tk ,tk,+1) if and only if d ¢ Ker(VgC{l Wi, .2 Ck, ). Since g is nonzero, Wy, , is positive
definite, and (C, A) is an observable pair, it is easy to show that Vgcz1 Wy, - Cr, # 0 such
that Ker(VgC;‘g1 Wi, - Ck,) is a proper subspace of R’. Hence there exists a scalar 7 > 0
such that for any d ¢ Ker(VQ,Cfl Wi, - Cr,) with 0 < ||d|| < 7, g"q(t,v},(2;d)), and thus
g7 q(t, vk, (z+d)) — a, is nonvanishing on [tg,,tx, 1], which further implies that g7 q(t, v, (2 +
d)) — a has at most finitely many zeros on [tg,, tk, +1]-
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Algorithm 1 Modified Nonsmooth Newton’s Method with Line Search
Choose scalars 3 € (0,1) and v € (0, 3);
Initialize & = 0 and choose an initial vector 2 € R such that q(¢,v;(z")) is non-degenerate on

each [t;,t;41];
repeat
k<« k+1;
Find a direction vector d* such that Hy ,(2*71) + H{m(zkfl; d*) = 0;
Let my be the first nonnegative integer m for which g(zf71) — g(zF=1 + pgmar) >
—Bg (21 db);
2P R g gk
if q(t,v;(2")) is degenerate on some [t;,t;11] then
Choose d’ € R? with sufficiently small ||d’|| > 0 such that q(t,v;(2* 4+ d’)) is non-degenerate
on each [tj,tj11];
2k 2k dl
end if
until g(z*) is sufficiently small

return z*

(ii) (g,) € S\ S.k,.p. This means that there exists t. € [tg,,tk,+1] such that g7q(ts, vk, (z +
d)) — a # 0. Due to the continuity of vy, (z), we see that there exists 7 > 0 such that if
|d|| < 7, then gTq(ts, vk, (2 + d)) — a # 0, which also implies that g7 q(t, vy, (2 + d)) — « has
at most finitely many zeros on [tx,,tg,+1]. Similarly, we see that for each k = 1,...,k; — 1
and each (g,a) € S, g7q(t,vx(z + d)) —  has at most finitely many zeros on [tg,,tx,+1]-

By virtue of the finiteness of S and the above results, we obtain a finite union of proper
subspaces of R denoted by S and a constant 1 > 0 such that for each (g,«) € S and any d ¢ S with
0 < ||d|| <n, gTq(t,vi(2+d)) —a has at most finitely many zeros on [ty, ;1] for each k= 1,... ki.
Since g7q(t,vi(z + d)) — a # 0 for all but finitely many times in [t;,tx 1] with k = 1,...,k; for
all (g,a) € S, we conclude that except finitely many times in [tg, tg41], (¢, vp(z + d)) must be in
the interior of some polyhedron in E at each ¢t € [ty, tx41], where k = 1,...,k; . This shows that
q(t,vp(z + d)) is non-degenerate on [tx, txy1] for each k = 1,..., k1. In particular, we can choose a
nonzero vector d* with ||d!|| < e/n satisfying this condition.

Now define z' := z + d', and let ko be the smallest k such that 83 1. p is nonempty. Clearly,
ko > ki + 1. By replacing z by z' in the preceding proof, we deduce via a similar argument that
there exists a nonzero vector d? with ||d?|| < min(e/n, ||d'||/4) such that q(t,vi(Z* + d?)) is non-
degenerate on [tx,try1] for each kK = 1,..., k. Continuing this process and using induction, we
obtain at most (n — 1) nonzero vectors &/ with ||d’| < min(e/n, ||d!||/27) for j > 2 and d* := > &
such that (¢, vi(z+d*)) is non-degenerate on [ty, ty11] for each k = 1,...,n—1. Obviously ||d*|| < e.
Furthermore, by virue of || 3,5, || < ||d*||/2, we conclude that d* # 0. O

We are now ready to present the modified nonsmooth Newton’s algorithm. Let the merit
function g : R — Ry be g(z) := %Hgn(z)Hyn(z) Then g is B-differentiable and ¢'(z;d) =
Hl (2)H)] ,(z;d). The numerical procedure of this algorithm is described in Algorithm 1.

Finally, we establish the global convergence of Algorithm 1 under suitable assumptions.

Theorem 5.2. Let Q be a polyhedron in R™. If (C, A) is an observable pair, the assumptions in
Theorem 5.1 hold, and liminf, 8™ > 0, then the sequence (z¥) generated by Algorithm 1 has an
accumulation point that is a solution to the equation Hy,(z) = 0.
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Proof. Let (2*) be a sequence generated by Algorithm 1 from an initial vector 20 € R?; the existence
of (z¥) is due to Theorem 5.1 and Proposition 5.2. Without loss of generality, we assume that
Hy, (2%) # 0 for each k. Letting d’ be the perturbation vector in the algorithm in case of degeneracy,
we have g(z¥~1) — g(z* —d') > o™ ||Hy ,(zF —d")||3. Since ||d’|| can be arbitrarily small and H,,
and g are continuous, it follows from a similar argument as in the proof of [24, Theorem 4] that
g(ZF ) —g(2F) > opmx <||Hy,n(zk) H%—I—o(HHyn(zk)H%)) Hence, (g(z*)) is a nonnegative and strictly

decreasing sequence. This also shows, in view of Proposition 4.3, that the sequence (zk) is bounded
and thus has an accumulation point. Furthermore, (g(z*)) converges and limy_,oo (8™ || Hy 5 (2")]13+
er) = 0, where each |ei| is arbitrarily small by choosing small ||d’||. (For example, |e| can be of
order o(||Hyn(2%)|3) by choosing a suitable d’.) Hence, if lim infy 3™ > 0, then an accumulation
point of (2*) is a desired solution to the B-differentiable equation Hy ,(z) = 0. O

6 Numerical Examples

In this section, three nontrivial numerical examples are given to demonstrate the performance of the
shape restricted smoothing spline and the proposed nonsmooth Newton’s method. In each example,
the underlying true function f : [0,1] — R is defined by 4 € R?*2, B = (0,1)T, C = (1,0), a true
initial state xop, and a true control function u € Ly(]0, 1], R) with the control constraint set @ C R.
The sample data (y;) is generated by y; = f(t;) + &;, where (g;) is iid zero mean random error with
variance 02. The weights w; are chosen as w; = 1/n for each i = 1,...,n in all cases. Furthermore,
different choices of possibly non-equally spaced design points (t;) are considered in order to illustrate
flexibility of the proposed algorithm.

In what follows, the true underlying function f, the corresponding matrix A, the true control u,
the design points ¢;, the true initial state g, the guess of the initial condition 2° in the algorithm,
the variance o, and the penalty parameter A are given for each example. It is easy to verify that
(C, A) is an observable pair, and that the assumptions H.1 and H.2 hold in each example.

Example 6.1. The convex constraint with non-equally spaced designed points:
ft)= (32 —t+1) Lo+ (= 813 4612 — 4t + 3) Loy + (3t+2)- Is 4,

o[
NI

00 )’
Q=[0,00), 2°=(2,3), 0=0.1, A=10"% and the design points
1 1 1 4 9 9 1 11 11 1 19 19 1 1}

A= [0 1}, ro=(L-1T, u(t) =8Iy, + (12— 161) T

TSN (N SUSS S MU OSSO NN SUSUOE«  SESUSOOE A S

( Z)z:O 2n 207 20 + 3n 20720 + 2n 20720 + 2n 20720 + 2n

Example 6.2. The unbounded control constraint with non-equally spaced designed points:
11.610t(e™" + e72') — 27.219e~" + 25.219e"2 +2  ift € [0, 1)

f(t) = —6.234e7t +3.257e "2 + 3 ifte[d
—11.610t(e ™" + 7)) + 18.222e " — 21.692e 2 + 3 ift € [£, 3)
~3.345¢t + 1.306e 2t + 2 if t € [3,1]

23.219(e~t —e7%) + 8 ift €[0,1)

-t —38.282¢7 +63.117e % +6 if t € [L,3)

8 if t € [3,1]

Q=[8,00), 2°=(0,1/2)T, 0=0.2, A=10"% and the design points
2 1 1 9 19 19 1

Wy =fol 2 LL,9 w1
()i 2n’ 2n 2020 T 8n 2020 " 2n

—_
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4 T T T = .. —True control
—True function -=Unconstrained
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2.5
2 0
% 0.2 0.4 0.6 0.8 1 -0 0.2 0.4 0.6 0.8 1
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—True function o —True control
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Figure 1: Left column: spline performance of Examples 6.1 (top), 6.2 (middle), and 6.3 (bottom);
right column: the corresponding control performance of Examples 6.1-6.3.

Example 6.3. The bounded control constraint with equally spaced designed points:
4 8 1 3, 5
ft) = (382 +¢%) - Loz + (=5 +712 =3t +35) - Isy+ (2 +5t—3) Ly,
0 1
A= [O O}’ zo = (0,0)T, u(t) = (8t +2)- I[o,%) + (14 — 16¢) -I[%’%) +2- I[%l}’
Q=1[2,6], 2°=(2,3)7, 0=0.3, A=10"% and the equally spaced design points t; = %

The proposed nonsmooth Newton’s algorithm is used to compute the shape restricted smoothing
splines for the three examples. In all cases, we choose 8 = 0.25 and v = 0.1 in Algorithm 1 with the
terminating tolerance as 107%. The numerical results for Example 6.1 with n = 50, Example 6.2 with
n = 25, and Example 6.3 with n = 25 are displayed in Figure 1. For comparison, the unconstrained
smoothing splines are also shown in Figure 1. The number of iterations for numerical convergence
of the proposed nonsmooth Newton’s algorithm ranges from a single digit to 160 with the median
between 9 and 34 (depending on system parameters, sample data and size, and initial state guesses).
It is observed that the proposed nonsmooth Newton’s algorithm converges superlinearly overall.

To further compare the performance of constrained smoothing splines and unconstrained smooth-
ing splines, simulations were run 200 times, and the average performance over these simulations was
recorded in each case. Three performance metrics are considered, namely, the Lo-norm, the Lso-
norm, and the 2-norm of the difference between the true and computed initial conditions. Table 1
summarizes the spline performance of the two splines for different sample sizes, where f denotes
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Table 1: Performance of Shape Restricted (constr.) Splines vs. Unconstrained Splines

1/ =7l 1f = Fllee 70 — Folls
Example | sample size | constr. unconstr. | constr. unconstr. | constr. unconstr.
BEx 61 | "= 25 0.00696  0.00723 | 0.06809  0.07216 | 0.25985  0.30825
n =50 0.00351  0.00362 | 0.04971  0.05218 | 0.19141  0.22549

n = 100 0.00177  0.00180 | 0.03487  0.03588 | 0.14021  0.15958

Ex 62 | M= 25 0.01302 0.01492 | 0.12639  0.15609 | 0.76778  1.45583
n =50 0.00704  0.00791 | 0.09998 0.12474 | 0.70899  1.41832

n = 100 0.00387  0.00436 | 0.08048 0.10519 | 0.75410  1.54277

BEx 63 | "= 25 0.01728  0.02138 | 0.16761  0.22974 | 0.44519  0.97093
n =50 0.00912  0.01074 | 0.13525 0.16891 | 0.36184  0.67901

n = 100 0.00463  0.00531 | 0.09601 0.12063 | 0.31549  0.61803

the computed smoothing splines and Ty denotes the computed initial condition. It is seen in the
above examples that the shape restricted smoothing spline usually outperforms its unconstrained
counterpart. It should be pointed out that the performance of shape restricted smoothing splines
critically depends on the penalty parameter A, the weights w;, the control constraint set €2, and
the function class that the true function belongs to. However, detailed discussions of performance
issues are beyond the scope of the current paper and will be addressed in the future.

7 Conclusion

Shape restricted smoothing splines subject to general linear dynamics and control constraints are
studied. Such a constrained smoothing spline is formulated as a finite-horizon constrained optimal
control problem with unknown initial state and control. Optimality conditions are derived using
the Hilbert space methods and variational techniques. To compute the constrained smoothing
spline, the optimality conditions are converted to a nonsmooth B-differentiable equation, and a
modified nonsmooth Newton’s algorithm with line search is proposed to solve the equation. Detailed
convergence analysis of this algorithm is given for a polyhedral control constraint, and numerical
examples show the effectiveness of the algorithm. A variety of extensions will be considered in future
research. One extension is a nonlinear system model for constrained splines. Another interesting
direction is the estimation of time-delay systems with a cost functional similar to (4) studied in
[7, 20]. Statistical performance analysis of constrained smoothing splines will also be addressed.
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