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ABSTRACT

Title of dissertation: Constrained Estimation and
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Dissertation directed by: Professor Jinglai Shen
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There has been an increasing interest in shape constrained estimation and approxi-
mation in the fields of applied mathematics and statistics. Applications from various areas
of research such as biology, engineering, and economics have fueled this soaring attention.
Due to the natural constrained optimization and optimal control formulations achieved
by inequality constrained estimation problems, optimization and optimal control play an
invaluable part in resolving computational and statistical performance matters in shape
constrained estimation. Additionally, the favorable statistical, numerical, and analytical
properties of spline functions grant splines an influential place in resolving these issues.
Hence, the purpose of this research is to develop numerical and analytical techniques for
general shape constrained estimation problems using optimization, optimal control, spline
theory, and statistical tools. A number of topics in shape constrained estimation are ex-
amined. We first consider the computation and numerical analysis of smoothing splines
subject to general dynamics and control constraints. Optimal control formulations and
nonsmooth algorithms for computing such splines are established; we then verify the con-
vergence of these algorithms. Second, we consider the asymptotic analysis of the nonpara-

metric estimation of functions subject to general nonnegative derivative constraints in the



supremum norm. A nonnegative derivative constrained B-spline estimator is proposed,
and we demonstrate that this estimator achieves a critical uniform Lipschitz property.
This property is then exploited to establish asymptotic bounds on the B-spline estimator
bias, stochastic error, and risk in the supremum norm. Minimax lower bounds are then
established for a variety of nonnegative derivative constrained function classes, using the
same norm. For the first, second, and third order derivative constraints, these asymp-
totic lower bounds match the upper bounds on the constrained B-spline estimator risk,
demonstrating that the nonnegative derivative constrained B-spline estimator performs

optimally over suitable constrained Holder classes, with respect to the supremum norm.
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CHAPTER 1

Introduction

Constrained estimation and approximation garners increasing attention in applied
mathematics and statistics, with applications in a wide variety of disciplines. Moreover,
various functions in all sorts of practices are known to adhere to a number of shape
constraints such as monotonicity or convexity. Examples include monotone regulatory
functions in genetic networks [73] and a shape restricted function in an attitude control
system [62]. Other applications are found in reliability engineering (e.g., survival/hazard
functions), medicine (e.g., dose-response curves), finance (e.g., option/delivery price), and
astronomy (e.g., galaxy mass functions). When estimating or approximating such func-
tions, it is desirable to obtain an estimator or approximation that preserves the shape of
the true/original constrained function. Additionally, incorporating the knowledge of shape
constraints into a construction procedure improves estimation efficiency and accuracy [61].
This has led to a surging interest in the study of constrained estimation and approximation
in applied mathematics, statistics, and other related fields [52, 70, 71, 72, 80].

Estimation and approximation problems subject to inequality shape constraints can

be naturally formulated as constrained optimization or optimal control problems. For



instance, constrained smoothing splines achieve certain optimal control formulations [67,
70], and constrained penalized polynomial spline estimators can be formulated as the
solutions of quadratic programs with linear constraints [71, 72]. Hence, optimization
and control play a critical role in the numerical resolution and statistical performance
analysis of constrained estimators. Additionally, splines are an important tool in shape
constrained estimation due to their advantageous statistical, numerical, and analytical
properties. Therefore, the goal of this research is to develop numerical and analytical
techniques for general shape constrained estimation problems using optimization, optimal
control, spline theory, and statistical tools. Several related topics in shape constrained
estimation are studied.

We first consider the analysis and computation of smoothing splines subject to
general linear dynamics and control constraints. Moreover, we begin by demonstrating how
constrained smoothing splines achieve certain optimal control formulations. A nonsmooth
Newton’s method for B(ouligand)-differentiable functions is then introduced [53, 67], and
is used to compute such constrained smoothing splines. Finally, the convergence analysis
of this method is carried out.

Second, we consider the asymptotic analysis of the nonparametric estimation of
smooth functions subject to general nonnegative derivative constraints, where we use the
supremum norm as the performance metric. In particular, we establish the consistency
and convergence rate of a certain nonnegative derivative constrained B-spline estimator
under the supremum norm. After establishing this convergence rate, minimax asymptotic
lower bounds (in the supremum norm) are developed for a variety of nonnegative derivative
constrained function classes. Combining all of these developments yields that, in certain

instances, the nonnegative derivative constrained B-spline estimator is an asymptotically



optimally performing estimator over certain constrained function classes, with respect to
the supremum norm.

In what follows, we discuss each of these individual topics in more detail.

1.1 Analysis and Computation of Shape Constrained Smoothing Splines

We first consider the analysis and computation of smoothing splines subject to

general linear dynamics and control constraints.

1.1.1 Background and Motivation

With numerous applications in various scientific and engineering disciplines, spline
models are studied extensively in approximation theory, numerical analysis, and statistics.
Informally speaking, a univariate spline model produces a piecewise polynomial curve that
“best” fits a given set of data. Spline models enjoy a plethora of favorable analytical
and statistical properties, and attain efficient numerical algorithms [14]. A number of
variations and extensions of spline models have been developed, e.g., penalized polynomial
splines [72] and smoothing splines [78]. Specifically, the smoothing spline model is a
smooth function f : [0,1] — R in a suitable function space that minimizes the following

objective functional:

l ) 32 ! (m) 2
o2 () - v) +A/O (1) at, (1.1)

where the y;’s are data points at ¢; € [0,1], i =1,...,n, ™) denotes the mth derivative
of f, and A > 0 is a penalty parameter that characterizes the tradeoff between the data
fidelity and the smoothness of f. We refer the reader to [78] and references therein for

extensive information on the statistical properties of smoothing splines.



From a control systems point of view, the smoothing spline model (1.1) is closely
related to the finite-horizon linear quadratic optimal control problem when (™) is treated
as a control input [22]. Moreover, we may think of a smoothing spline as the output
of a linear control system, which depends on the initial state of the system and the
system control (e.g., f™ in view of (1.1)). This has led to a highly interesting spline
model characterized by a linear control system called a control theoretic spline [22]. It is
shown in [22] and the references therein, e.g., [36, 75, 82|, that a number of smoothing,
interpolation, and path planning problems can be incorporated into this paradigm and
studied using control theory and optimization techniques on Hilbert spaces with efficient
numerical schemes. Other relevant approaches include control theoretic wavelets [25].

Although many important results for unconstrained or equality constrained spline
models are available, various biological, engineering, and economic systems contain func-
tions whose shape and/or dynamics are governed by inequality constraints, e.g., the mono-
tone and convex constraints. Even though many meaningful applications with inequality
constraints exist, there are substantially fewer results available on spline models sub-
ject to inequality constraints than their unconstrained or equality constrained counter-
parts [22, 78]. In this thesis, we focus on spline models subject to such inequality con-
straints, with these applications in mind.

The first part of this thesis focuses on constrained smoothing splines formulated
as constrained linear optimal control problems with unknown initial state and control.
Hence, two types of constraints arise: (i) control constraints; and (ii) state constraints.
While several effective numerical methods have been developed for state constrained op-
timal control problems in [24], we focus on control constraints, since a variety of shape

constraints, which may be imposed on derivatives of a function, can be easily formulated as



control constraints. It should be noted that a control constrained optimal control problem
is inherently nonsmooth, and thus is considerably different from a classical (unconstrained)
linear optimal control problem, such as LQR. Moreover, the goal of the shape constrained
spline problem is to find an optimal initial condition and an open-loop like optimal control
that “best” fit the sample data, rather than finding an optimal state feedback as in LQR,

where the cost function is written in terms of the state function.

1.1.2 Literature Review

Most of the current literature on control constrained smoothing splines focuses on
relatively simple linear dynamics and special control constraints, e.g., [19, 20, 22, 36, 52,
76]. Moreover, all of these sources consider problems in which the control is given by a
certain derivative of the constrained smoothing spline, and is required to be nonnegative.
This gives rise to a variety of nonnegative derivative constraints such as monotonicity
and convexity. For instance, in [19, 20], the authors consider a cubic smoothing spline
interpolation problem, where the nonnegative constrained control is given by the second
derivative of the smoothing spline. This forces the smoothing spline interpolant to be
convex. In [22, Chapter 7], more general nonnegative derivative constraints are considered.

In general, a widely used approach in the literature concentrates on shape con-
strained smoothing splines whose linear dynamics are defined by certain nilpotent matri-
ces, and whose control is restricted to a cone in R [20, 22, 46]. Such dynamics and control
constraints correspond to the previously mentioned nonnegative derivative constraints. In
this case, the smoothing spline is a piecewise continuous polynomial with a known degree.
Hence the computation of the smoothing spline boils down to determining the parameters

of a polynomial on each interval, which can be further reduced to a quadratic or semidef-



inite program that attains efficient algorithms [19, 22]. However, this approach fails to
handle general linear dynamics and control constraints, e.g., when the control is given by
a linear combination of the constrained smoothing spline derivatives and is required to be-
long to some polyhedron, since the solution form of a general shape constrained smoothing
spline is unknown a priori. Therefore, many critical questions remain open in smoothing
spline analysis and computation when general dynamics and control constraints are taken
into account; new tools are needed to handle more general dynamics and control constraint

induced nonsmoothness.

1.2 Asymptotic Analysis of General Nonnegative Derivative Constrained

Nonparametric Estimation

We now consider the second topic of this work, i.e., the the asymptotic statisti-
cal analysis of the nonparametric estimation of functions subject to general nonnegative

derivative constraints in the supremum norm.

1.2.1 Background and Motivation

The nonparametric estimation of unknown functions plays a central role in esti-
mation theory, system identification, and systems and control [34, 49, 75, 77]. There
has been an increasing interest in the estimation of nonnegative derivative constrained
functions (e.g., monotone or convex functions) [22, 52, 70, 73, 79], driven by a variety of
applications. The goal of constrained estimation is to develop an estimator that preserves
a pre-specified constraint of the underlying true function, e.g., the monotone or convex

constraint.



Given a collection of functions ¥ subject to a pre-specified constraint, several key
questions arise when evaluating the asymptotic performance of constraint preserving non-

parametric estimators over X:

(Q1) What rates of convergence are possible (in terms of sample size) for constrained
estimators uniformly over X7 Is there a “best” convergence rate, for which any

constrained estimator cannot achieve a faster rate of convergence uniformly over 7

(Q2) Is it possible to construct a constraint preserving estimator that achieves such a

“best” rate of convergence? How should we construct such an estimator?

These questions address critical research issues in minimax theory of constrained nonpara-
metric estimation [33, 34, 49, 77]. In particular, the first question pertains to the minimax
lower bound on ¥ [48], while the second question is related to the minimax upper bound
on Y. We are interested in addressing these questions when ¥ is a general nonnegative
derivative constrained Holder class, and the supremum norm is used as the performance
metric.

A major challenge in the development of general nonnegative derivative constrained
nonparametric estimation is induced by the estimator inequality shape constraints, which
lead to nonsmooth conditions in estimator characterization and complicate the estimator
asymptotic performance analysis. Additionally, further difficulties arise when the supre-
mum norm is used as the performance metric. For instance, a critical constrained B-spline
estimator uniform Lipschitz property (c.f. Section 1.2.1.1) is easily established in the Lo-
norm, but is much more difficult to verify under the supremum norm (see Chapter III).
Unlike the Lo-norm, the supremum norm characterizes the worst-case performance of an

estimator. The supremum norm is a widely studied norm in estimation theory [77].



In what follows, we consider questions (Q1) and (Q2) in the context of general non-
negative derivative constrained nonparametric estimation under the supremum norm. In
Sections 1.2.1.1-1.2.1.2, we provide background information on a nonnegative derivative
constrained B-spline estimator and its performance over suitable Holder classes, in associ-
ation to (Q2). Similarly, in Section 1.2.1.3, we motivate the study of asymptotic minimax
lower bounds over several general nonnegative derivative constrained Holder and Sobolev

classes, in connection to (Q1).

1.2.1.1 Constrained B-spline Estimator: Uniform Lipschitz Property

It is observed that the monotone (resp. convex) constraint on a univariate function
roughly corresponds to the first (resp. second) order nonnegative derivative constraint, un-
der suitable smoothness conditions on the underlying function. Despite extensive research
on the asymptotic analysis of monotone and convex estimation, very few performance
analysis results are available for higher-order nonnegative derivative constraints, although
such constraints arise in applications [62]. Motivated by these applications and the lack of
performance analysis of the associated constrained estimators, we consider the estimation
of a univariate function subject to the mth order nonnegative derivative constraint via B-
spline estimators, for arbitrary m € N. B-splines are a popular tool in approximation and
estimation theory thanks to their numerical advantages [14, 17]. Nonnegative derivative
constraints on a B-spline estimator can be easily imposed on spline coefficients, which can
then be efficiently computed via quadratic programs. In spite of this numerical simplicity
and effciency, the asymptotic analysis of constrained B-spline estimators is far from trivial,

particularly when uniform convergence and the supremum-norm risk are considered.



The asymptotic analysis of constrained B-spline estimators requires a deep under-
standing of the mapping from a (weighted) sample data vector to the corresponding B-
spline coefficient vector. For a fixed sample size, this mapping is given by a Lipschitz
piecewise linear function due to the inequality shape constraints. As the sample size in-
creases and tends to infinity, an infinite family of size-varying piecewise linear functions
arise. A critical uniform Lipschitz property has been established for monotone P-splines
(corresponding to m = 1) [72] and convex B-splines (corresponding to m = 2) [80]. This
property states that the size-varying piecewise linear functions attain a uniform Lipschitz
constant under the £, -norm, independent of sample size and the number of knots. It
leads to many important results in asymptotic analysis, e.g., uniform convergence, point-
wise mean squared risk, and optimal rates of convergence [80]. It has been conjectured
that this property can be extended to B-spline estimators subject to higher-order nonneg-
ative derivative constraints [80]. However, the extension encounters a major difficulty: the
proof of the uniform Lipschitz property for the monotone and convex cases heavily relies
on the diagonal dominance of certain matrices that no longer holds in the higher-order
cases. In addition, the results in [72, 80] are based on the restrictive assumption of evenly
spaced design points and knots; the extension to the unevenly spaced case is nontrivial.
To overcome these difficulties, we develop various new results for the proof of the uniform

Lipschitz property for an arbitrary m € N.

1.2.1.2 Constrained B-spline Estimator: Consistency and Convergence Rate

Using the aforementioned uniform Lipschitz property, we develop a number of results
concerning the asymptotic analysis of the constrained B-spline estimator in the supremum

norm (c.f. Propostions 4.3.1-4.3.3 and Theorems 4.3.1-4.3.2). Moreover, the risk or error



associated with a given estimator can be decomposed into the sum of two terms: (i) the
bias, which stems from approximating a true function by another function (e.g., a spline),
and (ii) the stochastic error, which arises from random errors or noise. Therefore, we
provide asymptotic bounds on each of these quantities, with respect to the supremum
norm, utilizing the previously described uniform Lipschitz property.

One difficulty that arises in bounding the constrained B-spline estimator bias in-
volves demonstrating that each sufficiently smooth function subject to a given nonneg-
ative derivative constraint attains a Jackson type spline approximation with the same
nonnegative derivative constraint (c.f. statement (J) in Chapter IV) [14, pg. 149]. For the
monotone and convex constraints, i.e., the first and second order nonnegative derivative
constraints, such a Jackson type approximation is easily verified. For third order nonneg-
ative derivative constraints, Jackson type approximations are given by [38, 58]. Hence,
we are able to obtain the optimal rate of convergence for the constrained B-spline estima-
tor bias, and thus the risk, for the first, second, and third order nonnegative derivative
constraints (c.f. Theorem 4.3.1 and Theorem 5.2.1). Alternatively, under an additional
assumption, in which the true function’s mth order derivative is also bounded below by a
constant (independent of the function) away from zero, the optimal bias and rate of con-
vergence can be achieved by the constrained B-spline estimator for any order derivative
constraint (c.f. Proposition 4.2.3). However, for forth and higher order derivative con-
straints, the optimal convergence rate may not be attained by the constrained B-spline
estimator if no such assumption is made (c.f. Proposition 4.2.2) [39]; rather, a larger than

desired lower bound on the estimator performance may be established (c.f. Remark 4.2.1).
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1.2.1.3 Constrained Nonparametric Estimation Minimax Lower Bounds

For unconstrained estimation, question (Q1) (see above) has been satisfactorily ad-
dressed for both the Holder and Sobolev classes under the Lo-norm and supremum norm.
Moreover minimax lower bounds have been developed for a variety of unconstrained Holder
and Sobolev classes using a variety of norms; see [18, 33, 43, 48, 49, 77] and references
therein for details. This has led to well known optimal rates of convergence over uncon-
strained function classes. However, if shape constraints, such as nonnegative derivative
constraints, are imposed, then minimax asymptotic analysis becomes more complicated;
fewer results have been reported, particularly when the supremum norm is considered.
It is worth mentioning that a shape constraint does not improve the unconstrained op-
timal rate of convergence [37], and it is believed that the same optimal rate holds on a
constrained function class, although no rigorous justification has been given for general

nonnegative derivative constraints.

1.2.2 Literature Review

The current literature on nonnegative derivative constrained nonparametric esti-
mation focuses mostly on monotone estimation, e.g., [10, 51, 52, 72, 79], and convex
estimation, e.g., [8, 21, 27, 71, 80], i.e., estimation related to the first and second order
nonnegative derivative constraints. All of these papers study the performance of certain
constrained estimators, e.g., the least-squares, B-spline, and P-spline estimators, for suf-
ficiently large sample size. Typical performance issues include consistency, convergence
rates, and minimax risk [49, 77]. For instance, in [72], the consistency and uniform con-
vergence of a monotone P-spline estimator is verified. In the realm of convex (or concave)

estimation, the least squares convex estimator is studied in [27, 31, 45]. This estimator is

11



shown to be consistent on the interior of the interval of interest [31]. The pointwise rate
of convergence for this estimator is developed in [45]. Finally, the pointwise asymptotic
distributions of this estimator are characterized in [27]. The minimax analysis of convex
estimation in the Lo-norm has recently been carried out in [7, 28, 29]. In addition to mono-
tone and convex estimation, results on k-monotone estimation are given in [2] for higher
order nonnegative derivative constraints. Such results from [2] concern the consistency of a
k-monotone maximum likelihood estimator, as well as minimax asymptotic lower bounds
for k-monotone functions in the Li-norm. However, all of the above results are either
are (i) concerned only with lower order derivative constraints, or (ii) do not examine the
estimator performance under the supremum norm, which is an important performance
metric, as it is a critical tool in arguments used to establish estimator consistency and

uniform convergence rates.

1.3 Summary of Research Contributions

We summarize the major results and contributions made in the areas of constrained
estimation and approximation presented in this thesis as follows:

(1) We first develop the optimal control formulation and analytical properties of
smoothing splines subject to general linear dynamics and control constraints using opti-
mal control techniques. By using the Hilbert space method and variational techniques,
optimality conditions are established for these constrained smoothing splines in the form
of variational inequalities. These optimality conditions yield a nonsmooth equation of an
optimal initial condition; it is shown that the unique solution of this equation completely
determines an optimal control and thus the desired smoothing spline (c.f. Theorem 2.3.2

and Corollary 2.3.1).

12



(2) We utilize techniques from nonsmooth optimization to provide results on the
numerical computation of constrained smoothing splines. Moreover, in order to solve the
above mentioned equation, we verify its B-differentiability and other nonsmooth proper-
ties. A modified nonsmooth Newton’s algorithm with line search [53] is invoked to solve
the equation. This algorithm does not require knowing the solution form of a smoothing
spline a priori. However, the convergence of the original nonsmooth Newton’s method
in [53] relies on several critical assumptions, including the boundedness of level sets and
global existence of direction vectors for a related equation. The verification of these as-
sumptions for constrained smoothing splines turns out to be rather nontrivial, due to the
dynamics and constraint induced complexities. By using various techniques from nons-
mooth analysis, polyhedral theory, and piecewise affine switching systems, we establish the
global convergence of the proposed algorithm for a general polyhedral control constraint
under mild technical conditions (c.f. Theorems 2.5.1-2.5.2).

(3) We establish the critical uniform Lipschitz property for the constrained B-spline
estimator introduced in Section 1.2.1.1. A novel technique for the proof of the uniform
Lipschitz property depends on a deep result in B-spline theory (dubbed de Boor’s con-
jecture) first proved by A. Shardin [64]; see [26] for a recent, simpler proof. Informally
speaking, this result says that the {,-norm of the inverse of the Gramian formed by the
normalized B-splines of order m is uniformly bounded, independent of the spline knot
sequence and the number of B-splines (c.f. Theorem 3.2.2 in Section 3.2.3). Recall that
the uniform Lipschitz property states that the size-varying piecewise linear functions that
map the (weighted) sample data vector to the constrained B-spline estimator coefficients
attain a uniform Lipschitz constant independent of the data sample size and the number

of spline knots. Inspired by Shardin’s result, we construct (nontrivial) coefficient matrices

13



for these piecewise linear functions, and use these constructions to approximate related
matrices by suitable B-spline Gramians via analytic techniques. This yields the uniform
bounds in the f-norm for arbitrary m and possibly unevenly spaced design points and
knots; see Theorem 3.2.1.

(4) Using the uniform Lipschitz property, we show that for any spline order m,
the constrained B-spline estimator achieves uniform convergence and consistency on the
entire interval of interest, even when the design points and/or the knots are unevenly
spaced (c.f. Theorem 4.3.1). Moreover, we develop several important results on constrained
spline approximation (c.f. Propositions 4.2.1-4.2.3), which are used to the bound estimator
bias. After bounding the bias, standard techniques and the uniform Lipschitz property
are utilized to bound the constrained B-spline estimator stochastic error. Furthermore,
these bounds allow us to develop a convergence rate for the B-spline estimator in the
supremum norm (c.f. Theorem 4.3.1 and Remark 4.3.1); this rate sheds light on the optimal
convergence and minimax risk analysis of the B-spline estimator under general nonnegative
derivative constraints.

(5) Finally, we develop multiple minimax lower bounds under the supremum norm
for a variety of nonnegative derivative constrained nonparametric regression problems over
Hélder and Sobolev classes (c.f. Theorem 5.2.1). This is done by constructing a family of
functions (or hypotheses) satisfying an appropriate supremum norm separation order and
a small total Lo-distance order that also adhere to the specified nonnegative derivative
constraint [77, Section 2]. This construction is the first of its kind for minimax general
nonnegative derivative constrained estimation. Combining the minimax lower bounds

with the previous results demonstrates that the nonnegative derivative constrained B-
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spline estimator achieves the optimal asymptotic performance over a suitable Holder class

in the supremum norm, for certain order nonnegative derivative constraints.

1.4 Organization

This thesis is organized as follows. In Chapter II, we study both the analytical prop-
erties and computation of smoothing splines subject to general linear dynamics and control
constraints. In Chapters III-V, we consider the nonparametric estimation of smooth func-
tions subject to general nonnegative derivative constraints. Moreover, in Chapter III a
nonnegative derivative constrained B-spline estimator is proposed, and the critical uni-
form Lipschitz property for this estimator is established. In Chapter IV several results
on constrained spline approximation are verified and then combined with the previously
established uniform Lipschitz property to develop the consistency and convergence rate
of the Chapter III B-spline estimator in the supremum norm. Finally, in Chapter V, a
number of minimax lower bounds are developed (in the supremum norm) for a variety
of general nonnegative derivative constrained nonparametric regression problems. These
lower bounds are combined with the results from Chapter IV in order to demonstrate that
the Chapter III constrained B-spline estimator obtains the optimal rate of convergence
(with respect to the supremum norm) over suitable Holder classes, for certain nonnegative
derivative constraints. Several conclusions and future research directions are discussed in

Chapter VI.
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CHAPTER 11

Shape Constrained Smoothing Splines: Analysis and

Computation

2.1 Introduction

Spline models are extensively studied in approximation theory, numerical analysis,
and statistics with broad applications in science and engineering. In particular, smoothing
splines are smooth functions with favorable statistical properties, whose smoothness at-
tributes deter the overfitting of model data [78]. From a control systems point of view, the
smoothing spline model is closely associated with certain finite-horizon linear quadratic
optimal control problems [22]. In this chapter, we consider smoothing spline models sub-
ject to various control constraints. These splines achieve certain constrained linear optimal
control formulations with unknown initial state and control. Attention is given to both
the analysis and the computation of these shape constrained smoothing splines.

This chapter is organized as follows. In Section 2.2, we formulate a shape con-
strained smoothing spline as a constrained optimal control problem with optimality con-

ditions developed in Section 2.3. In Section 2.4, critical analytical properties of constrained
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smoothing splines are formulated; such properties are relevant to the numerical computa-
tion of these splines. A nonsmooth Newton’s method for computing constrained smoothing
splines is given in Section 2.5; its convergence analysis and numerical results are presented
in Section 2.5 and Section 2.6 respectively, for polyhedral control constraints. Finally, a
summary is given in Section 2.7.

Notation. We introduce the following notation to be used throughout this chapter.
Let (-,-) denote the inner product on the Euclidean space. Let Ig denote the indicator
function for a set S. Let L denote the orthogonality of two vectors in R", i.e., a L b
implies a’b = 0. For a closed convex set K in R™, IIx(z) denotes the Euclidean projection
of z € R" onto K. It is known that II)c(-) is Lipschitz continuous on R™ with the Lipschitz
constant L = 1 with respect to the Euclidean norm [23]. Throughout this chapter, let [
be the Lebesgue integral. For a matrix M, M;, denotes its jth row and Ker(M) denotes
the null space of M. Finally, for a function F' : R® — R” and a closed convex set
K in R™, let VI(K, F') be the variational inequality problem whose solution is z, € I if

(z— 2z, F(z¢)) > 0 for all z € K. We use SOL(K, F') to denote the solution set of VI(IC, F').

2.2 Shape Constrained Smoothing Splines: Constrained Optimal Con-

trol Formulation

Consider the linear control system on R’ subject to control constraint:

i = Ax + Bu, y=Cux, (2.1)

where A € R B € RP*™_ and C € RP*!. Let Q C R™ be a closed convex set. The

control constraint is given by u € Lo([0, 1];R™) and u(t) € Q for almost all ¢t € [0, 1],
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where Lo([0,1];R™) is the space of square R™-valued (Lebesgue) integrable functions.
We denote this constrained linear control system by (A, B,C, ). Define the set of

permissible controls, which is clearly convex:
W= {u € Ly([0, 1;R™) | u(t) € Q, ae. [0,1] }

Let the underlying function f : [0,1] — RP be the output f(¢) := Cx(t) for an ab-
solutely continuous trajectory x(t) of 3(A, B, C, ), which can be completely determined
by its initial state and control. Consider the following (generalized) regression problem
on the interval [0, 1]:

Yi = f(tz) + &4, 1=0,1,....n, (2.2)

where t;’s are the pre-specified design points with 0 =tg < t;1 < --- <t, =1, y; € RP
are samples, and €; € RP are noise or errors. Given the sample observation (t;,y;);, and

w; >0,i=1,...,nsuch that > ; w; =1 (e.g., w; = t; —t;—1), define the cost functional

n 1
= willys — Ca(t)|[; + A /O () |3, (2.3)
=1

where A > 0 is the penalty parameter. The goal of a shape constrained smoothing spline
is to find an absolutely continuous trajectory x(¢) (which is determined by its initial state
and control) that minimizes the cost functional J subject to the dynamics of the linear

control system X(A, B,C,Q) in (2.1) and the control constraint u € W.

Remark 2.2.1. Let R € R™*™ be a symmetric positive definite matrix. A more general

cost functional

n

1
7= willy — Catt)|f? + )\/0 o () Ru(t)dt (2.4)

=1

18



may be considered. However, a suitable control transformation will yield an equivalent
problem defined by the cost functional (2.3). In fact, let R = PT P for an invertible matrix
P. Let v(t) = Pu(t), ¥ = PQ, and W := {v € Ly([0,1];R™) | v(t) € &, ae. [0,1] }.
Clearly, € remains closed and convex, and likewise, Y/’ remains convex. Therefore
the constrained optimal control problem defined by (2.4) for the linear control system
Y(A,B,C,Q) is equivalent to that defined by (2.3) with u replaced by v for the linear

system X(A, BP~1, O, Y) subject to the constraint (v, z¢) € W' x R’

Example 2.2.1. The constrained linear control model (2.1) covers a wide range of estima-
tion problems subject to shape and/or dynamical constraints. For instance, the standard
monotone regression problem is a special case of the model (2.1) by letting the scalars
A=0,B=C=1,and Q = R,;. Another case is the convex regression, for which

0 1 0 1
eR?? B= eR?, cT= eR?, Q=R,.

N
I

2.3 Optimality Conditions of Shape Constrained Smoothing Splines

This section develops optimality conditions for the finite-horizon constrained optimal
control problem (2.3) using Hilbert space techniques. We first introduce the following

functions P, : [0, 1] — RP*™ inspired by [22]:
CeAti=)Bif te[0,t]
0, if t>1;

Hence,

1
f(t) = Calt) = Ccta + [ Ptu()dr, i =1....om,
0
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where xq denotes the initial state of z(t). Define the set P := W x Rf. Tt is easy to verify

that P is convex. The constrained optimal control problem is formulated as

inf  J(u,x0), 2.5
Wt (u,xp) (2.5)

where J : P — R, is given by

2 1
+ )\/ ||u(t)||§dt.
2 0

For given design points {¢;}*; in [0, 1], we introduce the following condition:

n 1
J(u,0) = 3wy ch + [ R@und—y,
i=1 0

CeAtl

CeAtz
H.1: rank = /.

CeAtn

It is easy to see, via t; € [0, 1] for all i, that if (C, A) is an observable pair, then the condition
H.1 holds for all sufficiently large n. Under this condition, the existence and uniqueness
of an optimal solution can be shown via standard arguments in functional analysis, e.g.,

[3, 42, 44]. We present a proof in the following theorem for self-containment.

Theorem 2.3.1. Suppose {(ti,yi)}, {wi}, and X > 0 are given. Under the condition H.1,

the optimization problem (2.5) has a unique optimal solution (u.,xj) € P.

Proof. Consider the Hilbert space Ly([0,1];R™) x R® endowed with the inner product
((u,x),(v,2)) = 01 ul (Hv(t)dt + 27z for any (u,z), (v,2) € L2([0,1];R™) x Rf. Tts

1/2
induced norm satisfies ||(u, z)||* := [Jul|Z, + [|z[|3, where |Ju[|r, := (fo dt) for
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any u € Ly([0,1];R™) and || - ||2 is the Euclidean norm on Rf. The following properties
of J: Ly([0,1];R™) x R* — R, can be easily verified via the positive definiteness of the

matrix Y 1, w;(CeA)T (Cetti) € RO due to H.1:

(i) J is coercive, i.e., for any sequence {(ug,xr)} with [|(ug,zg)| — oo as k — oo,

J(ug, xp) — 00 as k — 00.

(ii) J is strictly convex, i.e., for any (u,x), (v,2) € La([0,1];R™) x R, J(a(u, z) + (1 —

a)(v,2)) < aJ(u,z) + (1 —a)J(v,2), Vae (0,1).

Pick an arbitrary (u,z) € P and define the level set S := {(u,z) € P : J(u,x) <
J(u,z)}. Due to the convexity and the coercive property of J, S is a convex and (Lo-
norm) bounded set in Ly ([0, 1];R™) x R’. Since the Hilbert space La([0,1];R™) x R’ is
reflexive and self dual, it follows from Banach-Alaoglu Theorem [44] that an arbitrary
sequence {(ug,7;)} in S with ux, € W and z; € R’ has a subsequence {(u},z})} that
attains a weak*, thus weak, limit (u,,z*) € Lo([0, 1]; R™) x RY. Clearly, z* € Rf. Without
loss of generality, we assume that for each uj, u(t) € Q for all ¢ € [0,1]. Therefore,
CeAliz) + fol P;(t)ul,(t)dt converges to CeAliz* + fol P;(t)uy(t)dt for each i.

Next we show that u, € VW via the closedness and convexity of 2. In view of the
weak convergence of (uj) to us, it follows from Mazur’s Lemma [60, Lemma 10.19] that
there exists a sequence of convex combinations of (u}), denoted by (vy), that converges to
uy strongly in Lo ([0, 1]; R™), i.e., for each k, there exist an integer py > k and real numbers
Ak > 0,k < j < pj with Z?’;k Ak,; = 1 such that v, = ];k:k Ak,juk, and |lvg — ||, = 0
as k — oo. Since each ui(t) € Q,Vt € [0, 1], the same holds for each vy via the convexity
of Q. Furthermore, due to the strong convergence of (vy) to u, (i.e., in the Ly-norm), (vy)

converges to u, in measure [4, pp. 69], and hence has a subsequence that converges to u,
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pointwise almost everywhere on [0, 1] (cf. [4, Theorem 7.6] or [42, Theorem 5.2]). Since Q2
is closed, u4(t) € 2 for almost all ¢t € [0,1]. This shows that u, € W.

Furthermore, by using the (Lo-norm) boundedness of (u} ) and the triangle inequality
for the Lo-norm, it is easy to show that for any n > 0, there exists K € N such that
uel7, < llupllZ, +n,¥ k > K. These results imply that for any & > 0, J(u.,2*) <
J(up, z,) + € for all k sufficiently large. Consequently, J(u.,z*) < J(u,Z) such that
(ux,z*) € S. This thus shows that S is sequentially compact. In view of the (strong)
continuity of J, we see that a global optimal solution exists on S [44, Section 5.10, Theorem
2], and thus on P. Moreover, since J is strictly convex in (u, zg) and the set P is convex,

the optimal solution (u,xf) must be unique. O

The next result provides the necessary and sufficient optimality conditions in terms
of variational inequalities. In particular, the optimality conditions yield two equations:
(2.6) and (2.7). It is shown in Corollary 2.3.1 that equation (2.6) implies that if z
is known, then the smoothing spline can be determined inductively. Furthermore, the
optimal initial state z{; can be solved from the (nonsmooth) equation (2.7), for which a

nonsmooth Newton’s method will be used (cf. Section 2.4).

Theorem 2.3.2. The pair (u.,zy) € P is an optimal solution to (2.5) if and only if the

following two conditions hold:

u(t) = Ho(—Gt,u(t),z5)/N), ae [0,1], (2.6)
L(us,z5) = 0, (2.7)
where
n 1
G(t,us(t), zf) = ;wiPZT(t) (CeAt"a:S—i— /0 Pi(t)u*(t)dt—yi), (2.8)
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and

n 1
L(u*, xs) — Z w; (CeAti)T(CeAtixé + /0 Pl(t)u*(t)dt — yz) .
=1

Proof. Let (u',2") € P be arbitrary. Due to the convexity of P, (ux,z§) + e[(uv/,2") —
(us,zjy)] € P for all ¢ € [0,1]. Further, since (uy,z(y) is a global optimizer, we have

I (ws, ) + e[(u, ) = (us, 2§)]) > J(ux, z§) for all € € [0,1]. Therefore

J((“’*? 1'8) + 6[(u/7 xl) — (u*7 1‘6)]) — J(“’*: 955)

0 < lim
el0 IS
n 1
= 2 [Z w; <C'6Ati:v6 + / Pi(t)us(t)dt — y; , Cetti(z! — )
i=1 0

n /0 1B(t) (u'(t) —u*(t))dt> +A /0 1u*(t)T<ul(t) —u*(t))dt].

This thus yields the necessary optimality condition: for all (u/,2") € P,

n

1
g w; <CeAtixS + / Pi(t)u(t)dt — y;, Celli(x’ — x)
» 0

=1

+ /0 1 Pi(t)<u’(t) —u*(t)>dt> oA /0 1u*(t)T<u’(t) —u*(t)>dt >0, (29

This condition is also sufficient in light of the following inequality due to the convexity of

J: for all (v/,2") € P,

* ! 1 _ * _ *
JW 2") — J(ug, xf) > hﬁ)l I (s, 2p) + €|, ) . (s 7)) J(u*’%).
€.

We now show that the optimality condition (2.9) is equivalent to

<u'(t) — (), Aus(?) —|—G(t,u*(t),:v(’§)> >0, ae. [0,1], Vu' €W, (2.10)
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where G(t, u.(t), ) is given in (2.8), and
<L(u*,xf§), x'—x2§> >0, Va' eR: (2.11)

Clearly, if (2.10) and (2.11) hold, then (2.9) holds. Conversely, by setting v’ = u,, we have

from (2.9) that

n

1
Zwi <C6Atix8 +/ Pi(t)u (t)dt — y;, Cetti(a! — x8)> >0, Va eR
: 0

=1

Since z’ is arbitrary in R’, this yields (2.11) and thus (2.7). Furthermore, the condition

(2.9) is reduced to
1
/<d@—mﬁ%MMﬂ+G@m@J@WtZQ vl € W.
0

Let G(t, uy (t), 25) := Ay (£)+G(t, us (t), z2). Since Q is closed and convex, G € Ly([0, 1]; R™),
and v € Lo([0,1];R™), it follows from [55, Section 2.1] that the above integral in-
equality is equivalent to the variational inequality (2.10), which is further equivalent to

ux(t) € SOL(Q,é(t, -,xé)), a.e. [0,1]. Hence, for almost all ¢ € [0, 1],
<w—m@,m@+G@m@J®M>ZQ YV w e Q.

This shows u,(t) = Io(—G(t, u«(t), z5)/A) a.e. [0,1]. O

In what follows, we further develop the optimal control solution for the shape con-

~

strained smoothing spline. Let f(¢,z{) denote the shape constrained smoothing spline for
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the given {y;}, i.e.,
N t
ft,xg) = C’eAth—i—/ Cet=3) Bu, (s, x3)ds, (2.12)
0

where u, is the optimal control, and x( is the optimal initial state.

o~

Corollary 2.3.1. The shape constrained smoothing spline f(t,x{) satisfies
n T~
Zwi (CeAt") (f(ti,xé) — yi) =0, (2.13)
i=1

and G(t,u(t), zy) in (2.8) is given by

G(tau*(t)’xé) =
0, Vite [O,tl)
k
- Zwi(CeA(tiit)B)T(A(ti,l'S) - yi), Vite [tk,tk+1), k= 1, e, — 1.
i=1

)

(2.14)

~

Note that since each f(t;, z(y) depends on u, via (2.12), G is a function of t, u., and xj.

Proof. Note that f(ti,a:(’;) = CeAlixh + fol Pi(s)ux(s,zf)ds for i = 1,...,n. In light of

(2.7) and the definition of L(us,x§), we obtain (2.13). To establish (2.14), we see from

(2.13) that

n At T/~ *

Zwi <C’e ’) ( (tis20) — yi>I[0¢i]

=1
0, Vtel0,t)

) ) ) (2.15)
. Zwi(ceAti)T( (t“x[*;) _ yl)7 Vite [tk,thrl), k= 17 cee,— 1.
=1
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Moreover, it follows from (2.8) and the definition of P; that

n

Gltu(t)a5) = Swi(CeA OB T0) (Fitiaf) —u)

i=1
& Aty —Atp\ T y *
= Z’wi <Ce ‘e B> oz, ( (ti,2g) — yz>
i=1
T " T /<
= (e_AtB) Zwi (CeAtz) ( (tM‘S) - yi>I[0,tz‘]'
i=1
By virtue of this and (2.15), we obtain (2.14). O

This corollary shows that if the optimal initial condition x is known, then the

~

constrained smoothing spline f (¢, z) can be determined inductively. Moreover, using (2.6)

~

and (2.14), we may first compute u.(t) on [0,t1), and by extension, f(t,z{) on [0,]

~

via (2.12). Once we have computed f (¢, z§) on [0, ], we may then compute G(t, us(t), zf),

-~

and thus wu.(t) on [t, tx41), as each of these depend only on f(¢;, x§) when i < k (see (2.6)
and (2.14)). From here, we may compute f(t, x§) on [tg, try1], using (2.12). This inductive
computation will be exploited to compute the constrained smoothing splines in Section 2.4.

We mention a few special cases of particular interest as follows. If K is a closed
convex cone C, then z € SOL(K, F) if and only if C  z L F(z) € C*, where C* is the dual
cone of C. In particular, if IC is the nonnegative orthant R}, then z € SOL(K, F') if and
only if 0 < z L F(z) > 0, where the latter is called a complementarity problem (cf. [12, 23]
for details). In the case where F(z) is affine, i.e., F'(z) = Mz + q for a square matrix M
and a vector ¢, then the complementarity problem becomes the linear complementarity
problem (LCP). Another special case of significant interest is when X is a polyhedron,

namely, K = {z € R"| Dz > b, Ez =d}, where D € R"”*", E € R?”*" and b € R", d € RY.

In this case, it is well known that z € SOL(KC, F') if and only if there exist multipliers
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X € R", u € R? such that F(z) = DT'x + ETu=0, 0<x L Dz—b>0, Ez—d =0 [23,
Proposition 1.2.1]. Along with these results, we obtain the following optimality condition

for u, in terms of a complementarity problem when 2 is polyhedral.

Proposition 2.3.1. Let Q@ = {w € R™|Dw > b} be a (nonempty) polyhedron with

D ceR™ agnd b€ R". Then
ua(t) = [ = Gt ua(t), 75) + DTGt ua(0),25)| /A, ace. [0,1]

where DTy : R™ — R™ is a continuous piecewise affine function defined by the solution

of the linear complementarity problem: 0 < x L A™*DDTy — A\7'Dz —b > 0.

Proof. Tt follows from u, € SOL(Q,é(t,-,x(*))) a.e. [0, 1], where é(t,u*(t),xa) = Auy +
G(u4(t), z*), and the above discussions that u, is the optimal control if and only if for

almost all ¢ € [0, 1], there exists x € R" such that
My (t) + G(us(t),zf) —DTx =0, and 0<yx L Du.(t)—b>0.
This is equivalent to the linear complementarity problem
0<x LA 'DDTy —X"1z2-b>0, (2.16)

where z := G(u«(t),z). Due to the positive semidefinite plus structure [69], it follows
from complementarity theory [12] that for any z € R™, the LCP (2.16) has a solution x(z),
and DTx(z) is unique. Furthermore, this implies that D" x(-) is a continuous piecewise

affine function [69]. O
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2.4 Computation of Shape Constrained Smoothing Splines: Formula-

tion and Analytic Properties

In this section, we discuss the numerical issues of the shape constrained smoothing

o~

splines. As indicated below Corollary 2.3.1, in order to determine f(t, {), it suffices to find

the optimal initial state x(), since once x() is known, u, and f can be computed recursively.

~

In fact, it follows from Corollary 2.3.1 that f(t,z{) is given by

R t
f(t,zh) = Celal + / Ce %) Bu, (s, x5)ds, (2.17)
0
where
u*(t,$8) =
HQ(O), Vte [O,tl)
k
IIo ()\71 Zwi(CeA(tift)B)T(A(ti,m’g) — yi)>, Vte [tk,tk+1), k=1,...,n—1,
i=1

~

and f(t,z]) satisfies

n

Hyn(3) = 3w (CeAti>T(A(ti,:L‘E§) ) =0, (2.18)

=1

To compute the optimal initial state x(j, we consider the equation Hy,(z) = 0, where

f(t,z) in Hy (%) is defined by (2.17) when zj is replaced by z. The following lemma is a

direct consequence of Theorem 2.3.1 and the definition of f
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Lemma 2.4.1. For any given {(ti,v:)}, {wi}, and X > 0 satisfying H.1, the equation
Hy ., (2) =0 has a unique solution, which corresponds to the optimal initial state xj of the

~

smoothing spline f(t,xz().

It should be noted that the function H,, : R¢ — R’ is nonsmooth in general,
due to the constraint induced nonsmoothness of u.(t, ) in zj. However, the following
proposition shows the B(ouligand)-differentiability of f(t, z) in z [23, Section 3.1]. Recall
that a function G : RY — R’ is B-differentiable if it is Lipschitz continuous and directionally
differentiable on RY, namely, for any z € R? and any direction vector d € RY, the following
(one-sided) directional derivative exists

G'(z;d) := lim Gzt 7d) — G(z)
710 T

Proposition 2.4.1. Assume that Ilg : R™ — R™ is directionally differentiable on R™.
For any given {(t;,y:)}, {wi}, A >0, and z € RY, f(t, z) is B-differentiable in z for any

fized t € [0, 1].

~

Proof. We prove the B-differentiability of f(¢, z) in z by induction on the intervals [ty, tx11],
for k =0,1,...,n — 1. Consider t € [0,¢;] first. Since u.(t,z) = IIg(0),Vt € [0,¢1) and
f(t,z) is continuous in ¢, f(t,z) = Celz + f(f Ce=%) B1Ig(0)ds,Vt € [0,t1], which is
clearly Lipschitz continuous and directionally differentiable. Thus f(t, -) is B-differentiable
in z for any fixed t € [0, t1].

Now assume that f(t,-) is B-differentiable for all ¢ € [0,¢1] U --- U [tx_1,tx], and

consider the interval [ty, tx11]. Note that for any ¢ € [tg, tx41), the optimal control

wa(t.2) = T (A_l fjwi (CeA(t,-—t)B>T ( F(ti,2) — y)> . (2.19)

=1
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~

Since the functions Ilg(-) and f(¢;,-),i = 1,...,k are all B-differentiable, it follows from
[23, Proposition 3.1.6] that the composition given in u.(t,z) remains B-differentiable in
z for each fixed t € [ty,tx41). For a given direction vector d € Rf and a given 7 > 0,
ux(t, z + 7d) is continuous in ¢ on [t,t11). Therefore, u.(t, z + 7d) is (Borel) measurable

on [ty try1) for any fixed 7 and d. Since

Lt d) — us(t,
u;(t,z;d):limu( 2t 7d) — i Z),
710 T

the function u/(t, z;d) is also (Borel) measurable on [tg,t;y1) for any fixed z and d [4,
Corollary 2.10 or Corollary 5.9]. It follows from the non-expansive property of Il with

respect to the Euclidean norm || - ||2 [23] that for any given 7 > 0,

ltalt 2 +7d) — et 2) o _ 1 Z’“:wiH@eAmt>B)TH2.Hf<ti,z+Td>_A<ti,z>H2-

T _/\-7',:

This shows that for each ¢ € [tg, txi1),

k

[ws(t, 2 + 7d) — us(t, 2) 12 wiL(t:)[|d|2 -

T <y by ooy,
i=1

~

where L(t;) > 0 is the Lipschitz constant of f(t;,-). Hence, it is easy to see that u/ (¢, z; d)
is bounded on the interval [tg,tx11), i.e., there exists g > 0 such that ||u) (¢, 2z;d)||2 < ok
for all ¢ € [tg,tr+1). This shows that u/ (¢, z; d) is (Lebesgue) integrable in ¢ on [tg, t41]. In
view of the above results and the Lebesgue Dominated Convergence Theorem [4, Theorem
5.6 or Corollary 5.9], we have f/(t,zd) = Ce?d + 5 CeAt=9) Bul (s, z;d)ds for all t €

[tk,tk+1]. This shows that f(t,-) is directionally differentiable for each t € [tg,txi1].

Furthermore, since ||TIg(2) — Ig(2')||2 < ||z — #||2 for all 2,2’ € R, and u.(t, z) depends
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on finitely many f(t;,2) on the interval [t;,¢;41) with j = 1,...,k (cf. (2.19)), it can
be shown that for each j = 1,...,k, there exists a uniform Lipschitz constant L; > 0
(independent of ¢) such that for any ¢ € [t;,t;11), [|ux(t, 2) — us(t, 2")||2 < Lj||z — 2'||2 for
all z, 2/ € RY. In view of f(t, z) = C’eAtz—l—fg Ce?t=%) Bu, (s, z)ds, the continuity of fin t,

and the induction hypothesis, we deduce the Lipschitz continuity of f(¢,-) for each fixed

t € [tg,tg+1]. Therefore, the proposition follows by the induction principle. O

Clearly, the assumption of global directional differentiability of the Euclidean pro-
jector Ilg is critical to Proposition 2.4.1. In what follows, we identify a few important cases
where this assumption holds. One of the most important cases is when () is polyhedral.
In this case, as shown in Proposition 2.3.1, II(+) is a continuous piecewise affine function,
and its directional derivative is given by a piecewise linear function of a direction vector
d (cf. [23, Section 4.1] or [63]). When 2 is non-polyhedral, we consider a finitely gener-
ated convex set, i.e., @ = {w € R™|G(w) < 0}, where G : R™ — RP! is such that each
component function G; is twice continuously differentiable and convex for i = 1,...,p;.
It is known that if, for each w € R™, the set ) satisfies either the sequentially bounded
constraint qualification (SBCQ) or the constant rank constraint qualification (CRCQ) at
IIo(w), then Ilg is directionally differentiable; see [23, Sections 4.4-4.5] for details.

More differential properties can be obtained for f(t, z). Motivated by [56, Theorem
8], we consider the semismoothness of f A function G : R™ — R™ is said to be semismooth
at z, € R" [23] if G is B-differentiable at all points in a neighborhood of z, and satisfies

W — N — (M me
lim G'(z;2— 2z¢) — G'(24;2 — 24)

= 0.
2 FZ— 2 HZ — Z*H
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Semismooth functions play an important role in nonsmooth analysis and optimization; see

[23] and the references therein for details.

Lemma 2.4.2. Assume that Il : R™ — R™ is directionally differentiable on R™. For

any given {(t;,yi)}, {wi}, A >0, and z € R, if u.(t,-) is semismooth at z for each fized

~

t €[0,1], sois f(t,-).

Proof. Fix {(t;,y;)}, {w;}, A > 0, and z € R’. It suffices to prove that Z(¢, -) is semismooth
at z for each fixed t € [0, 1], where Z(t, ) satisfies the ODE: @(t) = Ax(t)+ Bu.(t, z), t €
[0,1] with 2(0) = z. It follows from the proof of Proposition 2.4.1 that Z(t, z) is B-

differential in z on [0, 1] and for a given d € R® and ¢ € [0, 1],

¢
z'(t,z;d) = eAtd—i—/ A=) By (s, z;d)ds.
0

In view of this, it is easy to verify that for a fixed ¢ € [0,1] and any z € RY,
t
'tz 2 —2)—-2'(t,z;2—2) = / eA(t_S)B(u;(s,E; Z—z)—u,(s, 22 — Z))ds.
0

By the semismoothness of u.(s,-) at z, we have for each fixed s € [0, ],

w,(s,2;2 — z) —ul(s,2;2 — 2)

2#£Z—z ||Z— Z”

Furthermore, it is shown in the proof of Proposition 2.4.1 that u/ (s, z; Z—2) and « (s, z; Z2—
z) are Lebesgue integrable and bounded on [0,1]. Therefore, it follows from Lebesgue

Dominated Convergence Theorem [4, Theorem 5.6 or Corollary 5.9] that

lim = =0.



This shows that Z(t, z) is semismooth at z for each ¢ € [0, 1]. O

Proposition 2.4.2. If Il is semimsooth at any point in R™, then for any z € RY, f(t, )

is semismooth at z for each t € [0,1]. In particular, this holds true if Q is polyhedral.

~

Proof. Note that semimsoothness implies B-differentiability. Furthermore, f(t, ) is clearly
semismooth in z on [0,#1]. Now assume that f(t, z) is semismooth in z for all ¢ € [0, #).
By the induction hypothesis and (2.19), we see that for any fixed t € [tg, tg+1], u«(t, 2)
is a composition of IIg and a semismooth function of z. It follows from [23, Proposition
7.4.4] that wu.(t,) is semismooth at z for any ¢ € [ty,txr1]. In light of Lemma 2.4.2
J?(t, -) is semismooth at z on [tg, tx+1] and on [0, tx41]. By the induction principle, f(t, )

is semismooth at z for each t € [0,1]. Finally, since Q is polyhedral, Il is continuous

piecewise affine and hence (strongly) semismooth [23, Proposition 7.4.7]. O

It follows from the above results that H, , is a vector-valued B-differentiable function
(provided that IIo(-) is directionally differentiable). To solve the equation H,,(z) = 0,
we consider a nonsmooth Newton’s method with line search in [53]; its (unique) solution
is the optimal initial state x{) that completely determines the smoothing spline f(t,xé).
It is worth pointing out that the original nonsmooth Newton’s method in [53] assumes
the existence of a direction vector d solving the equation Hyn(z) + Hy,(2;d) = 0 for
any z. While this assumption is shown to be true for almost all z in Theorem 2.5.1,
it is highly difficult to show that this assumption holds for certain “degenerate” z; we
refer the reader to Section 2.5 for the definition of a degenerate z. To overcome this
difficulty, we show in Proposition 2.5.2 that a suitable small perturbation to a degenerate

z yields a non-degenerate vector for which the assumption is satisfied. This leads to a

modified nonsmooth Newton’s method for the constrained smoothing spline; we postpone
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the presentation of this modified algorithm to Section 2.5 after all essential technical
results are given. Moreover, it is noted that if ]?is semismooth, other nonsmooth Newton’s
methods may be applied [23]. However, these methods require computing multiple limiting
Jacobians, which is usually numerically expensive. Alternatively, the modified nonsmooth
Newton’s method only requires computing directional derivatives (and a single Jacobian)
at a non-degenerate point.

Before ending this section, we show that for any given z* € RY, the level set S« :=
{z €R" : ||Hyn(2)|| < [[Hyn(2*)|} is bounded. This boundedness property will be critical
in the convergence analysis of the modified nonsmooth Newton’s method; see the proof of
Theorem 2.5.2.

We introduce some technical preliminaries first. Recall that the recession cone of a
closed convex set K in R” is defined by K> := {d € R" |z + pud € K,V > 0} for some
x € K. It is known [1] that in a finite dimensional space such as R", K> is equivalent to

the asymptotic cone of I defined by

{dER"] there exist 0 < pp — 00,z € K such that lim xk:d}.
k—o00 L

Furthermore, £ is a closed convex cone, and K is bounded if and only if £ = {0}.
More properties of recession cones can be found in [1, Proposition 2.1.5]. We provide a

lemma pertaining to the Euclidean projection onto a recession cone as follows.

Lemma 2.4.3. Let Q be a closed convex set in R™, let (vg) be a sequence in R™, and let

(pk) be a positive real sequence such that limy_,oo pr = 00 and limg_, oo Z—’Z = d for some

d e R™. Then

II
lim 79(%)

= Il (d
k—o0 ME Q()’
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where Q1° is the recession cone of 2.

Proof. Tt follows from a similar argument as in [23, Lemma 6.3.13] that

I (pd
lim 22U ),
U—00 "
Therefore, it suffices to show limy_, % = limg_ oo W. Without loss of generality,
we let the vector norm ||-|| be the Euclidean norm. By virtue of the non-expansive property

of the Euclidean projector with respect to the Euclidean norm, we have

Ho(vg) — 10 d v — ud
LA T B A P
27 P 223
This shows the equivalence of the two limits, and hence completes the proof. ]

With the help of this lemma, we establish a boundedness result for level sets defined

by Hy,. Recall that for a given 2* € R, the level set S,» == {z € R’ : ||Hy,(2)| <

[Hyn (7)1}

Proposition 2.4.3. Let Q be a closed convex set in R™. Given any {(t;,y;)} satisfying

the condition H.1, {w;}, A > 0, and z* € R" | the level set S+ is bounded.

Proof. We prove the boundedness of S,« by contradiction. Suppose not. Then there exists
a sequence (z) in S,+ such that ||zx|| — oo as k — co. Without loss of generality, we may
assume that (zy/||2x||) converges to v* € R with ||v*|| = 1 by taking a suitable subsequence

of (z;) if necessary. Define the functions f : [0,1] x R — R? and @, : [0,1] x R! — R™ as:

_ t
f(t,z) == C’eAtz—}—/ Cer) B, (s,z)ds, and
0
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Ui(t,z) =
JEISES (0), Vite [O,tl)

k
e ()rl Zwi(CeA(ti*ﬂB)Tf(ti,z)), Vite[tptps), k=1,...,n—1,
=1

where 2°° is the recession cone of {2. Note that fcan be treated as the shape constrained
smoothing spline obtained from the linear control system (A, B,C, Q) for the given
¥ = (¥i)i~; = 0, i.e., when the control constraint set 2 is replaced by its recession cone
Q> and y by the zero vector.

We claim that for each fixed t € [0, 1],

lim f(tazk) _ f(t,’U*)

koo ||z

We prove this claim by induction on the intervals [t;, ;1] for j =0,1,...,n — 1.
Consider the interval [0, ¢;] first. Recall that u.(t, zx) = IIq(0),V ¢ € [0, ¢1) such that

Flt, 25) = Cetz + f[f Cet=9) BT (0)ds for all t € [0,#;]. Hence, in view of I (0) =0

such that @,(t,v*) = 0 and f(t,v*) = CeAv* for all t € [0, 1], we have, for cach fixed

te [O, tl],

li f(t’ Zk) —

k—oo ||zl k—00 lzel

Now suppose the claim holds true for all ¢t € [0,¢;] with j € {1,...,n — 2}, and

consider [t;,t;41]. Note that for each ¢ € [t;,t41),

ot = o (3 S (o ) - 0)
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A(tift

By the induction hypothesis and the boundedness of Ce )B on [t;,tj41] for all i =

1,...,7, we have, for each fixed t € [t;,t;41),

~

li AU wi (CeA(t"_t)B)T(f(ti’ 2) ~ i)
Jim EY

J
A Z w; (CeA(ti*t)B)Tf(ti, v").

By Lemma 2.4.3, we further have, for each fixed t € [ts,ts41) with s € {1,..., 7},

I (/\‘1 Sy wi(CeAt OB (ki 2) — yz‘))

lim M = lim
k—oo || 2]l k—00 B2
= TIlge ()\1Zwi(CeA(tit)B)Tf(ti,v*)>
i=1
= . (t,v").

Clearly, . (-,v*) is Lebesgue integrable and uniformly bounded on [t;,t;41]. Therefore,

for each fixed t € [t;,t;41],

t
C’eAtzk+/ Ce %) Bu, (s, z;) ds

= lim
k—oo ||z k—00 B2
At
— lim C / CeAt 8>B<hm it Zk)) ds

= CeAtv*—i-/ Cert %) B, (s,v*) ds
0

= ft,v"),

where the second equality follows from the Lebesgue Dominated Convergence Theorem
[4, Theorem 5.6]. This establishes the claim by the induction principle.

In light of the claim and the definition of H, , in (2.18), we hence have

. Hyn zk At T *
T Zw% ) = Hya)]
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where ﬁgn : R — R (with i = (7;),) is defined by
~ . N -
Hyn(2) = Zwi(C’eAtl) <f(t,-,z) — yi>.
i=1

Since the smoothing spline }’V is obtained from the linear control system (A, B, C, %),
and the recession cone 2°° contains the zero vector, it is easy to verify that when y = 0,
the optimal solution pair (T, Z5) for f(t, %) is T = 0 and @,(£, Z5) = 0 on [0, 1] (such that

F(t,75) = 0 on [0,1]). Based on Lemma 2.4.1, we deduce that the equation Ho,,(z) = 0

has a unique solution z = 0. Since v* # 0, we must have I?g,n(v*) # 0. Consequently,

[y ()l Sk
lim ———— = |[Ho,(v")|| > 0.
v P [ Hom (@]
This shows that || H,,(2)| is unbounded on S+, which yields a contradiction. O

2.5 The Modified Nonsmooth Newton’s Method: Algorithm and Con-

vergence Analysis

In this section, we study the modified nonsmooth Newton’s method and its global
convergence. In particular, we focus on the case where the control constraint set € is
polyhedral for the following reasons: (i) the class of polyhedral 2 is already very broad
and includes a number of important applications; (ii) since any closed convex set is the
intersection of all closed half-spaces containing it, such a set can be accurately approxi-
mated by a polyhedron; (iii) when € is polyhedral, Il is globally B-differentiable, while
this is not the case for a non-polyhedral {2, unless certain constraint qualifications are
imposed globally. Furthermore, for a non-polyhedral €2, the directional derivatives of Ilq

are difficult to characterize and compute.
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Let Q = {w € R™| Dw > b} be a polyhedron with D € R™*™ and b € R". Propo-
sition 2.3.1 shows that IIg : R™ — R™ is a (Lipschitz) continuous and piecewise affine
(PA) function. It follows from (2.19) that for ¢ € [tg,tg+1) with £ = 1,2,...,n — 1,

Bu,(t,z) = Bllg (BTe_ATtvk(z)), where

k
vp(z) == A1 Zwi(CeAti)T (f(ti, z) — yi> e R (2.20)

=1

Define the function F : RY — R as I := BollgoBT, which is also Lipschitz continuous and
piecewise affine. It follows from the theory of piecewise smooth functions (e.g., [63]) that
such a function admits an appealing geometric structure for its domain, which provides an
alternative representation of the function. Specifically, let = be a finite family of polyhedra
{A;}2, where each X := {v € R¢ | Giv > h; } for a matrix G; and a vector h;. We call

= a polyhedral subdivision of Rt [23, 63] if
(a) the union of all polyhedra in = is equal to R, i.e., ", &; = R,
(b) each polyhedron in = has a nonempty interior (thus is of dimension ¢), and

(c) the intersection of any two polyhedra in = is either empty or a common proper face
of both polyhedra, i.e., X;NX; #0 = [XNX; =X N {v|(Gv—hi)a =0} =
X;n{v|(Gjv—h;)s = 0} for nonempty index sets & and 3 with X;N{v | (Giv—hi)a =

0} # X; and Xjﬂ{v‘(GjU—hj)BIO}#Xj].

For a Lipschitz PA function F, one can always find a polyhedral subdivision of R¢
and finitely many affine functions g;(v) = E;v + [; such that F' coincides with one of the

gi’s on each polyhedron in = [23, Proposition 4.2.1] or [63]. Therefore, an alternative
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representation of F' is given by
F(v) = Bv+1l;, YvedA, i=1,...,m,

andve XNA; = Ev+1; = Ejv+1;.

Given v € RY, define the index set Z(v) := {i|v € X;}. Moreover, given a direction
vector d € RY, there exists j € Z(v) (dependent on d) such that F'(v;d) = chz (A
more precise characterization of the directional derivative of the Euclidean projection is
defined by the critical cone [23, Theorem 4.1.1], which shows that for a fixed v, F'(v; d) is
continuous and piecewise linear (PL) in d.) In view of this and (2.19), we have that, for

each fixed t € [tg,tr11) with £k =1,...,n — 1, there exists j € I(e*ATtvk(z)) (dependent

on d) such that

k
Bul(t,z;d) = Eje_ATtvfc(z; d), where vl(z;d)=\""! Zwi (CeAt")T]?(ti, z;d).

i=1

z (2.21)
For each fixed ¢, the matrix £; not only depends on z, which is usually known, but also
depends on the direction vector d that is unknown a priori in a numerical algorithm. This
leads to great complexity and difficulty in solving the equation H, ,(z) + Hy ,(2;d) =0
for a given z, where d is the unknown. In what follows, we identify an important case
where e v, (2) is in the interior of some polyhedron X; such that the matrix E; relies

on z (and t) but is independent of d.

For notational convenience, define

q(t,v) = e_ATtv, veR,
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which satisfies the linear ODE: §(t,v) = —ATq(t,v). For a polyhedron X; = {v|G;v > h;}

in 2, define

Vi = {v e RY|(Giv — hi, Gi(—AT)v, Gi(—=AT)?v, ..., Gi(—AT)"v) = 0},

where = denotes the lexicographical nonnegative order. For a given v € R, let the index
set J(v) := {i|v € V;}. Clearly, J(v) C Z(v) for any v. Furthermore, given a t.,
q(t,v) € & for all t € [t., t. + €] for some € > 0 if and only if ¢(t.,v) € Vi. We introduce

more concepts as follows.

Definition 2.5.1. Let ¢(t,v) and a time ¢, be given. If J(q(t«,v)) # Z(q(t«,v)), then
we call t, a critical time along ¢(t,v) and its corresponding state q(t.,v) a critical state.
Furthermore, if there exist € > 0 and a polyhedron &; in Z such that ¢(¢,v) € &;,Vt €
[t« — &,t« + €], then we call t, a non-switching-time along q(t,v); otherwise, we call , a

switching time along q(t, v).

It is known that a switching time must be a critical time but not vice versa [65].
Furthermore, a critical state must be on the boundary of a polyhedron in =. The following
result, which is a direct consequence of [65, Proposition 7], presents an extension of the

so-called non-Zenoness of piecewise affine or linear systems (e.g., [9, 54, 66, 68]).

Proposition 2.5.1. Consider q(t,v) and a compact time interval [t.,ts«+T]| where T > 0.
Then there are finitely many critical times on [y, t« +T| along q(t,v). Particularly, there
exists a partition t, = %\0 < %\1 < e < %\M—l < ?M = ty + T such that for each i =

0,1,...,M—1, I(q(t7 U)) = j(q(tvv)) = j(q(tlav))7v te (?i,?i—&-l) for any t'e (%\i,?i—kl)'

It follows from the above proposition that for any given v, there are finitely many

critical times on the compact time interval [ty, tx11] along ¢(t,v), where k > 1. We call
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q(t,v) non-degenerate on [ty,tr11] if, for any two consecutive critical times tA] and %}4_1 on
[tk,tk+1], there exists an index i, (dependent on (?j,fjﬂ)) such that Z(q(t,v)) = {i.} for
all t € (t;,1;41). In other words, ¢(t,v) is non-degenerate if it is in the interior of some
polyhedron of = on the entire (£;,%;41).

We introduce more notation and assumptions. First, it is clear that there ex-
ist constants p; > 0 and py > 0 such that ||CeA(t=9)|| < p; for all t,s € [0,1] and

max;e(i,.. m.} | Billoo < p2. In addition, we assume that

H.2 there exist constants p; > 0 and g > v > 0 such that for all n,

Pt
max |ty —ti| < —,
0<i<n-—1 n

SN
3=

Theorem 2.5.1. Let Q) be a polyhedron in R™. Assume that H.1 — H.2 hold and A >
u2p2pape/(4v). Given z € R, let vy (2) be defined as in (2.20). Suppose that q(t,vy(z)) =
e~ A"ty(2) is non-degenerate on [ty, tyi1] for each k=1,2...,n— 1. Then there exists a

unique direction vector d € RY satisfying Hy n(2) + Hy ,(z;d) = 0.

Proof. Tt follows from the non-degeneracy of q(t,vx(z)) and Proposition 2.5.1 that, for
the given z and each [tg,txy1] with k = 1,...,n — 1, there exists a partition t; = tAk,o <
%\k,l < < %\kaMk—l < ?th = tr41 such that for each j = 0,..., M — 1, q(t,vx(2)) is
in the interior of some polyhedron of Z for all ¢ € (ft\k7j,%\k7j+1). It is easy to show via
the continuity of f(t, z) in z that for each open interval (tAk’j,tAk’jH), there exists a matrix
Ey; € {E1,...,Eq} such that for all t € (%\k’j7%\k’j+1), Bul(t,z;d) = Ek’je_ATtv;(z;d).

Letting w; := w;/\,i = 1,...,n and by (2.21), we have, for r > k + 1,

tet+1
/ C'eA(t”_s)Bu;(s, z;d)ds

i
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Mp—1
tet+1 k
_ A(tr—s) . R —ATs 1/ _.
_/t Ce E Erg g 5, | € v (2; d)ds
k —
7=0

My—1

trt+1 k
_ _ ~ NT 7y
B / CeAltr=s) Z By - Iﬁ\k bl | € A Zwi (CeAtl) f(ti, z;d)ds
t = bk,

i=1

Mj—1

tpia —~
- Z Wi / Cettr=) Z B - Iﬁk,jfk,jﬂ} (CeA(ti_S))TdS f(ti, z;d)
=0

where, for each i =1,...,k,
Mp—1
Virkiys = tk“c A=) [y Epj -1 - CeAti=NTgs ¢ RP*P
(rk,i),z = ] € Z kg " Mtk th,j+1] ( € ) 5 € :
k §=0

Note that for a fixed triple (7, k,4), V{y.1;) . depends on z only and r > k > i > 1. For

r>i>1, define W, . —wzzr 1V Therefore, for each k =1,...,n —1,

7]7i)7z .

+1
F(thir, z;d) = CeAtkHdJrZ/] At 1= B/ (s, z; d)ds

= Celtrrid 4 Z Z Wi Vikt1,5,0),2 F(ti, 2 d)

j—l i=1

= CeAtk+1d+ZW(k+1z f(ti,z;d).
=1

In what follows, we drop z in the subscript of W for notational simplicity. In view of

]?'(tl, z:d) = CeM1d, it can be shown via induction that for each k = 2,...,n,

F (e, 2 d)
— CeAtig 1 W(k?k_l)ceAtkfld + (W(k,k—2) + W(k,k_l)W(k_l’k_Q)) CeAti—24
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k—1 s1—1
+ <W<k,1> F Wiy Wis) + D D W) Wiss0) Wisa) + -

s1=3 s9=2

""" + Wk 1)yWr-14-2) - W(3,2)W(2,1)> Cetlq

where the matrices W(k,j) of order p are defined in terms of W(; ) as shown above.

For a given r € {1,...,n}, define

Cedtr
CeAtz

C, = e R'PX¢, and
CeAtr

I,
Weon L
W, = diag(wilp, ..., w.lp,) W(&l) W(&Q) I, eRPXP. (2.22)
_W(m) W(r@) L W(m—n Ip|

where I, is the identity matrix of order p and W, depends on z but is independent of

~

d. Hence, the directional derivative of S°7_, w;(CeAt)T(f(t;, 2) — ;) along the direction

vector d is given by

S wi(Cet)! F(ti, z;d) = CTW, C,d.
=1
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Clearly, W, is invertible for any r, and it can be easily verified via the property of W ;)

that
I,
~Wey b
W, = diag(wy I w, 1)
r = | Wiy —Wgao Ip Wy dp; -, Wy dp).
Weny —Wap Wer-1y Ip)
Moreover, define the symmetric matrix
Iy _Wen Wi _Wen
w1 2w 2w 2w
_ Wy I W2 Wr2)
2w wo 2wo 2wo
1 T
Vo= s (Wit (Wih)T) = | Wsn Wes h
" 2 ro ( r ) 2w 2wo w3 :
. _Weroy
2wr—1
Wy Wi . _Weroy Iy
2w 2wo 2wyr_1 Wr

It follows from assumption H.2 that max; w; < p/(An) and that for any 1 < j <k

tr 2 -
H 2 ppipz pe(k —J)
Wi - o < dr < . .
Wik g lloo < )\n/tj PLP2OT = TN n

Furthermore, we deduce from H.2 that max; Z)’—; < p/v. Therefore, for any fixed k =

1,...,n,
(k) — | Wik 120ipape [ 1 -
% 1, < 1 t .
<ZH 2w ‘oo—i_,z H 2wy, Hoo) = 2wn? ( Z (i k)>
i=k+1 i=k+1

i=1

—1
~ Hopip2pr "ZZ < Ehpp(n=1) _
2 \vn? 4 - A vn ’
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where the last inequality follows from the assumption on A. This implies that the symmet-
ric matrix V, is strictly diagonally dominant for any r. Hence, for each r, V, is positive
definite, so are W1 and W, (although not symmetric).

Finally, note that Hy ,(z;d) = CI'W, C,d, and C, has full column rank, in light
of the assumption H.1. Consequently, Cg W,, C,, is positive definite such that the unique
direction vector d = —(CL W, Cn)_lHym(z) solves the equation Hy,(2) + H, ,(2;d) =

0. O

The above result relies on the critical non-degenerate property of q(t,vi(z)). In
what follows, we consider the case where ¢(t,vx(2)) is degenerate on some sub-interval of
[tk,tr+1]. Geometrically, this implies that the trajectory of ¢(¢,vi(z)) travels on a face
of a polyhedron in Z for some time. It shall be shown that under mild assumptions, a
suitable small perturbation of z will lead to a non-degenerate trajectory. Recall that each
polyhedron AX; in the polyhedral subdivision = is defined by the matrix G; € R™ and
the vector h; € R™i. Since each X; has non-empty interior, we assume, without loss of
generality, that for each j = 1,...,m;, the set {v € &;|(Gv — h;); = 0} represents a
(unique) facet of &; (i.e., a (¢ — 1)-dimensional face of X;) [63, Proposition 2.1.3], where

(G;)je denotes the jth row of G; and satisfies ||(Gz)]T.H2 =1.

Proposition 2.5.2. Let Q be a polyhedron in R™. For a given z € RY, suppose that
q(t,vi(z)) is degenerate on the interval [ty,tx+1] for some k € {1,...,n— 1}, where vi(2)
is defined in (2.20). Assume that (C,A) is an observable pair, H.1 — H.2 hold, and
A > u2p2papt/(4v). Then for any e > 0, there exists d € R with 0 < ||d|| < e such that

q(t,vp(z + d)) is non-degenerate on [ty,tg4+1] for each k=1,...,n— 1.
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Proof. Fix € > 0. Define the set of vector-scalar pairs that represent all the facets of the

polyhedra in Z:

Note that if ¢(t,vk(z)) is degenerate on [tg,txs1] for some k, then there exist a pair
(g9,a) € S and an open subinterval T C [ty, tx11] such that gZq(t, vi(2)) — a = 0 for all
t € T, which is further equivalent to g7 q(t,vi(2)) — a = 0 for all ¢t € [ty, )4 1] in view
of q(t,vx(2)) = e*ATtvk(z). Therefore, we define for each k € {1,...,n — 1}, S,y p =
{(g:0) € SlgTq(t,vi(2)) = a, V1t € [t tisa]}-

Let k1 be the smallest &k such that S, p is nonempty (or equivalently ¢(t, vi(z)) is
degenerate on [t,tr11]). Clearly, K > 1. Since q(¢,vx(2)) is non-degenerate on [t, tj41]
foreach k =1,...,k  —1, it follows from a similar argument in the proof of Theorem 2.5.1
that v;ﬂ(z;d) = A—lcfl Wi, - Ck, d, where we write Wy, as Wy, . to emphasize its

dependence on z (but independent of d). Consider the following two cases:

(i) (g,0) € S, k,.p- It follows from the B-differentiability of vy, (-) that ¢(t, vk, (2+d)) =
q(t, vk, (2)) + q(t, vy, (z:d) + o(||d]))) for each t € [ty,,tx,+1] [23, Proposition 3.1.3].

Therefore, using the fact that ||g||2 = 1, we have for each ¢ € [tx,, tg,+1],

glalton (2 +d) —a = (g7q(t, v (2)) — @) + g7 a(t v, (2:d) + o(|d]]))

= g q(t, v, (z:d) + o(|d]).
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Furthermore, under H.2 and the assumption on J, it is shown in Theorem 2.5.1 that

Wy, - is positive definite. Let the observability matrix

TAT

gT(AT)éfl

Since gTq(t, v}, (z;d)) = gTe_Athg1 Wiy, - Cr, d, we see that gTq(t, v} (z;d)) is
nonvanishing on [tg,,tk, +1] if and only if d ¢ Ker(VgCZ1 Wy, .2 Ck,). Since g is
nonzero, Wy, . is positive definite, and (C, A) is an observable pair, it is easy to show
that V,CJ Wy, . Cy, # 0 such that Ker(VgC;‘g1 Wy, .- Ck,) is a proper subspace of
R?. Hence there exists a scalar 7 > 0 such that for any d ¢ Ker(VgC;{1 Wi, - Ck,)
with 0 < ||d|| < T, gTq(t,vfﬂ(z; d)), and thus g7 q(t,vg, (2 + d)) — «, is nonvanishing
on [tg,, g, +1], which further implies that g7 q(t,vx, (2 +d)) — a has at most finitely

marny zeros on [tg,, tg, +1]-

(ii) (g, ) € S\S,.k,.p- This means that there exists . € [tg,, tx, +1] such that g7 q(t., vk, (2+
d)) — a # 0. Due to the continuity of vy, (z), we see that there exists 7 > 0
such that if ||d|| < 7, then g7q(t.,vx,(z + d)) — a # 0, which also implies that
g7 q(t, v, (z + d)) — o has at most finitely many zeros on [ty,,tg,+1]. Similarly, we
see that for each k = 1,...,k; — 1 and each (g9,a) € S, g7 q(t,vp(z + d)) — a has at

most finitely many zeros on [t,, tk, +1]-

By virtue of the finiteness of S and the above results, we obtain a finite union of

proper subspaces of R? denoted by S and a constant 1 > 0 such that for each (g,a) € S
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and any d ¢ S with 0 < ||d|| <n, g7 q(t,vi(z + d)) — « has at most finitely many zeros on
[te,try1] for each k = 1,... ki. Since g7 q(t,vp(z + d)) — a # 0 for all but finitely many
times in [tg,tp1] with & = 1,... k; for all (g,a) € S, we conclude that except finitely
many times in [tg, tg+1], ¢(¢, vi(z + d)) must be in the interior of some polyhedron in E at
each t € [ty,tg+1], where k =1,...,k; . This shows that q(¢,vi(z + d)) is non-degenerate
on [tg,tx,1] for each k =1,...,k;. In particular, we can choose a nonzero vector d! with
|d'|| < e/n satisfying this condition.

Now define ! := 2z +d*, and let ko be the smallest k such that 8311, p is nonempty.
Clearly, ko > ki + 1. By replacing z with Z! in the preceding proof, we deduce via a
similar argument that there exists a nonzero vector d? with ||d?| < min(e/n, ||d*||/4) such
that q(t,vi(Z! + d?)) is non-degenerate on [tg,tr 1] for each k = 1,...,ks. Continuing
this process and using induction, we obtain at most (n — 1) nonzero vectors d’ with
||| < min(e/n, ||d]||/27) for j > 2 and d* := > d’ such that q(t,vx(z + d*)) is non-
degenerate on [ty,t;41] for each k = 1,...,n — 1. Obviously ||d*|| < e. Furthermore, by

virue of || -5 d’|| < ||d*(|/2, we conclude that d* # 0. O

We are now ready to present the modified nonsmooth Newton’s algorithm. Let
the merit function g : R® — Ry be given by g(z) := %HyTn(z)Hyn(z) Then g is B-
differentiable and ¢'(z;d) = HyT n(2)H, ,(2;d). The numerical procedure of this algorithm
is described in Algorithm 1.

Finally, we establish the global convergence of Algorithm 1 under suitable assump-

tions.

Theorem 2.5.2. Let Q be a polyhedron in R™. If (C,A) is an observable pair, the
assumptions in Theorem 2.5.1 hold, and liminfj, 3™ > 0, then the sequence (2¥) generated

by Algorithm 1 has an accumulation point that is a solution to the equation Hy,(z) = 0.
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Algorithm 1 Modified Nonsmooth Newton’s Method with Line Search

Choose scalars 3 € (0,1) and v € (0, 3);
Initialize k¥ = 0 and choose an initial vector z° € R’ such that g(¢,v;(z°)) is non-
degenerate on each [t;,t;41];
repeat
k+—k+1;
Find a direction vector d* such that H,,(z*~1) + H] , (zF~1;d*) = 0;
Let my be the first nonnegative integer m for which g(2*71) — g(zF~1 + grd*) >
—yBitg’ (571 db);
Zk s Zk—l 4 ﬁmkdk,
if q(t,v;(z%)) is degenerate on some [t;,¢;41] then
Choose d’ € RY with sufficiently small ||d’|| > 0 such that q(¢,v;(2* + d’)) is non-
degenerate on each [t;,t;41];
Ay
end if
until g(2*) is sufficiently small
return 2"

Proof. Let (2*) be a sequence generated by Algorithm 1 from an initial vector 2 € RY; the
existence of (z¥) is due to Theorem 2.5.1 and Proposition 2.5.2. Without loss of generality,
we assume that H,,(z¥) # 0 for each k. Letting d’ be the perturbation vector in the
algorithm in case of degeneracy, we have g(2*~1)—g(z¥—d’) > o™ || H (2% —d")|3. Since
|d’|| can be arbitrarily small and Hy, and g are continuous, it follows from an argument
similar to that in the proof of [53, Theorem 4] that g(z*~1) —g(2¥) > op™* <HH 223+
o(|| H, n(zk)H%)) Hence, (g(z*)) is a nonnegative and strictly decreasing sequence. This
also shows, in view of Proposition 2.4.3, that the sequence (z*) is bounded and thus has an
accumulation point. Furthermore, (g(2*)) converges and limy_,oo (8™ || Hyn (2%)[|3+21) =
0, where each |gi| is arbitrarily small by choosing small ||d’||. (For example, |ex| can be
of order o(||Hy,n(z%)||3) by choosing a suitable d’.) Hence, if liminfy 3™ > 0, then
an accumulation point of (z¥) is the desired solution to the B-differentiable equation

Hy.(z) = 0. 0
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2.6 Numerical Examples

In this section, three nontrivial numerical examples are given to demonstrate the
performance of the shape constrained smoothing spline and the proposed nonsmooth New-
ton’s method. Recall the inductive procedure for computing w. (¢, zj) and f(t, x§) from
the discussion following Corollary 2.3.1. For a given z € RY, we may compute u.(t, z) and

~

f(t,z) on [tg,tgs1) and [tg, tx+1] respectively using the same process. Additionally, given
f(t,-, z) for i = 1,..., k, we may numerically represent u,(t,z) on [t,tr+1] by (i) comput-
ing u.(t,z) at a discrete set of points between t; and ¢j1, in order to determine where
ux(t, z) crosses the boundary of €2, and (ii) representing u. (¢, z) analytically between the
points at which we determine it crosses the boundary. We then compute f(tkH, z) given
this representation of u.(t, z) analytically using (2.17), where we replace z; with z. This
procedure is used to compute u,(t, z) and f(t, z) when the nonsmooth Newton’s method
is implemented for each of these numerical examples.

In the following examples, the underlying true function f : [0,1] — R is defined by
A€ R¥>2 B = (0,)T, C = (1,0), a true initial state z¢, and a true control function
u € Lo([0,1],R) with the control constraint set @ C R. The sample data (y;) is generated
by yi = f(t;) + &;, where (g;) is an iid zero mean random error with variance o?. The
weights w; are chosen as w; = 1/n for each i = 1,...,n in all cases. Furthermore, different
choices of (possibly unevenly spaced) design points (¢;) are considered in order to illustrate
flexibility of the proposed algorithm.

In what follows, the true underlying function f, the corresponding matrix A, the true
0

control u, the design points t;, the true initial state xg, the guess of the initial condition z

in the algorithm, the variance o, and the penalty parameter A are given for each example.
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It is easy to verify that (C, A) is an observable pair, and that the assumptions H.1 and

H.2 hold in each example.

Example 2.6.1. The convex constraint with unevenly spaced design points:

ft)= (32 —t+1) o1+ (- 813 + 612 — 4t + 3) T+ (3t+2)- I 4,

N

0 0
Q=1[0,00), 2°=(2,3)7, 0=0.1, A=10"* and the design points (ti)?zo =

0 1
A[ o= (L,-1)", u(t) =8t T 1)+ (12 - 160) -1 s,

{01 11,4 99 1 111 1919 1 1}
207777720720 307777720020 0 200707020020 0 2000020020 200 ST

Example 2.6.2. The unbounded control constraint with unevenly spaced designed points:

11.610¢ (e~ + e72) — 27.219¢ 7" + 25.219¢"2 + 2 ift € [0, 1)

—6.234e7" 4+ 3.257e7% + 3 ift €[ 1)
f(t) =
—11.610t(e~* 4+ e2) 4+ 18.222¢ ¢ — 21.692¢ % +3 ift € [3,2)
—3.345¢7 + 1.306e 2 + 2 ift € [2,1]
23.219(e™t — e %) + 8 ifte[0,%)
01 12 if £ € [3.3)
A= cao = (7/2, =17, u(t) =
-2 =3 —38.282¢ 71 +63.117e 2 + 6 ift € [L,3)
8 ift e [3,1]

\

Q=[8,00), 2°=(0,1/2)7, =02, A=10"% and the design points

(t)" _{0 1 2 1 1+9 19 19+1 1}
Yi=0 U720 207777720720 0 800720020 0 on’ T T
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—True function --Unconstrained
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3.5 --Unconstrained & D .
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3
25 Sy
2) 0]
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+ Data 15l -=Unconstrained|
1.5/--Unconstrained ---Constrained
---Constrained 1ok
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Figure 2.1: Left column: spline performance of Examples 2.6.1 (top), 2.6.2 (middle), and
2.6.3 (bottom); right column: the corresponding control performance of Examples 2.6.1—
2.6.3.

Example 2.6.3. The bounded control constraint with evenly spaced designed points:

4 3
f(t) = (382 +¢%) T 1)+ (=333 + 72 —3t+1)- I1s)+ (> +3t—2) RIERE
A= . 2o = (0,007, wu(t)=(8t+2)- o)+ (14 =16t) I sy +2- T3y,
Q=1[2,6], 2°=(2,37, =03, A=10"% and evenly spaced design points t; = %

The proposed nonsmooth Newton’s algorithm is used to compute the shape con-
strained smoothing splines for the three examples. In all cases, we choose 5 = 0.25 and
v = 0.1 in Algorithm 1 with the terminating tolerance as 107%. The numerical results for

Example 2.6.1 with n = 50, Example 2.6.2 with n = 25, and Example 2.6.3 with n = 25
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Table 2.1: Number of Iterations to Convergence for Nonsmooth Newton’s Method

sample size | min max mean median
Example 1 | "'~ 25 4 58 249 26
P n = 50 3 40 28.3 30
n = 100 4 44 30.1 39
Example 2 | " 7 25 2 159  26.8 15
b n =50 2 127 257 17
n = 100 2 117 25.0 17
n =25 1 51 126 9

E le 3

xample n =50 1 67 17.3 13
n = 100 4 67 222 19

are displayed in Figure 2.1. For comparison, the unconstrained smoothing splines are also
shown in Figure 2.1. The number of iterations for numerical convergence of the proposed
nonsmooth Newton’s algorithm ranges from a single digit to 160 with the median be-
tween 9 and 34 (depending on system parameters, sample data and size, and initial state
guesses). A more detailed description for the number of iterations to convergence for 200
different numerical simulations is given in Table 2.1. It is observed that the proposed
nonsmooth Newton’s algorithm converges superlinearly overall.

To further compare the performance of constrained smoothing splines and uncon-
strained smoothing splines, simulations were run 200 times, and the average performance
over these simulations was recorded in each case. Three performance metrics are consid-
ered, namely, the Lo-norm, the Lo,-norm, and the 2-norm of the difference between the
true and computed initial conditions. Table 2.2 summarizes the spline performance of the
two splines for different sample sizes, where f\ denotes the computed smoothing splines
and 7y denotes the computed initial condition. It is seen in the above examples that the
shape constrained smoothing spline usually outperforms its unconstrained counterpart. It

should be pointed out that the performance of shape constrained smoothing splines criti-
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Table 2.2: Performance of Constrained (constr.) Splines vs. Unconstrained Splines

1f = fllzs 1f = fllLee [0 — Zol[2

Example | sample size | constr. unconstr. | constr. unconstr. | constr. unconstr.
Ex 261 |"= 25 0.00696  0.00723 | 0.06809  0.07216 | 0.25985  0.30825
ST I n=50 0.00351  0.00362 | 0.04971  0.05218 | 0.19141  0.22549

n = 100 0.00177  0.00180 | 0.03487  0.03588 | 0.14021  0.15958

Ex 262 | "= 25 0.01302  0.01492 | 0.12639  0.15609 | 0.76778  1.45583
ST I n=50 0.00704  0.00791 | 0.09998 0.12474 | 0.70899  1.41832

n = 100 0.00387  0.00436 | 0.08048 0.10519 | 0.75410  1.54277

Ex 263 | "= 25 0.01728  0.02138 | 0.16761  0.22974 | 0.44519  0.97093
ST I n=50 0.00912  0.01074 | 0.13525 0.16891 | 0.36184  0.67901

n = 100 0.00463  0.00531 | 0.09601  0.12063 | 0.31549  0.61803

cally depends on the penalty parameter A, the weights w;, the control constraint set €2, and
the function class that the true function belongs to. Detailed discussions of performance

issues will be addressed in the future.

2.7 Summary

Smoothing splines subject to general linear dynamics and control constraints are
studied. Such constrained smoothing splines are formulated as finite-horizon constrained
optimal control problems with unknown initial state and control. Optimality conditions
are derived using Hilbert space methods and variational techniques. To compute the
constrained smoothing splines, the optimality conditions are converted to a nonsmooth
B-differentiable equation, and a modified nonsmooth Newton’s algorithm with line search
is proposed to solve the equation. Detailed convergence analysis of this algorithm is given
for a polyhedral control constraint, and numerical examples demonstrate the effectiveness

of the algorithm.
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CHAPTER II1

Nonnegative Derivative Constrained B-spline Estimator:

Uniform Lipschitz Property

The next three chapters, i.e., Chapters III-V, are devoted to the nonparametric
estimation of functions subject to nonnegative derivative constraints. Moreover, attention
is given to the asymptotic performance (measured using the supremum-norm) of a certain
constrained B-spline estimator. In Chapter III, a critical uniform Lipschitz property is
established for this estimator; this uniform Lipschitz property is crucial in the study of the
constrained B-spline estimator performance analysis. Chapter IV provides asymptotic up-
per bounds on the estimator bias and stochastic error via the uniform Lipschitz property;
asymptotic lower bounds on the estimator bias are also given for certain order derivative
constraints. In Chapter V, a minimax asymptotic lower bound in the supremum norm is
established for a family of nonparametric constrained estimation problems. The combina-
tion of the upper bounds on the estimator performance developed in Chapter IV together
with the minimax lower bounds established in Chapter V demonstrate that under certain

conditions, the asymptotic performance of the constrained B-spline estimator is optimal.
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3.1 Introduction

B-splines are a popular tool in approximation and estimation theory [14, 17]. Non-
negative derivative constraints on a B-spline estimator can be easily imposed on spline
coefficients, which can then be efficiently computed via quadratic programs. In spite of
this numerical simplicity, the asymptotic analysis of constrained B-spline estimators is far
from trivial, and requires a deep understanding of the mapping from a (weighted) sample
data vector to the corresponding B-spline coefficient vector. As the sample size increases
and tends to infinity, an infinite family of size-varying piecewise linear functions arises. A
critical uniform Lipschitz property states that these size-varying piecewise linear mappings
share a uniform Lipschitz constant under the /,,-norm, independent of the sample size
and the number of knots; this property leads to many important results in asymptotic
analysis [80]. In this chapter, we demonstrate that this uniform Lipschitz property holds
for B-splines with nonnegative derivative constraints of arbitrary order.

The chapter is organized as follows. In Section 3.2, we introduce the constrained
B-spline estimator and state the uniform Lipschitz property. Section 3.3 is devoted to the
proof of the uniform Lipschitz property. A summary is given in Section 3.4.

Notation. We introduce some notation used in the chapter. Define the function d;;
on N x N so that §;; = 1 if i = j, and d;; = 0 otherwise. Let Is denote the indicator
function for a set S. For an index set «, let @ denote its complement, and |a| denote its
cardinality. In addition, for k¥ € N, define the set o+ k := {i + k : i € a}. Let 1; € R¥
denote the column vector of all ones and 1j, xx, denote the k; x ko matrix of all ones.
For a column vector v € RP, let v; denote its ith component. For a matrix A € RF1 >k

let [A];; or [A]; ; be its (i, j)-entry, let (A);e be its ith row, and (A)e; be its jth column.
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If iy < ig and j1 < jo, let (A)j .ipe be the submatrix of A formed by its i;th to igth
rows, let (A)s j,:j, denote the submatrix of A formed by its jith to joth columns, and let
(A)iy:iz ji:j» denote the submatrix of A formed by its iith to igth rows and jith to joth
columns. Given an index set «, let v, € R®! denote the vector formed by the components
of v indexed by elements of «, and (A),e denote the matrix formed by the rows of A

indexed by elements of a.

3.2 Nonnegative Derivative Constrained B-splines: Uniform Lipschitz

Property

Fix m € N. Consider the class of (generalized) shape constrained univariate func-

tions on [0, 1]:

Sy, = {f :[0,1] = R ‘ the (m — 1)th derivative f(m_l) exists a.e. on [0, 1], and

(Fm D (@1) — f D (@9)) - (21 — 22) >0 when D (zq), F?=D(z) exiSt}. (3.1)

When m = 1, S,, represents the set of increasing functions on [0,1]. Similarly, when
m = 2, S, denotes the set of continuous convex functions on [0, 1].

This chapter focuses on the B-spline approximation of functions in S,,. Toward this
end, we provide a brief review of B-splines as follows; see [14] for more details. For a given
K e N, let T, :={ro < k1 < --- < kx } be a sequence of (K + 1) knots in R. Given p € N,
let {B;;F";c ]I::lpfl denote the (K +p—1) B-splines of order p (or equivalently degree (p—1))
with knots at ko, k1,...,KK, and the usual extension K1_, = -+ = k_1 = Ko on the left
and Kx4+1 = -+ = Kx4p—1 = ki on the right, scaled such that ZkK;lpfl BZ:%(J:) =1

for any x € [ko,kK|. The support of BZ}% is given by (i) [kk—p,kkr) when p = 1 and
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1 <k<K-—1; (ii) [Kg—p,~k) when p=1and k = K or foreach k =1,..., K +p—1

when p > 2. We summarize some properties of the B-splines to be used in the subsequent

development below:

(i)

(iii)

in [0,

Nonnegativity, upper bound, and partition of unity: for each p, k, and T, 0 <

B;;Fk( ) <1 for any x € [ko, kKk|, and 2K+p ! BT“( ) =1 for any x € [ko, kK]

Continuity and differentiability: when p = 1, each BijC(x) is a (discontinuous)
piecewise constant function given by Iy, | . y(7) for 1 <k <K —Tor I, | .. (®)
for k = K. Also, B;*:’;C(x) . BZE(Q}) =0,V zif £ # j. When p = 2, the BTk s are
continuous piecewise linear splines, and there are at most three points in R where
each BZ?% is not differentiable; when p > 2, each Bg";C is differentiable on R. For
p > 2, the derivative of BZ?; (when it exists) is

Ty ! p—1 T p—1 Ty
(Bpﬂk(m)> - RKk—1 — nkprp_l’k_l(x) B Bp—l,k(x)’ (3.2)

where we define LBZka(x) =0,Vze[0,1]fork=0and k=K +p—1.

Kk —Rk—p+1

Ly-norm: for each k, the Li-norm of Bzﬂ*;~C is known to be [14, Chapter IX, eqns.(5)

and (7)]

|52l

Let T, :== {0 = ko < K1 < --- < Kk, = 1} be a given sequence of (K, + 1) knots

/‘BT“ ‘ —w. (3.3)

1], and let g7, : [0,1] — R be such that g, 1, (x) = ZK"J”” Yo BT“ (%), where the

by’s are real coefficients of B-splines and b := (by,...,bx, +m_1)" is the spline coefficient

vector. Here the subscript n in K, corresponds to the number of design points to be used

in the subsequent sections.
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To derive a necessary and sufficient condition for g, 7, € &y, we introduce the

following matrices. Let D®) e RF*(#+1) denote the first order difference matrix, i.c.,

D®) = e RF*(kH1), (3.4)

When m =1, let 5m,TH := DE»=1)_In what follows, consider m > 1. For the given knot
sequence T, with the usual extension x; = 0 for any k£ < 0 and ki = 1 for any k& > K,

define the following diagonal matrices: Ag 7, = Ik, -1, and foreach p=1,...,m — 1,

1

Apr, = = diag(m — Kl—p, K2 — K2-p, -+ KK, 4p—1 — ﬁKn—1> € REn+p—1)x(Kntp—1)
p

(3.5)

Furthermore, define the matrices D, 7, € REn+m=1-p)x(Kntm=1) inductively as:

EO,TK =1, and EP,TK = A1 . pUntm=1=p) . l~)p_1,Tm p=1,....,m. (3.6)

m_p7Tr€

Roughly speaking, D, 1, denotes the pth order difference matrix weighted by the knots of
T,. When the knots are equally spaced, ﬁp,Tm is almost identical to a standard difference
matrix (except on the boundary). Moreover, since A;nl_nn is invertible and Dntm=1-p)
has full row rank, it can be shown via induction that ﬁp,n is of full row rank for any p
and T.

In what follows, define N := K,, + m — 1 for a fixed spline order m € N. Note that

N depends on n, the number of design points.
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Lemma 3.2.1. Fix m € N. Let T,; be a given sequence of (K, + 1) knots, and for each
p=1,...,m, let {B k}K”+p U denote the B-splines of order p defined by T;,. Then the

following hold:

(1) For any given b € RN and j = 0,1,...,m — 1, the jth derivative of gy, =
Zi\;l ka;:'fk is Eiv:_l ( T b)kBm o except at (at most) finitely many points

on [0,1];
(2) g1, € Sm if and only if Bm,TK b > 0.

Proof. For notational simplicity, we write g, 1, as g and l~)j7TN as ﬁj respectively in the
proof.

(1) We prove statement (1) by induction on j = 0,1,...,m — 1. Clearly, the state-
ment holds for j = 0. Consider j with 1 < j < m — 1, and assume the statement holds for
(7 —1). It follows from (3.2), the induction hypothesis, and the definitions of A; 7, and

53' that

!/

| ‘ ) N—j+1
g = (g(ﬂ)) - ( > (Djab), B .\ k)

k=1

2

D;_1b —(D;_1b
_ (m—j) ( J—1 )k-‘rl ( J 1) BT N
Kk — Kk—m+j ™=

i
I

N—j

N-— ke _ D Tk
= ( m—73,Ty D( ]) 1b) Bm —ik (DJb) Bm —7,k?
k=1 1

P

B
Il

whenever ¢g\9) and gU—1) exist. Hence, statement (1) holds for j.

(2) Tt is easily seen that g(™~1) exists on [0,1] except at (at most) finitely many
points in [0,1]. It thus follows from statement (1) that ¢g™~1 is a piecewise constant
function on [0,1]. Therefore, g € S, if and only if the spline coefficients of g(™~1) are
increasing, i.e., (Em,lb)k < (ﬁm,lb)kﬂ for each k = 1,..., K, — 1. This is equivalent
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to D=1 D D,,_1b > 0, which is further equivalent to D b >0, in view of Ag 7, = I and

Dy, = DE»=DD | This gives rise to statement (2). O

3.2.1 Nonnegative Derivative Constrained B-splines

Let m € N be a fixed spline order throughout the rest of this chapter. Let y :=
(Yo, Y1, yn)! € R+ be a given sample sequence corresponding to a sequence of
design points P = (x;)I", on [0, 1]. For a given sequence T}, of (K, + 1) knots on [0, 1],
consider the following B-spline estimator that satisfies the shape constraint characterized
by Sp:

Knp+m—1
JBr (@) = Z bp Bl (@ (3.7)

where the coefficient vector /b\P7TH = (gk) is given by the constrained quadratic optimization

problem:

N 2
bpr, = arg min Zn: (zig1 — ;) (Z/i - Z kaZ;k(:Ei)) . (3.8)
Do, 1,620 i=0 k=1
Here z,.1 := 1. It follows from Lemma 3.2.1 that flng € S,,. Note that ngN depends
on P and T}.
Define the diagonal matrix ©,, := diag(z1—zo, Ta—1, ..., Tni1—T,) € ROFXMH)
the design matrix X € RN with [X]; 5 := B;fk(xl) for each i and k, the matrix

Ak, p1. == Ky - )?T@n)? e RV*N " and the weighted sample vector 7 := K, - )A(T@ny.

Therefore, the quadratic optimization problem in (3.8) for /b\P7Tﬁ can be written as:

-~ .1 _
bpr,(y) = argmin §bT Ag, Pz, b—b"7. (3.9)
Dy, 520

For the given P, T, and K, the matrix Ak, p7, is positive definite, and the function

BP,TK : RN — RV is thus piecewise linear and globally Lipschitz continuous [63]. The
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piecewise linear formulation of /b\P,Tm can be obtained from the KKT optimality conditions

for (3.9):

AKn,P,THZP,TH -y - ETTn,THX =0, 0<x L 5m7TN/b\P,TN > 0, (3.10)
where y € RE»~1 is the Lagrange multiplier, and « L v means that the vectors u and
v are orthogonal. It follows from an argument similar to those in [72, 71, 80] that each

linear piece of bp, is characterized by index sets:

@ = {z : (Dynr, bp,), :o} c{l,... Kn—1}. (3.11)

Note that @ may be the empty set. For each «, the KKT conditions (3.10) become

o " _ T
(Dm,T,@)ao bP,T,Q =0, Xa =0, AKn,P,T,i bP,T,i - Y- ((Dm,T,ﬂ)ao) Xa = 0.

Just as in [72, 71, 80], we may denote the linear piece of Egn for a given « as ?b\g’Tn, and let
FT e RVx([al+m) he a matrix whose columns form a basis for the null space of (ﬁm,TK)a.;
if o is the empty set, then N = (|a| 4+ m), and F! will be the order N identity matrix.
By [72, 71, 80],

o~

_ 1,
b1, (U) = Fa (Falk, 1. Fo)” Fu¥. (3.12)

Note that for any invertible matrix R € R{al+m)x(fal+m)

(RFa)T((RFa)AKn,P,TH (RFa)T)_l(RFa) = Fg(FaAKn,P,TKFT)_lFa-

a
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Thus any choice of F, leads to the same A%yTK, provided that the columns of F! form a

basis of the null space of (bjijﬁ)a..

3.2.2 Uniform Lipschitz Property of Constrained B-splines: Main Result

As indicated in the previous section, the piecewise linear function ZP,TH (+) is Lipschitz
continuous for fixed K, P,T,. An important question is whether the Lipschitz constants
of size-varying /l;p,TR are uniformly bounded with respect to the £,,-norm, independent of
K,, P, and T}, as long as the numbers of design points and knots are sufficiently large.
If this is the case, we say that /b\pyTH satisfies the uniform Lipschitz property. Originally
introduced and studied in [72, 71, 79, 80] for monotone P-splines and convex B-splines with
equally spaced design points and knots, this property is shown to play a crucial role in the
uniform convergence and asymptotic analysis of constrained B-spline estimators. In this
section, we extend this property to constrained B-splines subject to general nonnegative
derivative constraints under relaxed conditions on the design points and knots.

Fix ¢, > 1, and for each n € N, define the following set of sequences of (n + 1)

design points on [0, 1]:

¢
Pn::{(wi)?zo’0:x0<$1<~-<xn:1, and z; — i1 < —, Vizl,...,n}.
n

(3.13)

Furthermore, let ¢, 1 and ¢, with 0 < ¢,1 <1 < ¢ 2 be given. For each K, € N, define
the following set of sequences of (K, + 1) knots on [0, 1] with the usual extension on the

left and right boundary:

Tk = {(/@i)fino’():/@o</€1<---</—€an1,

n
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and ol < Ki—Ki—1 < CH’Q, Vi= w“»Kn}' (3.14)

For any p, K, € N and T, € Tk,, it is noted that for any k; € T,;, we have, % =

“p- Cf;—f < ¢x,2/Ky. Moreover, in view of k;—, = 0 for any

=

%Z;:iprrl(“s — Kg—1) <

i < pand k; = 1 for any ¢ > K,, it can be shown that for each 1 < ¢ < K, +p — 1,

% > ¢.1/(p - Ky) so that mf;iip < p-K,/c¢e1. In summary, we have, for each

i=1,...,K,+p—1,

Kn

Ry

- K
< p < p n
Ri — Ki—p Ck,1

)

(3.15)

=
3
S
&
o
o

Using the above notation, we state the main result of the paper, i.e., the uniform

Lipschitz property of /b\p7TK, as follows:

Theorem 3.2.1. Let m € N and constants c., ¢ 1,cx2 be fived, where c, > 1 and 0 <
e <1 < ¢uo. Foranyn,K, € N, let BP,TK : REntm=1 _y REntm—1 pe the piecewise
linear function in (3.9) corresponding to the mth order B-spline defined by the design point
sequence P € P, and the knot sequence T, € Tk, . Then there exists a positive constant
Coo, depending on m,c, 1 only, such that for any increasing sequence (K,) with K, — oo
and K, /n — 0 as n — oo, there exists n. € N, depending on (K,) (and the fized constants

M, Cw, Cr,1,Cr,2) only, such that for any P € P, and Ty, € Tk, with all n > n,,
HEP,TN(U) —/Z;RTH(’U) H < ¢ H uU—v Hoo, Y u,v € REntm=1
[o.¢]

The above result can be refined when we focus on a particular sequence P and Tj.

Corollary 3.2.1. Let (K,) be an increasing sequence with K, — oo and K, /n — 0 as

n — oo, and ((Pn7 TKH)) be a sequence in Py x Tk, . Then there exists a positive constant
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/

s independent of n, such that for each n,

C
B, ) =B, )| < deflu—v. ¥ € RIS,

This corollary recovers the past results on the uniform Lipschitz property for m =

1,2 (e.g., [80]) when the design points and knots are equally spaced on [0, 1].

3.2.3 Overview of the Proof

The proof of Theorem 3.2.1 is somewhat technical. To facilitate the reading, we
outline its key ideas and provide a road map of the proof as follows. In view of the
piecewise linear formulation of BP,TN in (3.12), it suffices to establish a uniform bound on
||F§ (FQAKmp’TK Fg)leaHoo for all large n, regardless of K,,, o, P € Py, and T, € Tk,, .

Suppose that there exists a smooth function f : [0,1] — R satisfying y; = f(z;)
for each z; € P. The overarching idea of the proof is to think of the mapping from the
unweighted data vector y to the spline ngﬁ as an approximation of the Lo-projection
of f onto the polyhedral cone of order m splines in S, with knot sequence T,. Since
the projection mapping from f to ngﬁ is piecewise linear [63], each linear piece of this
mapping is given by a projection onto a space of order m splines, whose knots lie in a subset
(determined by «) of T,;.. A deep result in B-spline theory (dubbed de Boor’s conjecture),
proven by Shardin [64], states that the Lo-projection of functions onto a space of order m
splines is bounded in the Ly.-norm, independent of the spline knot sequence. Hence, when
n is sufficiently large, each linear piece of the mapping from y to ngﬁ closely approximates
such an Lo-projection, and is thus bounded in the Ly,-norm independent of K, o, P € Py,

and T}, € Tk, . Moreover, the matrix Fg (FaAKn,P,TH Fg)_lFa is intimately related to its
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corresponding linear piece of the mapping from y to ngK. Consequently, results from [64]
will prove invaluable in bounding F, 3 (FQAKn,P,TN F(f )71Fa.
We may choose a diagonal matrix =/, to provide a positive scaling of the rows of

F,, so that |2, Fy|lco is uniformly bounded. We may then write that

-1

FI(Folk, pr. FY) Fo=Fl (ELF.Ak, pr, FL)  -ELF,.

«

Hence,

—1 —_ —1 —_
”Fg(FaAKn,P,Tn Fg) Folloo < ||FaTHoo | (‘:/CMFO‘AK’IMPaTH ch;) lloo H::xFaHoo

Therefore, our goal is to construct F, by choosing a suitable basis of (]_N?mTR)a., and

/

,, so that [|[F] |« and || (2, Falk, P, F,;{)_lﬂOO are also uniformly bounded for

select =

sufficiently large n, independent of K, o, P € P, and T, € Tk,. To this end, we will

/

T =
choose F, and =,

so that E, F,Ak, pr. Fl approximates a certain B-spline Gramian
matrix (cf. Theorem 3.2.2). A critical technique for establishing uniform bounds on

I(EhFolk, pr. FL

o )_1HOO and other related quantities relies on Theorem I of [64], which

states that the /o-norm of the inverse of the Gramian formed by the normalized B-splines
of order m is uniformly bounded, independent of the knot sequence and the number of
B-splines; the uniform boundedness of this B-spline Gramian is equivalent to the uniform
boundedness of the aforementioned Lo-projection [15, Section 4]. To formally describe the
result on the B-spline Gramian uniform boundedness, we introduce more notation. Let
(-,+) denote the Lo-inner product of real-valued univariate functions on R, i.e., (f,g) :=
Jg f(@)g(x)dx, and || - ||, denote the Li-norm of a real-valued univariate function on R,

ie, [[fllz, == [g |f(x)]dz. The main result of [64] is stated in the following theorem.
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Theorem 3.2.2. [64, Theorem I] Fiz a spline order m € N. Let a,b € R with a < b, and
{B;‘:fk Ktm=1 be the mth order B-splines on [a,b] defined by a knot sequence Ty, := {a =

tg <ty < --- < tg = b} for some K € N. Let G € REFm=UX(K+m=1) pe the Gramian

matriz given by

G],, = <BZLTBZ”> Vij=1,.. K+m—1
’ HBmF:iHLl

Then there exists a positive constant p,, independent of a, b, T, and K, such that

IG™ oo < pm-

Inspired by this theorem, we intend to approximate =/, F, Ak, pr, F and other rel-
evant matrices by appropriate Gramian matrices of B-splines with uniform approximation
error bounds. To achieve this goal, after establishing some preliminary technical results
in Section 3.3.1, we construct a suitable matrix F, (i.e., FC(Y"%)H) in Section 3.3.2 so that
| FT || s is uniformly bounded via Corollary 3.3.1. In Section 3.3.3, we construct a B-spline
collocation matrix approximation X,, 1, r, such that the product F,, - X, 1. 1, may be
computed via inductive principles at the conclusion of this section; this product allows us
to then construct INXTM Kn,Ln» Which will be used to approximate Ak, pr,. We then show
via analytical tools and Theorem 3.2.2 that these constructed matrices attain uniform

bounds or uniform approximation error bounds in Section 3.3.4. With the help of these

bounds, the uniform Lipschitz property is proven in Section 3.3.5.

3.3 Proof of the Uniform Lipschitz Property

In this section, we prove the uniform Lipschitz property stated in Theorem 3.2.1.
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3.3.1 Technical Lemmas

We present two technical lemmas for the proof of Theorem 3.2.1. The first lemma
characterizes the difference between an integral of a continuous function and its discrete
approximation; it will be used multiple times through this section (cf. Propositions 3.3.2,

3.3.4, and 3.3.5).

Lemma 3.3.1. Let 7 € N, v = (v;) € R”, [a,b] C R with a < b, and points {sk}zzo
with a = s9 < s1 < -+ < s5 = b such that maxy—; 7 |sx — sk—1| < o for some o >
0. Let f : [a,b] = R be a continuous function that is differentiable on [a,b] except at
finitely many points in [a,b]. Suppose there exist positive constants 1 and ps such that
maxy—1 7 [vk— f(sk—1)| < p1, and |f'(z)| < po for any x € [a,b] where f'(x) exists. Then
for each i € {1,...,n},

i

3
< pi(b—a) + 5 p2o(b — a).

vk (S — Sp—1) — /Si f(z)dx 5

k=1

Proof. Fix an arbitrary k € {1,...,n}. Suppose that $1,...,5_1 € (Sg_1, Sx) with sp_1 :=
S0 < 81 < 8o < --- < 8y_q < 8y := 8 are the only points where f is non-differentiable on
the interval (sg_1,sk). It follows from the continuity of f and the Mean-value Theorem
that for each j = 1,..., ¢, there exists {; € (5;_1, 5;) such that f(5;) = f(5;-1)+f'(&) (55—
5j-1) = f(sk,l)—i—Zf;:l f(&)(S8r—5r—1). Since f is continuous and piecewise differentiable,

we have

/Sk f(x)dz — (si — sp—1) f(sk-1)

=7
P> / [£G5-1) + F(&) (@ = 3jm1) [ do = (s = 1) Flsio)
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Consequently, for each i € {1,...,n},

v (sk — sp—1) / f(x

(Sk_skl (Sk—1) / flx

ka (Sk - 8k71) - /Si f(z)dz
k=1 so k=1

< Z (sk — Sk71) |Uk - f(skfl)‘ +

k=1

?S‘

3 i
< MlZ(Sk_Skfl)‘f‘% (k_sk 1) <,u1(b—a)+2ﬂ2@(b—a)
- k=1

This completes the proof. O

The second lemma asserts that if corresponding matrices from two families of square
matrices are sufficiently close, and that the matrices from one family are invertible with
uniformly bounded inverses, then so are the matrices from the other family. This result
is instrumental in establishing a uniform bound of the inverses of certain size-varying

matrices (cf. Corollary 3.3.2).

Lemma 3.3.2. Let {A; e R"*" : j €T} and {B; € R"*™ : i€ T} be two families of
square matrices for a (possibly infinite) index set T, where n; € N need not be the same

for different i € T. Suppose that each A; is invertible with pi := sup;cz || A; oo < 00 and
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that for any e > 0, there are only finitely many i € T satisfying ||A; — Billoo > €. Then

for all but finitely many i € I, B; is invertible with || B; ||oo < %u.

Proof. For the given positive constant p := sup;ez |4; oo < 00, define the positive
constant € := 1/(3u). Let Z. := {i € Z : ||Ai — Bi|]|o < €}. Note that there exist only
finitely many i € Z such that ||A; — Bi||oc > €. Define C; := B; — A; so that [|Ci||lec < €
for each i € Z.. Since B; = A; + C; and A; is invertible, we have Ai_lBi =1+ A;lci.

Hence, we obtain, via € = 1/(3u),

1472 C|l . < 1A Yoo - ICilloe S p-e = 5, VieL.

This shows that I + A, 10} is strictly diagonally dominant, and thus is invertible. There-
fore, Ai_lBZ- is invertible, and so is B; for each i € Z.. Hence all but finitely many B;,i € Z,
are invertible.

By virtue of HA;ICZ'HOO < 1/3 for any i € Z., we deduce that

_ 1 3
IA.‘lilH < - <2 VYieT.
[ ate)?], < sopma <7 vicE
Using A, B, =1+ Az-_lC,- again, we further have that
17 = Ao ™ A< s aren ™| 14 < G
for all ¢ € Z.. This yields the desired result. O
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3.3.2 Construction of the Null Space Basis Matrix

In this subsection, we construct a suitable matrix F, used in (3.12), whose rows
form a basis for the null space of (IN)m,TH)a., such that |F||o is uniformly bounded (cf.
Corollary 3.3.1). For K,, € N, let T,; € Tk, be a knot sequence, and o C {1,..., K,, — 1}
be an index set defined in (3.11). The complement of v is @ = {i1, ..., 45} with 1 <i; <
-+ <i|g < Ky — 1. For notational simplicity, define g, := [a| + m.

We introduce the following two matrices, both of which have full row rank:

1,
T
EaT _ 1i2—i1 c R(WH’UXKn F(l) o Im—l 0 . RQaXN
slk 9 a, Ty * )
0 E.T,
L lﬂn—im\_
(3.16)
where we recall N := K,, + m — 1. Observe that when « is empty, then Fo({lg(n = Iy.

Note that each column of Fo(él%ﬁ contains exactly one entry of 1, and all other entries
are zero. The matrix F él%ﬁ characterizes the first order B-splines (i.e. the piecewise

constant splines) with the knot sequence {x;, } defined by @. For the given «, define

0, fork=1—-m,...,0

Ta Tk *= Rip for k = 1, ey |@| (317)

1, fork=1al+1,...,q-
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It is easy to verify that for each k € {1,...,|a| + 1} and £ € {1,..., K,},

1, if ky_q € [Ta,TMk—laTmek)
— (EOc,TN)k[ — (318)

0, otherwise.

<F(§"17)1") (k+m—1),(¢+m—1)

For each p=1,...,m, we further introduce the following diagonal matrices
L 0
.:(p) - m-p
Eat, = (3.19)
0 Xp T,
— diag | 1,....1, P : P P ,
NS~—— Ta,Tx,] — Ta,Tk,1—p Ta,Tx,2 — To,Tx,2—p To, T, [al+p — Ta,Ty,|@l

(m—p)—copies

where Egp )TH is of order ¢, and by using the definition of the matrix A, 7, in (3.5),

A Inp O
Ay, = (3.20)
0 AP,TH
— diag | 1,...,1, [T Pme BT R2mp o BRatpml T RKCL | pNXN
— p p p

(m—p)—copies

In addition, define the following two matrices of order r € N:

-1 11 1- -1 -1 ]
11 1 1 -1
S .— 1 ... 1|, and D) .= (5(’”))71 —
1 -1
1 1
_ _ ) (3.21)
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Here multiplication by the matrix S0 from right acts as discrete integration, while D)
is similar to a difference matrix.

With the above notation, we define F (pi)p& inductively: F O(éli)pm is defined in (3.16), and

«

F7), = D) .= D gD R g S e RN p=0 o me (3.22)

Since ﬁ(%), E&Ij;:), Ap—l,Tm and SO are all invertible, each Fo(f%ﬁ has full row rank by
induction. Furthermore, it is easy to see that if « is the empty set, thena = {1,..., K,—1}
so that F;l%k is the identity matrix Iy for any 7T,, which further shows via induction in
(3.22) that Fo(fr_)pn = Iy for any p=2,...,m and any 7.

It is shown below that F O(zw’}l constructed above is a suitable choice for F, in the

piecewise linear formulation of EP’TK in (3.12).

Proposition 3.3.1. For any index set o C {1,..., K,, — 1}, the columns of (FO(ZW%L)T form

a basis of the null space of (D1, )ae-

Proof. To simplify notation, we use F, ), to denote Fo(ép%ﬁ and drop the subscript T}, in

Dy, Ap ., and ﬁp,TH for p=1,...,m; see (3.5)-(3.6) for the definitions of A, 7, and
l~?p7TN respectively.

Suppose that « is empty. Then F O(élf)% := Iy, and by induction, F g’}gn := I, whose
columns form a basis of R™V. Hence, the result holds for empty a. Therefore, consider
nonempty «. We first show that the matrix product

(D=1 Fr =o.

(a+m—1)e" @,
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Since the first (m — 1) columns of (D(N *1)) , contain all zero entries and

(a+m—1)
T Im—1 Nx(m—1)
(FO& 1)071:(m—1) - €R ’
0
we see that the first (m — 1) columns of (D(N_l))(aerfl)oFg,l have all zero entries. (If

m = 1, this result holds trivially.) Moreover, for each j with m < j < ¢, := |@| + m, we

see, in light of (3.16) and (3.18), that

(Fai)je = [ 0::-500 L..oi1 0,...,0
ig—1+m—1 ie—ik_1 Ko—ig

where k = j —m+ 1, ip := 0, and |51 := K,. Note that for each s € «, the row

(D(N_l))(s+m—1)o is of the form (0,...,0,—1,1,0,...,0). Using the fact that ix_q,i; €
~—— ~——
s+m—2 Kp—1-s

aU{0,K,} for any k = 1,...,|al + 1, we deduce that if s € «, then s ¢ {iy_1,ix} for

k=1,...,]al+ 1. This shows that (D(N_l))(Seril). : (FO%).J. =0, Vs € a. Hence the

N—l))

matrix product (D( Fg,1 = 0.

(a+m—1)e

It is easy to show via (3.6), (3.16), and the above result that the proposition holds
when m = 1. Consider m > 2 for the rest of the proof. Let Sy := Iy, and S, =
ﬁm_p G Sp—1 forp=1,...,m — 1, where SV is defined in (3.21). It follows from
the definition of S, and (3.22) that F,,, = Q - Fi 1 - Sm—1 for a suitable matrix Q. We

next show via induction on p that

T
Dy-S, = [O(Np)Xp INp:|’ Vp=0,1,...,m—1. (3.23)
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Clearly, this result holds for p = 0. Given p > 1 and assuming that (3.23) holds for p — 1,

it follows from (3.6), (3.22), and the induction hypothesis that

D(pr)ﬁp_l) . (5}’{71 (ST Am_p)

where the second to last equality is a consequence of (3.20). This gives rise to (3.23).

Combining the above results, we have

(Dm)ae - Fgm = ((D(K"_l))a, ZAjm—1) : (Q Foa Sm—1>T

_ (D) By STy ET, @

ae

= (D(K"_l))ao |:0Kn><(m_1) IKn:| Fg:l . QT

— (D(Nil))(oH»mfl)o . ngl . QT — O

Recall that Fy, ;, has full row rank. Hence, the ¢, columns of F, O:C m are linearly independent.

Additionally, since Dy, is of full row rank as indicated after (3.6), s0 is (Dyn)ae. Therefore,

rank[(D,)ae] = || and the null space of (D )ae has dimension (K, +m — 1 — |a/), which

is equal to o in light of the fact that |a] + [a] = K, — 1. Therefore the columns of F,,

form a basis for the null space of (D,;)qe- O
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Before ending this section, we present a structural property of Fo(lp%n and a prelim-
inary uniform bound for HF (m) H , which will be useful later (cf. Corollary 3.3.1 and

Proposition 3.3.3).

Lemma 3.3.3. For any m, K, € N, any knot sequence T, € Tk, and any index set «

defined in (3.11), the following hold:

@ _ |fm» 0 .
(1) For each p = 1,....m — 1, F.l;. = for some matriz W', €
o W
a, Ty

R(@l+p)x (Kn+p-1)

m—1
(2) HFm) Hoo = (2772 - max (1, CI?Q) -N) : (Kn)m, where N = K,, + m — 1.

Ci,1 n
Proof. (1) Fix m, K, T, € Tk, , and a. We prove this result by induction on p. By the
definition of F (ili)pn in (3.16), we see that statement (1) holds for p = 1 with Wg:)pn =FEur,.
Now suppose statement (1) holds for p = 1,...,p’ with p’ < m — 2, and consider p’ + 1.
In view of the recursive definition (3.22) and the definitions of ]j(qa), Egj 2&, ﬁpgﬂn, and

SO given in (3.19), (3.20), and (3.21), we deduce via the induction hypothesis that

FrD = Dl .=)  pl) R, g 5
_ paw. | O e O e 0 ey
- 0 2/ . 0 WO(fTi 0 Ay,
_ l/j(‘kx) . S(m_p ) l(m—p/)X(Kn+p’_1) B I(m_p/_l) 0
0 * 0 N

where x and +" are suitable submatrices, and the last two equalities follow from the struc-

ture of S™) and D). Letting Wo(ép }:1) := «/, we obtain the desired equality via induction.
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(2) It follows from the definition of FS%H in (3.16) that HFS%J‘OO < K. Further-
more, by (3.22) and the definitions of D(qa) = )T , Ap,Tm and SOV given in (3.19), (3.20),

and (3.21), we have, for each p=1,...,m — 1,

I, = B 20, - £, By, - 57
< Hf?("a)Hoo-H bl TS B 1)
< 2 TR | (1,52 )

where we use (3.15) to bound HES ’)TnHoo and HﬁvaNHOO in the last inequality. In view of

this result and [|F, 7, () oo < Ky, the desired inequality follows. O

More properties of F 0({”;)% will be shown in Proposition 3.3.3 and Corollary 3.3.1.

3.3.3 Approximation of the B-spline Collocation Matrix

This section is concerned with the construction of the matrix X,, 7, r,, which ap-
proximates a certain B-spline collocation matrix. Moreover, we may think of (X, 7, 1., )i
as an approximation of BT < ) foralli=1,...,Nand j=1,...,L,. Consequently,
we may use X, 7, r, to construct KTM Kn,Ln» Which approximates A, p7,. Additionally,

X T, L, 18 constructed in a way such that the product F (in%)m

- X1, L, can be easily
computed via inductive principles; this is the main motivation for constructing X,, 7, r.,-
For a given K, let L, € N with L,, > K, /¢ 1, which will be taken later to hold for all
large n; see Property H in Section 3.3.4. For a given knot sequence T, € Tk, of (K, +1)
knots on [0, 1] with T, = {0 = ko < k1 < --- < Kk, = 1}, define ETK,Ln € REnxIn a9

~ (-1 ,
[ETMLn]ﬂ = T, 1)) <Ln) , Vi=1,...,K,, (=1,...,L,, (3.24)
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where Ij,;. | ..y is the indicator function on the interval [kj—1,Kj). Foreach j =1,..., Kp,

let ¢; be the cardinality of the index set {¢ € N| L,xj_1 +1 < ¢ < L,k; + 1}. Hence, we

have ) _
T
1y,
- 17,
ETan = S REnXLn
! L, |
Let L := L, +m — 1, and for each p = 1,...,m, define
I 0 ’ / ~ ~cT1 / ’
r, = =) e Rn*In and S!(ZI;) =TIy Sn) ¢ REn*Ln

0 Lgl ’ I(Ln‘i’p*l)

where S is defined in (3.21). We then define the matrices X, 1.1, € RV*En for the
given T, and L,, inductively as:

I—1 0
. AN A1 S(p—-1)
X110, L, 1= ,and Xpp, o, =D A X, g, S,

0 FErp,
(3.25)

for each p = 2,...,m. Note that Xy 7 1, is of full row rank for any 7T}, L,, and hence, so

-1

1T §(Lir), and I',_1 are all invertible.

is X, 1,1, for each p = 2,...,m, since D) A

Finally, define the matrix

~ K T
Aty kb = 7 (XmTLo) iy | (XmiZeLn) 1y 1. e RV, (3.26)
I 1:N,1:Ly, L:N,1:Ly,
n

It will be shown later (cf. Proposition 3.3.5) that KTM Kn,L. @pproximates Ag, pr, for all

large n when L, is suitably chosen.
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As discussed in Section 3.2.3, the proof of the uniform Lipschitz property boils
down to establishing certain uniform bounds in the /,-norm, including uniform bounds
on ||[(ELFulk, P, Fg)_lHoo, where Z/, := K;lEgle)ﬁ. Therefore it is essential to study
FOAJN\TK’KT“L” Fg, which approximates F, Ak, pr,. Fg In view of the definition of INXTMKan,

(m

we see that the former matrix product is closely related to F Tl Xm, T, L, for a given index

o,

set a, knot sequence Ty, and L,, € N. In what follows, we demonstrate certain important

properties of Fc(f%)ﬁ Xm,T.,L, to be used in the subsequent development.

Lemma 3.3.4. Fiz m € N. For any given o, Ty, and Ly, the following hold:

(1) For eachp=2,...,m, Fo(f%ﬁ - XpToLn = Dlaa) . E(p;) -F({’T_:) - Xp 1T L §(Li_1)'

a, Ly

(2) For each p = 1,...,m — 1, there exists a matriz Zy o, 1, € RGa7mFP)X(Lntp=1)

such that

c RanL;‘L.
0 Zp,a,Tn,Ln
Proof. (1) It follows from the definitions of F"). in (3.22) and X1, .z, in (3.25) respec-
tively and S . DIN) = I that for each p=2,...,m,
FS%H X T L = (f)(qa) Eg’;j) . F(a(zl,)il) '3p71,TN .§(N)>
. ( D) . gg_lm Xp1n, g(Lz;—n)
— D) . =) ple-1)

S(p—1)
o, Ty ' CM,TK ’ Xp_17TN7L71 ’ SLn :

(2) When p = 1, it is easy to see that

F(l) X Im—l 0 Im—l 0 Im—l 0
aT " X1 TeLn = = ;

0  FEam, 0 FEr.r, 0 ZioT.L,



where Z1 o110, = Ear, 'ETH,Ln- Hence, statement (2) holds for p = 1. Suppose
statement (2) holds for p = 1,...,p’, and consider p’ + 1. In view of statement (1), the

definitions of I',» and §g: :), (3.19) for E&p %, and the induction hypothesis, we have

(p'+1) — Dlga) . =@ () a(p")
Fa7TN .Xpurl’Tan - D( i o, Ty F’oz,TN 'XP',Tan ’ SLn

— D) .z p®) - Xp/ T L - U/ . §hn

o‘an Cl(,T‘,,ﬁh
= Dl . fmpr 0 . fm—p’ 0 _ Tm—p 0 S(L})
0 Ep/,TK O ZP’,Oé,TK,Ln 0 L;l . ILn+p/71
— D) §tmr?) 1(m*17')><(Ln+p/71) B ](m*plfl) 0
0 * 0 N

where x and +" are suitable submatrices, and the last two equalities follow from the struc-
ture of Sn) and D). Letting Z,/41.a,7.,1,, := %, we arrive at the desired equality via

induction. O

In what follows, we develop an inductive formula to compute Z, o, 1, . For nota-

tional simplicity, we use Z,, Y),, and 7, in place of Z, o1, L., Fg%ﬁ “ XpToLny, and To T, s

(cf. (3.17)) respectively for fixed a, Ty, and L,. For each p = 2,...,m, it follows from

statement (1) of Lemma 3.3.4 that for any j=1,...,|a|+pand k=1,...,L, +p— 1,
71 = {f)(qa) I v .5(1’*1)}
[ pL’k o T Pl L Jj+m—p, k+m—p

- [ plae)z® Y

. |:}/p—1§§p771)

} (j+m—p)e } o(k+m—p)
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In light of (3.19), we have, for any j = 1,...,|a| + p,

(ﬁ(qa) ) Eg;j)) R

-1 . .
0,...,0, 1, ==, 0,...,0 if j=1
m—p @ +p—2
— p—1 p—1 . . _
= 0,...,0, —L—=— L 0,...,0 if 1<j<l|al+p
j+m—p—1 |ae|—j+p—1
0,...,0, —p=L if §=|al+p.
) ) ) 7—|E\+p71_7'\a| j ‘ | + p
[a|+m—1

Moreover, by virtue of Lemma 3.3.4, we have

L%*p+1 0

Y, 1 - §<ij:1) =Y, Ty - GLn) — . G(Ly)
0o A
Imp 0 0 S Ay L) (Latp—2)
— . GLn) —
=10 1 0| S™M=1] 0 1 17
00 B 0 0 %”%f”%
This shows in particular that for each j =2,...,|a@|+pand k=2,..., L, +p—1,
) k—1
Y, S = ;" 21 - St = ;S 2],
PTL P e, ke no [ j=1,k-1 ! ; % 1]]_1’4
Combining the above results, we have, foranyp > 2,5 =1,...,|[@|+p,andk =1,...,L,+
p_'L
™ [Flae) . == S-1)
AES PR Y 8 3.27
[ vak s—1 T j+m—p,s p=17PL, s, k+m—p ( )
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8j1 if k=1

-1 k-1 e
1- 1271(71!1)7—727,}) i [Zp’l]l,f if j=1, andk>1
— —1 k—1
o Ln(szilfrj,p) (=1 [Zp—l}j_u
—1 k—1 . . _
—m /=1 [Zp_l}j,f if 1<j< |Oé| +p, and k> 1

I i S e S 4
L Ln (M@ 4p—1—Ta)) &4=1 [ pfl] [@|+p—1,€

if j=1al+p, and k > 1.

The above results on Z, .1, 1, Will be exploited to establish uniform bounds for the

uniform Lipschitz property in the next section (cf. Proposition 3.3.2).

3.3.4 Preliminary Uniform Bounds

This section establishes uniform bounds and uniform approximation error bounds
on several of the constructed matrices. These results lay a solid foundation for the proof
of Theorem 3.2.1.

The first result of this section (cf. Proposition 3.3.2) shows that the entries of each
row of Z, o1, 1, introduced in Lemma 3.3.4 are sufficiently close to the corresponding
values of a B-spline defined on a certain knot sequence for large L,. Hence, each row
of Zpar. L, can be approximated by an appropriate B-spline; more importantly, the
approximation error is shown to be uniformly bounded, regardless of a and T,. This
result forms a cornerstone for many critical uniform bounds in the proof of the uniform
Lipschitz property.

Recall in Section 3.3.2 that for a given K, € N, knot sequence T, € Tk, , and index
set a C {1,..., K, —1} defined in (3.11), the complement of « is given by @ = {i1, ..., i[5}

with 1 <3 < -+ < iy < Kp — 1. For the given @ and Tj;, define the following knot
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sequence with the usual extension x;, = 0 for s < 0 and s;, = 1 for s > [a| + 1:
Va,Tn = {0 = Ripg < Kjy < KRjp <+ < Hila‘ < Ei|a\+1 = 1}. (328)

Let {BX ‘;-’T*”” }lja:‘irp be the B-splines of order p on [0, 1] defined by V,, .. With this notation,

we present the following proposition.

Proposition 3.3.2. Given K,,L, € N, let M, € N with M, > m - Ky, /c.1. Then for

each p = 1,...,m, any T, € Tk, , any index set o, any j = 1,...,|a| + p, and any

_ M P!
[ZP@,Tan]]',k — B;/};’TK <kL 1) ‘ <6- (2p—1 _ 1) . (Z)’ V n e N.
n n

Proof. We prove this result by induction on p. Given arbitrary K,,, L, € N, T, € Tk, , and
a defined in (3.11), we use Z, to denote Zp o 1,1, to simplify notation. Consider p =1
first. It follows from the proof of statement (2) of Lemma 3.3.4 that Z, = E, 1, - ETK,L,L-
In view of the definitions of E, . and ETan in (3.16) and (3.24) respectively, we have,

forany j=1,...,|a|+1and k=1,..., Ly,

Ky _ Ky k 1
[Zl]j’k = Z [Ea,T,.g]j,g ) [ETH,Ln]&k = ZI[Hi]._l,mj) (Hﬁ—l) ) I[w_l,w) <L>
(=1 (=1 "
k—1 Var, (k=1
- I[Hij_p'ii]-) (Ln) = BLjT < L, ) : (3.29)

This shows that the proposition holds for p = 1.
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Suppose that the proposition holds for p = 1,...,p with 1 < p < m — 1. Consider

) . (3.30)

p =P+ 1 now. Define

k—1 k—1

]. Ln Va »
ZL[ZI?]M_/O Bﬁ,j’T (z)dz
e=1"""

J:17"'7‘a|+ﬁ

0501, L, = 2M,  max (k:g}.a.t.},(Ln

VT [ ke . o~
We show below that |[Zp1];% — Bﬁ+’1T7j(kL—n1)‘ < 050711, forany j=1,... |[a|l+p+1
and k =1,..., L,. To see this, consider the following cases via the entry formula of Z5;
in (3.27):

(i) k=1landj=1,... [al+5+1. Inview of (3.27), we have [Zpy1]j1 = dj1 = B2 (0)

. o Va1 .
for each j. This implies that |[Zp1];1 — Bﬁ+fj (0)| =0 < bp071,.1, for each j.

(ii) j=1and k=2,..., L,. It follows from (3.2) that

Va Tk . Va Tk I/)\ v Va Tk
Byl (@) = B i(0) — P /O By (t)dt
P v
=1- B> ()dt
Kiy — Kip_o Jo Pt ®)

Since each 7, in (3.27) is 74,7, s defined in (3.17), we have 71 = k;, and 7551 =

ki, _5- Hence,

Voz,T,.g k B 1 _ p
[ZﬁH]Lk B Bﬁ+1,1< L, )‘ T R —

i1 — Kii_p

where the last inequality follows from (3.15) due to # <p-Kpfcx1 < M,
is is_ 5

E]

for any s.
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(iii) j=2,...,[a|+pand k =2,..., L,. It follows from the integral form of (3.2) that

chT ﬁ * VaT Z/)\ * VaT
BYeTx :/ BA."‘tdt—/ BT (4)dt.
p+1)]( ) Hij71 — Hij—;’i—l 0 p’]_l( ) HZ] — HZ]—;’)\ 0 Y2 ( )

Using this equation, (3.27) and (3.30), and an argument similar to that of Case (ii),

we have

k—1
1 Lnp Va,TH
Z . [Zﬁ]j—u - /0 Bﬁ,jq (t)dt
=1
k—1 k=1
Ln VD(,TN
7 .- /0 By (t)dt

< 0p.a,Tw,Ln-

(iv) j=la|+p+1and k=2,...,L,. We have from (3.2) that

_ xT
VQ,TK _ p Va,TH
Batifarpn(®) = ————— | Balafipt)dt.
Yal+p - el Y0

This, along with (3.27) and an argument similar to that of Case (ii), leads to

Va1 k—1
[Zﬁ-i-l} la|+p+1,k Bﬁ+1,|a\+ﬁ+1( L, ) ‘

k—1 k—1

Z/)\ 1 /L’”L VaT
= g — 25| =~ — Bt (H)dt| < 05411, -
Kijgep ~ R |23 Ln[ p] |a|+p,¢ 0 Dlal+p D0, T,
This shows that |[Z51]j% — Bgif;(%l)\ < 05011, forany j =1,...,[al+p+1 and

k=1,...,Ly,.
Finally, we show that the upper bound 05, 1, 1., attains the specified uniform bound,

regardless of a and T),. When p = 1, in light of (3.29) and B;\/(;.’T“ () =X, i )(@) on
B - J

J

86



[0,1), we derive via straightforward computation that for any j = 1,...,|@| + p and each

(3.31)

This implies that 0547, 1, < 2M, /Ly, < 6- (2P —1) - (M,,)?/L,. In what follows, consider
2 < p<m~—1 Letting C5 := 6 - (2P~1 — 1), the induction hypothesis states that
20 — By ™ (%24)] < Cp+ (My)P~" /Ly for any j = 1,...,[a| + pand k = 1,..., Ly.
Moreover, for each j, the B-spline B;‘;’T“ is continuous on [0, 1] and is differentiable except
at (at most) finitely many points in [0,1]. By the derivative formula (3.2), we have, for

any z € [0, 1] where the derivative exists,

Vo, Ty ! p—1 Ve, Ty p—1 Vo, Ty,
(557 @)| - — B0 - B
Rijor = Rij 5 Rij = Fij pia
< M’ (3.32)
Ck,1

where we use the upper bound on B-splines and the fact that H,ﬁ%l < (p—-1)Ky,/cka

is T Mig_pp1

for any s. Since M,, > m - K,,/cx,1, we have (p — 1)K, /c,1 < M,. This further implies

via p > 2 that

‘(B;;‘;’T*‘ (;p))' < 2M, < 2(M,)P~L. (3.33)

Ck,1

For each fixed j = 1,...,|@| + p+ 1, we apply Lemma 3.3.1 with 7 := L,,, a := 0, b:= 1,

-1
sk = k/Ln, 0 := 1/Ly, f(z) = B;?’T” (@), v = () = ([Zglj), m == G~ and

po = 2(M,,)P~! to obtain that for each k =2,..., Ly,

k-1

k=1 1
>z - [ B @
e=1""
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Note that the above upper bound is independent of «, T}, j and k. By using this result,
(3.30), and C5 = 6 - (2P~1 — 1), we deduce the following uniform bound for 95.0.T..Ln

independent of o and Tj:

M,,)P~1 5 M,,)P
YL ryHn Ln Ln
Therefore, the proposition holds by the induction principle. ]

The uniform error bound established in Proposition 3.3.2 yields the following im-

portant result for the matrix F O(én%)ﬂ constructed in Section 3.3.2.

Proposition 3.3.3. For any given m, K,, € N, any knot sequence T,, € Tk, , and any index

set o and its associated knot sequence Vo 1, defined in (3.28), the B-splines {B:ff” )

and {Bgf]}évzl satisfy for each £ =1,...,qq,

m Var,
3 [Fc(vT)LJ BL: () = BV (x), Ve l0,1]. (3.34)
=1 ’

Proof. Consider m = 1 first. Recall that x;, = 0, Kijg 1 = Rig

=1 and F) = E.r,

(cf. (3.16)). It follows from (3.17) and (3.18) that foreach ¢ =1,...,¢g, and any = € [0, 1],

n

> |Fin], Bl

j=1

K,—1
= Z I[Hie_l,fiie)("q‘j—l) ’ I[ijle)(x) + I[:‘iie_l,nig)(’iKn—l) : I[KKn_hﬁKn}(x)

j=1
B I[ﬁiz_l’,ﬁié)(ib) if /¢ {1,...,qa—1}

[mqa_l,mqa](x) if £=gqq
Va, T

= BMT (x)
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In what follows, consider m > 2. Recall that when « is the empty set, ¢, =
N =K, +m-—1, Fo(é"%)m = Iy, B::L%T” = BZ& for each ¢, and Z,, g1, 1., = Xm1T.L, €
Rée*(Lntm=1) (cf Lemma 3.3.4). Motivated by these observations and FO(EL X T L, =
Zm,o,Tx L, for any o and T, (cf. Lemma 3.3.4), a key idea for the subsequent proof is to
approximate BZ,;“,]. and B:r/sf” by Xon 1.1, and Zp, o 1,1, respectively, where approxima-
tion errors can be made arbitrarily small by choosing a sufficiently large L,, in view of
Proposition 3.3.2.

Fix m, K,, a, and T,. Let M, = [m - K,/c.1]|. Hence both M, and N :=
K, + m — 1 are fixed natural numbers. Since we shall choose a sequence of sufficiently
large L, independent of the above-mentioned fixed numbers, we write L,, as Ls; below to
avoid notational confusion. In order to apply Proposition 3.3.2, we first consider rational

x in [0,1). Let x, € [0,1) be an arbitrary but fixed rational number, and let (Ls) be an

increasing sequence of natural numbers (depending on x,) such that Ly — 0o as s — o0

and for each s, z, = Z:L:l for some ¥ € {1,...,Ls}. (Here i} depends on z, and L;
. . Vi .
only.) In light of the observations Bm@’KTN = BZ;“@ and Zp, g1, L, = Xm,T., L., it follows

from Proposition 3.3.2 that for each £ =1, ..., g, and each s,

V =1 6(2m — 1) Mm—1
“Xm,TmLs]z i Bg}g(iﬁ*) = [Zm,(D,TmLS]Z T m?’gTK( 2 ) < ( ) n .
s ls ’ s s y Ls LS
(3.35)
By using Z, a1..1, = O(tn%)ﬁ - X1, 1, (cf. Lemma 3.3.4), we thus have, for each ¢ =
17 MR | qO£7
N
W Vo, T
D [FR) g Brigtwe) = By (a2)
j=1
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Vor (U — 1
+ ‘ [Zm,a,TmLs]M* o Bm éTH ( SL ) '
s ’ S

6(2m! — 1) Mt

where the last inequality follows from the bounds given in statement (2) of Lemma 3.3.3,
(3.35), and Proposition 3.3.2. By virtue of the fact that L;' — 0 as s — 0o, we have
Z;V:l [Fg?%l]z] Bg;'fj (zy) = BXL‘leT”(x*). This shows that (3.34) holds for all rational x €
[0,1). Since Bg’f,j and BX&T“ are continuous on [0, 1] for any j, ¢, T),, and o when m > 2,

we conclude via the density of rational numbers in [0, 1) that (3.34) holds for all x € [0, 1).

Finally, the continuity of Bg;,j and BZ‘”@T‘ also shows that (3.34) holds at z = 1. O

Using Proposition 3.3.3, we derive tight uniform bounds for both H(Fo(f%)THoo and
HK,; 1 E&mj),m F O(f'}l HOO in the next corollary; these bounds are crucial for the proof of The-
orem 3.2.1 (cf. Section 3.3.5). We introduce more notation. Let e, be the ¢th standard
basis (column) vector in the Euclidean space, i.e., [eg] i = Ov k. Moreover, for a given vec-
tor v = (vy,...,v;) € R¥, the number of sign changes of v is defined as the largest integer
Ty € Z4 such that for some 1 < jy < -+ < jp, <k, vj, -vj,,, <0 foreachi=1,...,7r,

[14, page 138]. Clearly, e, has zero sign changes for each /.

Corollary 3.3.1. For any m € N, any knot sequence T, € Tk,, and any index set «

defined in (3.11), the following hold:
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(1) F IESDT) . =1, and

) 1K B, Pl < 25
Proof. When « is the empty set, F(T) is the identity matrix and ||K,! ”a TKHOO < c%

(using (3.15)) so that the corollary holds. We thus consider nonempty « as follows.

(1) Observe that the knot sequence T}, can be formed by inserting additional knots
into the knot sequence V, 1,. By Proposition 3.3.3, we see that for each ¢ = 1,...,¢q,
Z;V:l [Fo([%]MB;Z’j]( ) = B:{fﬁ‘ (z) = >0 ] BT‘Z‘TZ’.T” (x) for all z € [0,1]. Since ey has
zero sign changes, we deduce via [14, Lemma 27, Chapter XI| that (F O(ZL)N) te has zero sign
changes for each £ = 1,...,q,. This shows that either (Fgﬁ)&. >0 or (Fé?ﬁ)&. <0.In
view of the nonnegativity of BZL” ; and (3.34), the latter implies that B:&T“ (x) <0 for all

€ [0,1]. But this contradicts the fact that BTVn‘T‘ZT” (z) > 0 when z is in the interior of the
support of BX;’}&T". Therefore, F O(;r}l is a nonnegative matrix.

When m = 1, it is clear that ||( ) looc = 1. Consider m > 2 below. Thanks to
the nonnegativity of £ T) , we have ||( ) ) loo = ||(F(£n%)m) 1, |lco- By the construction

of FC(Y”%)N in (3.22) and the structure of ﬁ(qa) :gm 2 Fg%ﬁ 1), Amfl,Tm and SV) given

by (3.19), (3.20), (3.21), and statement (1) of Lemma 3.3.3, we have

~ me1 ) - N
17 F(i",})m — 13@ . D(@a) .:EZLTN ) F(i"%ﬂ ) A1, - SV
T (=mm-1) pln=1) R G(N) T Lo S(N)
= el . (:a,TK . Fa,TK . A’H’L71,TN) . S = el . . S
0
_ ol EW) T
This shows that ||(F )T 14, |lcc = 1, completing the proof of statement (1).
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(2) It follows from (3.34) that for each ¢ = 1,...,qq, Z;VZI [Fo(fgﬂ)m]hBZ;L"](x) =

0 except on [ki,_ K], i.e., the support of B:{ff“. Note that ¢s := s if s < 0, and
ijaj+p = Kn +p—1for any p = 1,...,m; furthermore, x; = 0 if i« < 0 and r; = 1
for i > |@| + 1. Additionally, for any r = 1,..., K, the B-splines BZ;”J that are not
identically zero on [k,_1, k.| are linearly independent when restricted to [k,_1, %,|. Hence,

if Z] A aTJ BIx () = BYeT () =0,V = € [ky_1, kr| for some r, then [Fo(énr}) =0

£,5"m,j m,¢ f@]f,j
for each j = r,r +1,...,7 + m — 1. This, along with the fact that BZ‘T&TN (x) =0
except on [k,  ,Ki,|, shows that [Fgﬁr)ﬁ]&j =0forall j =1,2,...,5_p, + m — 1 and
j=1d¢+1,ip+2,...,N. Moreover, by the nonnegativity of Fo(tn%)n and H(FO(ZT'%)N)THOO =1,

(m)

we see that all nonzero entries of F,, 1o are less than or equal to one. Therefore, for each

{=1,...,qa,
(m) (m) m - (m)
—1= —1
((mr=eim), | = s S (R,
0 e LU—m J=ig_m+m
< K;l-L-(u—u_m—mH).

Kip = Kig_py,

Since ki, — Ki,_,, >

C’“: (ig — U — M+ 1) > 0 (see the discussions before (3.15)), we

obtain, foreach / =1,...,¢qq, H (K 1”((1an N Tn)f .H < m/cy1. This completes the proof

of statement (2). O

We exploit Proposition 3.3.2 to derive more uniform bounds and uniform error
bounds. Many of these bounds require L, to be sufficiently large and satisfy suitable
order conditions with respect to K,. We introduce these order conditions as follows. Let
(K,) be an increasing sequence of natural numbers with K, — co as n — oco. We say

that a sequence (L, ) of natural numbers satisfies
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Property H: if there exist two increasing sequences (M,,) and (.J,,) of natural numbers
with M,, > m-K,/c, 1 for each n and (J,,) — 0o as n — oo such that L, = J,,- M1
for each n, where ¢, 1 > 0 is used to define Tk, in (3.14), and m is the fixed spline

order.

Note that the sequence (L;) implicitly depends on the sequence (K,,) through (M,) in

this property.

Define the truncated submatrix of Z,, o1, 1, € Rl (Lntm=1),

Hom L, = (Z’m,a,Tn,Ln)lzqa,l:Ln € RexIn, (3.36)

The importance of H, 1, 1, is illustrated in the following facts for given o and T}, € Tk, :

(a) It follows from statement (2) of Lemma 3.3.4 that F (

m)
a,

Tw ' Xm7Tf€7L7L = vaaaTlan'
Hence, by (3.36), we obtain

— — p(m)
Ha7TH7Ln - (Zm7a7Tm7Ln)1:qa71:Ln - Fa,Tﬂ ) (vavaLn)l:NJ:Ln'

(b) In light of the definition of KTmeLn (cf. (3.26)) and the result in (a), we have

1 ~ T
K2 O Ry (B

_ Ean, 200 (x 200 (x T
- Ln ' OA,TK( m7TN7Ln)1:N,1:Ln ( OL,TN( m»TnaLn)lzN,lan)

1 _ T
fn : ':‘g,njzm : Havaan ' (HCY,Tran) . (337)

This matrix will be used in Section 3.3.5 to approximate

J T
K P A (PR
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in the proof of Theorem 3.2.1.

(c) Note that Fo([n%)ﬁ is the identity matrix when « is the empty set; see the comments
below (3.22). This observation, along with the result in (a), shows that if « is the

empty set, then (X, 7,.1,.) H, 1, 1, Moreover, it follows from (3.37) that

L:N,1:Lp,
when « is the empty set, KTMK,“L” = [L%LH&,TN,LTL (HavaLn)T. These results will be

used in Proposition 3.3.5.

With the definition of H, 7, 1, , we establish a uniform error bound between a B-
spline Gramian matrix and (L,)~! - Eg’TLT)N -Ho1, 1, - (HOC’TML")T. In light of (3.37),
this result is critical to obtaining a uniform bound of the ¢,-norm of the matrix prod-
uct (E/oéFaAKn, P.T. FT )71, a key step toward the uniform Lipschitz property. To this

end, we first introduce a B-spline Gramian matrix. Consider the mth order B-splines

BYe1e[al+m

mej S =1 corresponding to the knot sequence V,, 7, defined in (3.28) associated with

any index set o and T, € Tk, . Specifically, define the Gramian matrix G, 1, € R%*%

(where we recall ¢, := |a| + m) as
Vo  pVeTs
<Bm,iT ) Bm,jT > o
[Goéj;i ]M = BV , Vi,j=1,...,qa- (3.38)
1Boi™ .,

Proposition 3.3.4. Let (K,,) be an increasing sequence with K, — oo as n — oo, and
(L) be of Property H defined by (Jy,) and (My,). Let Go1, and Hqo 1, 1, be defined for
T.. € Tk, and o. Then there exists n. € N, which depends on (Ly,) only and is independent

of T, and «, such that for any T, € Tk, with n > n, and any index set «,

L _m) T
GO[,T,.@ -7 :Oé,T,Q ’ Haleﬁan ’ (HavTﬁan)

< 6-co1-(3-2m71—2)
Ly

— Jn I

V' n > ny,

o0
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where EgnT)n is defined in (3.19).

Proof. Given arbitrary «, T, € Tk, , and (L,) of Property H, we use H and SICORT

denote H,r, 1, and Eg[mT)H respectively to simplify notation. Also take rp := kL—:} for

k=1,...,L,. When m =1, G, 1, is diagonal (see the summary of B-splines at the

beginning of Section 3.2 for the reason), and so is H - H”. Using (HBXCET“HLJA =

—m =[] and a result similar to (3.31), the desired result follows easily. We
5 ij—m J5J

consider m > 2 next. It follows from the definition of H € R% *L» and Proposition 3.3.2

that foreach j =1,...,qo and k= 1,..., Ly,

[H], = Brei™ ()| = | [Zmatis.] 5 = By ()| < =

(3.39)

for any n € N, where C,, := 6 - (2™~ — 1). Since 0 < BT‘:LZ‘-T” (x) <1 for each j, and

VQ K Va, K
gl [H]k,g - Bm,}T (re) - Bm,kT (Te)

= <[H] T Br‘r/zojj"m (T€)> : ([H]ké - BXSI%TN (T€)> + B:ﬁfﬂ (re) - ([H] kit Br‘jza,kn (W))

we deduce, via (3.39), that for each j,k=1,...,qqo and £ =1,..., Ly,

Since m > 2, (BX;‘;T” (x)BXf,’CT" (z)) is continuous and differentiable on [0, 1] except at (at

most) finitely many points in [0, 1]. In light of (3.33) we have, for any = € [0, 1] where the
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derivative exists,

Va K Va, K ! VOL, K ! V(L K VC!, K V(L K !
'(Bmf (2)Byoil () ’ = ’(Bm’jT ) @By (@) + By (2) Byl ) (@) < 4My.
(3.40)
Combining these results with (HBXL“}T" HLl)fl =_—m = [E(m)}jj, we apply Lemma 3.3.1
P i ij—m .

with 71 := Ly, @ = 0, b := 1, sp := k/Ln, 0 := 1/Ly, f(z) :== By (x) - Byoi™ (x),

m,k

2
vi=(vg) = ([H]M . [H]kl)v py = (Jn(cl\?n)Z) + 5 2(%";)2, and pg := 4M,, to obtain n, € N

n

depending on (L) only such that for any j,k =1,...,qa,

5 = s Bkl )
‘Lln[:( )'H'HT]j,k _ [Ga,TN]] | = Lln[:( )'H'HT]j,k— <BH;;TZB 7
m,j Ly
Ln
where we use L,, = J, - (Mn)m“, Since Go,1, has g, columns and ¢, = lal +m <

K,+m—1<m-K, <c,;1M,, we may deduce that for any a and 7T}, € Tg,,,

1

_ 3Cm+6 _ cx1-(3C, +6)
Gar, — — -2 . H.HT|| < g, =2 <= , V> ng.
H T~ T, A VA Tn e
The proof is completed by noting that 3C,,, +6 =6 (32"~ 1 —2). O

An immediate consequence of Proposition 3.3.4 is the invertibility of

E&mT)K Huyt, L, (Ha,TH,Ln)T/Ln

and the uniform bound of its inverse in the f,,-norm.
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Corollary 3.3.2. Let (K,,) be an increasing sequence with K, — oo as n — oo, and (Ly,)
be of Property H defined by (J,) and (M,). Then there exists n!, € N, which depends on
(Lyn) only, such that for any T, € Tk, with n > nl, any index set o, and any n > nl,
=(m)

T . . .
L%L T HyrT, I, (Ha,TK,Ln) is invertible, and

1 - 3
H ( L E(():?Z)WK HO‘?TKﬂL'n (HO[?TNVLTL)T ) ! Hoo S p2m )
n

where p., 18 a positive constant depending on m only.

Proof. Choose arbitrary «, Ty, € Tk, , and (L) of Property H. It follows from [64, Theo-
rem I] (cf. Theorem 3.2.2) that the Gramian matrix G, 7, is invertible and there exists a
positive constant p,, such that for any 7T}, € Tk, and any index set , [[(Ga.1.) oo < pim-
Furthermore, it follows from Proposition 3.3.4 that for any T, € Tk, and any index set «,
|Ga,1. —L—E(m) Huort, 1, (HmeLn)THoo < 60,€’1(3-2m*1—2)/Jn,Vn > n,. Since J,, — oo
asn — oo, we deduce from Lemma 3.3.2 that there exists n), € N with n/, > n, such that for
T

any T, € Tk, with n > n/, any index set a, and any n > n/,, %E( ™) H.1, L, (Ha’Tan)

is invertible, and H(%Em) Haor, L, (Ha,Tan) ) H % =

For any K, € N and Ty € Tk, , let {B }N ; be the B-splines of order m defined

n

by the knot sequence 7, where we recall that NV := K,, + m — 1. Note that BZ;rvl is equal

to Bn‘ﬁ‘f*’" when « is the empty set. For the given T}, define the N x N matrix A KT, a8
[Ak.1.],; = Kn <BZ,;HW B}C;jj>, Vi j=1,...,N. (3.41)

Clearly, A Kn, T, is positive definite and invertible. The following result presents important

properties of KK,L,TH- In particular, it shows via KK,L,TH that KTmeLn approximates
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Ak, pr, with a uniform error bound, which is crucial to the proof of the uniform Lipschitz
property. Note that the constant p,, > 0 used below is given in [64, Theorem I] (cf.

Theorem 3.2.2) and depends on m only.

Proposition 3.3.5. Let (K,,) be an increasing sequence with K, — 0o as n — oo, and

(Ly) be of Property H defined by (J,) and (M,). The following hold:
(1) For any K, and Tic € Tic,., |(Rre, 1) ™ oo < mpm/cun:

(2) There exists n, € N, depending on (L) only, such that for any T, € Tk, with

n 2> Ny,

HATnyKnyLn - AKnyTn — J
0o JIn

(8) For anyn, K, P € Py, and Ty, € Tk,,,

6m? K
< (2m 1) <ma62 N 3%) Kn
Ck,1 n

HAKn,P,TH — Ak, 1,
o0

Proof. (1) For any T, € Tk, , it follows from (3.38) and (3.41) that when « is the empty set,

=(m)

1 = ~ - 1
Gyr, = K, I'Eé?K‘AKn,TH' Hence, in light of ||;®,TK||OO < mK,/cg1 and ||(G@,Tﬁ) lloo <

pm for any T, € Tk, , we have

mK m
< K7lopy, D0 _ Mmoo
Ck,1 Ck,1

|Rrer) | = 5| Gom) =0

oo

(2) Recall from the comment below (3.37) that KTMK,“L” = %Ha,Tan (Ha,Tan)T
when « is the empty set. Also, noting from the proof of statement (1) that /A\KWTH =

K, - (Eé)n;)ﬁ)_l -Gy 1,,, we obtain via Proposition 3.3.4 that there exists n. € N, depending
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on (Ly) only, such that for any T, € Tk, with n > n,,

3

—(m) \— 1 _(m
(:é),T)R) . (fn:é,IJNHﬂ,TH,Ln (HQ),TH,Ln)T - G(Z),TN)

Atk — Ao ||, = K- ‘
o

< Ko |G02) N :(%niH@,Tan (Ho,.1.)" — G,
o
0147,2. 6'0,{71~(3-2m71—2)
< K, K, 7.
:6'Cn,2'cl{,1'(3'2m_1_2), V> n,.
Jn

(3) Consider an arbitrary knot sequence T, € Tk, given by T, = {0 = ko <
k1 < -+ < Kk,-1 < Kk, = 1} with the usual extension. Furthermore, let P € P,
be a design point sequence given by P = {0 = 29 < 21 < -+ < x, = 1}. Recall the
design matrix X € RPN with [X],; = BJri(wy) for each £ and i, and Ak, pr, =
K, - )?T@n)? e RV*N with ©,, = diag(azl — L0, T2 — Ty ey Tl — xn) When m =1,
both KKH,TH and Ak, pr, are diagonal matrices, and the desired bound follows easily
from an argument similar to that of Proposition 3.3.4. Hence, it suffices to consider
m > 2 below. For any fixed i,7 = 1,..., N, we assume that there are (n; + 1) design
points in P on the support [k;—_m, K;] of B;Ffl Specifically, there exists r; € Z, such that:
(1) @y Tryg1s - oo Tty € [Kiems Kil; (i) @y, = 0 or 2y, 1 < Kj—pm; and (iii) 2,45, = 1 or
Tp, 47,41 > ki Hence, letting wy := 2y — 29—y for £ = 1,...,n + 1, it follows from the

definitions of Ak, pr, and A KT, that

‘ [AK,“P,TN - AKn,TN] .

(]
ri+n; K;
s W@-Bgfi(xg)-Bgfjm)—/ BTy(2) BT (2) da
l=r; Ri—m
ri+n;—1 Tp 47
K| Yo wre Bl Bl — [ BBl 0) o
l=r; Try
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Try

+ K, / BJxi(x)Blr i (x) do
Ki—m
Ki

+ Ky BrTrfz(f”)Bng(in) dx + Ky - wr, 43, Bri,;'ii(xrﬁﬁi) : Bzr;'fj(wrmtﬁi)
Tri+m;
ritf Lrit+n; K
< Kn| Y weaBlr (w1 Bl (o) — / BJxi(x)Blr () d| + 3%#"”,

l=r;+1 Try

using the fact that for each i and = € [0,1], 0 < Bl¥(z) < 1 and maxy(2,, — Ki—m, ki —

Lri+m;5 wf) < CW/n'

- Ck,1

By virtue of (3.32) and (3.40), it is easy to verify that )(BZ;Z.(;C) BT ()’

whenever the derivative exists on [0,1]. We apply Lemma 3.3.1 to the first term on the
right hand side with 7 := n;, a = 2, b = Ty 45,, Sk = Tppk, 0 = Cu/n, f(z) =
Bi”z(x)Bg;f](x), which is continuous on [0,1] and is differentiable except at (at most)
finitely many points, v = (v;) € R™% given by v, := Br:’,;fi(:crﬁg,l)Bﬁ’fj(mmH,l), 1 =0,

and pg = 4mK,/c. 1, and we obtain

ri+n; . - Ty 71, . .
Kn| Y weaBhr(ze ) Bl (we ) — / B,i(x)B,; i (x) da

l=r;+1 Try
<K § ImK, Cw (m- e ) < Gngcw  MCra GmQchn,z . K,
- "2 Cre,1 n ! mm) = NC, 1 K, Cre,1 n

. . n 6m2cyce
Combining the above results yields |[AKn’p,TH — AKn,TK]i,j} < (% + 3Cw) % for any
i,j = 1,...,N. It is noted that BgﬁiBﬁ“j = 0 on [0,1] whenever | — j| > m. Hence

both Ak, pr,. and A Kn,T,. are banded matrices with bandwidth m. Thus, for any n, K,,

PeP,,and Ty € Tk, ,

6m? K
< (@m—1) <m%02 +3Cw> Kn
o0 n

HAKn,P,TN — Ak, 1 .
K,1
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This completes the proof of statement (3). O

3.3.5 Proof of the Main Result

In this section, we use the results established in the previous sections to show that
the uniform Lipschitz property stated in Theorem 3.2.1 holds. Fix the B-spline order
m € N. Let the strictly increasing sequence (K,) be such that K,, — co and K,/n — 0

as n — oo. Consider the sequence (Ly,):

Ln::Kn-qm D . VneN.

Ck,1

Clearly, (L,,) satisfies Property H as J,, := K,,, and M,, := [”ZTKl’ﬂ depends on (K,) only.

For any P € P,, T.. € Tk,, and any index set a defined in (3.11), recall that
¢o = lal+m, N = K,, + m — 1, and Ak, p1,. € RN*N We construct the following
matrices based on the development in the past subsections: F (in%)ﬁ € RI*N (cf. (3.22)),

Eg”}, € R%x% (cf. (3.19)), Xp1,.1, € RVXEntm=1) (¢f (3.25)), Aq, x, 1, € RV (cf,

(3.26)), and Hq 1, 1, € R%*Ln (cf. (3.36)). In light of Proposition 3.3.1 and (3.12),

~

b ) = (FR)" - (FunAren (FR)) ™ FR

Note that

-1
(m)
a, Ty

)

[EARCERE

o0

m)\T —(m m m)\T -1
< " - | (S ER - A, (D)

‘K—I:'(m) F(m)

“a, T a, Tk

00 e}

(3.42)
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By Corollary 3.3.1, we have the uniform bounds H (F;T%L)TH = land HK 1= E, T)NFa T, Hoo <
m/c. 1, regardless of Ky, a, Ty € Tk,,.
=(m) p(m)

We now develop a uniform bound for HK ( o TK NG Ak, pT. - ( N TN) ) H

the right hand side of (3.42). Recall from (3.37) that

< T 1 _ T
Kn = S& ’12,4 FC(MT;ZL ATN7K717L71 (Fa(?}i) = 7 Sﬂmjzﬂ HavTﬁvL’ﬂ ’ (HavTNan) :
n

~

By Corollary 3.3.2, we deduce the existence of 1, € N, which depends on (K,,) only, such
that for any T}, € T, with n > 7, o, and n > 7y, K,;'! L%HFO([W%) ATMKan . (F(J({n;)R)T is
. . =(m) p(m) (m)\T7-1 3pm

invertible and HKn [HQT Fa . ATm Kn,Ln (Fa TN) ] HOO Moreover, noting that

1120 P R - (FR) T = KD FO A, (B |

o0

—1=(m) a(m)
HK aTnFatT’}n

el

: HATK,Kan — AK,,PT, H T,
o0 o0

and using Proposition 3.3.5 as well as the uniform bounds for both H (F o(f?f),{)THoo and
HK 1= aTH aTKH from Corollary 3.3.1, we further deduce via Lemma 3.3.2 that there
exists n. € N with n, > n, such that for any a, P € P,, and T, € Tk, with n > n,,

K1z F(in%l Ak, P, - (Fgﬁ)T is invertible and

n o, T

< Im

-1
H(Kn_ =N Apr - (FUE) ) <7

o0

Finally, combining the above three uniform bounds, we conclude, in light of (3.42),
that the theorem holds with the positive constant co := 9mpy, /(4ck 1) depending only on

m and ¢, 1, and n. € N depending on (K,,) only (when m, ¢y, ¢x 1,y 2 are fixed).
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3.4 Summary

This chapter establishes a critical uniform Lipschitz property for a B-spline estima-
tor subject to general nonnegative derivative constraints with (possibly) unevenly spaced
design points and/or knots. Subsequent chapters will consider the B-spline estimator rate

of convergence for a variety of nonnegative derivative constraints.
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CHAPTER IV

Nonnegative Derivative Constrained B-spline Estimator:
Bias, Stochastic Error, and Convergence Rate in the

Supremum Norm

In the previous chapter, we established a uniform Lipschitz property for a nonneg-
ative derivative constrained B-spline estimator (c.f. Theorem 3.2.1). In this chapter, we
will apply that result in order to bound the estimator risk (or error) in the supremum
norm. Moreover, the risk associated with a given estimator can be decomposed into the
sum of two terms: (i) the bias, which stems from approximating a true function by another
function (e.g., a spline), and (ii) the stochastic error, which arises from random error or
noise. The goal of this chapter is to bound both of these quantities in the supremum norm
for the nonnegative derivative constrained B-spline estimator of Chapter III. We will then
use the results from this chapter to demonstrate that this estimator achieves the optimal
asymptotic performance with respect to the supremum norm over a suitable Holder class

in Chapter V, for certain nonnegative derivative constraints.
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4.1 Introduction

Measuring the performance of an estimator boils down to bounding the estimator
bias and stochastic error. For an unconstrained B-spline estimator, standard techniques
are often used to bound both of these quantities [40, 77]. However, the nonnegative
derivative constraints on the B-spline estimator from Chapter III complicate the analysis
of this estimator’s bias, even though the uniform Lipschitz property of the previous chapter
has already been established. Specifically, the remaining difficulty in bounding the bias in
the supremum norm arises in showing that each smooth nonnegative derivative constrained
function f can be accurately approximated by a spline fp with the same nonnegative
derivative constraint. Once the existence of such a spline is verified for each f, the uniform
Lipschitz property of Chapter III may then be applied to produce a bound on the estimator
bias with the same order of magnitude as the approximation error, ||f — fp||co. Standard
techniques and the uniform Lipschitz property may then be used to bound the constrained
B-spline estimator stochastic error, establish the estimator consistency, and provide the
estimator convergence rate.

This chapter is organized as follows. In Section 4.2, we demonstrate that, under
certain conditions, each nonnegative derivative constrained function in a suitable Holder
class may be accurately approximated by a spline with the same nonnegative derivative
constraint. This result is then used in Section 4.3, along with the uniform Lipschitz
property, to bound the Chapter III nonnegative derivative constrained B-spline estimator
bias and stochastic error in the supremum norm. The consistency and convergence rate

of this estimator are also established in this section. A summary is given in Section 4.4.
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Notation: Given a function g : [a,b] — R, denote its supremum-norm (or simply
sup-norm) by [|gllec := SupP,epe 4 [9(7)[- Also, let E denote the expectation operator, let
P(A) denote the probability of an event A, and let ) denote the ¢th derivative of the
function f. Finally, we write Y ~ AN(0,02) if Y is a mean zero, normal random variable

with variance o2.

4.2 Nonnegative Derivative Constrained Spline Approximations

In this section, we consider the problem of approximating a nonnegative derivative
constrained function in an appropriate Holder class by a spline with the same constraint,
for a suitable fixed spline knot sequence. Moreover, we will explore the accuracy and
limitations of such spline approximations. The results from this section will prove invalu-
able in measuring the performance of the Chapter III nonnegative derivative constrained
B-spline estimator ngTK (c.f. (3.7)-(3.8)) in Section 4.3.

For fixed m € N, recall the set of constrained functions S,, given by (3.1) in Chap-

ter III. Fix r € (m — 1,m] and L > 0. Define v :=r — (m — 1) and the Holder class
Hj := {f 0,1 5 R| £V (1) — fO D (mg)| < Llwy — wal, Y, w2 € [0, 1]} , (4)

so we may then construct the family of functions Sy, g(r, L) := S,, N H}. Fix constants
Cr1,Cr2 > 0 such that 0 < ¢,1 <1 < ¢i2. For each K, € N, define the family of knot
sequences Tg, just as in (3.14). Finally, for each T, € Tk, , define the set of constrained

splines

Szfm = {fB :[0,1] — R | fp is an order m spline with knots in T, and fp € Sm}.

(4.2)
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It is known that for each K,, € N, T, € Tk, , and f € HJ, there exists an order m
spline fp with knot sequence T such that ||f — fB|lc < cK,,", where ¢ > 0 is a constant
independent of f, depending only on m, r, L, and ¢, 2. Such an accurate approximation
of f is called a Jackson type approximation [14, pg. 149]. In our work, we are interested
in finding Jackson type approximations of functions f € Sy, (7, L) that preserve the
nonnegative derivative constraint of f € &,,; such a constraint preserving Jackson type
approximation is critical in the performance analysis of the Chapter III constrained B-
spline estimator. To this end, we wish to determine whether or not the following statement

(J) holds for each m € N.

(J) There exists a constant ¢, > 0 depending only on m, r, L, and ¢, 2 such that
for each K,, € N, T, € Tk, and f € Sy, m(r, L), there exists an order m spline

fB € Si”m satisfying || f — fBlloo < Coom &, "

By [6, 16], (J) holds for m = 1, with cx1 1= Lc], 5 (take fp to be the piecewise
constant least squares approximation or interpolant of f). Similarly, when m = 2, (J)
holds, with ceo 2 := Lcj, 5 [5, 6, 80] (take fp to be the piecewise linear interpolant of f at
the knots in Ty). In what follows, we examine statement (J) for higher order derivative
constraints.

In Section 4.2.1, we will see that (J) holds for m = 3 (c.f. Proposition 4.2.1). How-
ever, in Section 4.2.2, we will show that (J) does not hold for m > 3 (c.f. Proposition 4.2.2).
In spite of this, we will still be able to demonstrate that a weaker version of (J) holds
for m > 3 in Proposition 4.2.3. Moreover, if we restrict f to an appropriate subclass of
Sm.u(r, L) (c.f. (4.3)), then we can show that statement (J) holds when S, (7, L) in (J)

is replaced by that subclass.
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4.2.1 Third Order Spline Approximation with Increasing Second Derivative

In this section, we will see that (J) holds for m = 3. Moreover, suppose that m = 3,

so that r € (2,3]. We have the following proposition.

3L,

Proposition 4.2.1. Statement (J) holds for m = 3, with cs3 = —5

A proof of this result for evenly spaced knots is given in [38]. Moreover, if ¢, 1 =
cro=1,s0 that T,, := T := {0 < K,;! < 2K, ! <--- <1}, then for each f € S3p(r, L),

there exists fp € 8173 such that

3 . 3
If = fBlloe < 5E?  sup [f"(x) = f'(y)] < SLK,,
|lz—y| <K *

since f € Hy. If instead c.,1 and c, 2 are any fixed constants with 0 < ¢, 1 < 1 < ¢, 2,

then it follows from an argument similar to that of [38] that (J) holds for m = 3 with

._ 3L
60073 o — 762’2.

Alternatively, fix f € S3 g(r,L). If we let L(z, f', ki1, ;) denote the linear inter-

polant of the convex function f’ on [k;_1,k;] for i = 1,..., K,, and

M := max /Hi (L(x, [ kic1, ki) — f/(ai)) dx,

then by [58], which permits unevenly spaced knots, there exists fp € S{fg such that

|f — fBlloo < 10M. Furthermore, by the discussion following the statement of (J),

Ki 1+ r
¢ c
IIffB||oo§10M§1om?X/ 1L<1?2> i < 10L (122> |

Ki— n n
where v :=r — (m — 1).
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An additional proof of Proposition 4.2.1 independently constructed by the thesis

author is given in Appendix A.

4.2.2 Lower Bound for Higher Order Derivative Constraints

By Section 4.2.1, we now have that (J) holds when m = 1,2,3. In this section, we
show that (J) does not hold when m > 3 in the following proposition. This result is an

application of the main theorem in [39].

Proposition 4.2.2. Fizm >3, r€ (m—1,m], L >0, and T,;, .= {0 =Ko < kK1 < --- <

kK, = 1}. (We need not have T,. € Tk, .) Then there exists ¢, > 0 depending only on m

and L, as well as a function f € Sy, q(r, L) such that for all fp € Si’fm, lf—fBlloc > fg’é

Proof. Suppose that L =1 first. As in [39], let ACj,. be the family of functions defined

on [0, 1] that are absolutely continuous on each closed subinterval of (0,1). Define

AW = {f:[0,1] = R| f™ D € ACioe, /™l <1, f € Smi},

so that AW is a constrained Sobolev class. Note that if f € ATWZ, then by the

Mean Value Theorem,

1D @) — O (2)] < |21 — 22 Jnax )!f(m)(-%‘)! <1 — 2| < g — 22|,
re(x1,T2

Hence each f € ATW is also in Sy, (7, 1) when r € (m—1,m], so ATWZ C S, g (r, 1).
Also let Lo (]0,1]) denote the set of all bounded (Lebesgue) measurable functions

defined on [0, 1], and define

AL :={f:[0,1] = R| f € Loo([0,1]), f € Sm}.

109



Now let M, := MX»tm=1 be the space of order m splines with knots in 7T}, and note that
M, has dimension (K, +m—1). Let M := ME=tm=1.C [ _ ([0, 1]) be the collection of all
linear manifolds (i.e., affine spaces) M of dimension (K, +m—1) such that MNAT Lo, # 0.
Note that M,NAT Lo, = Sifm By applying the main theorem in [39] (with n = K,+m—1,
p=q =00, and s =7 = m), we have that there exists a constant ¢ > 0 depending only

on m such that

sup inf [|f = fBllooc = sup inf If = /sl
fearwz fpesiy, T reAmwy fp€ MY Lo -
> inf inf [|f - fzl >
11 su 11 — = .
~ MeM feATII)/Vgg fBEMNAT Log Bllee (Kp+m—1)3 — m3K?

Hence, there exists f € ATWDZ C Sy, p(r,1) such that ||f — fBllec > m for all

fB € Si'fm Taking ¢, := 555 completes the proof when L = 1.

2m3

Suppose now that 0 < L # 1. By the previous argument, there exists f € Sy, g(r, 1)

such that ||f — fplle > 2 for all fp € Si%,,. Hence, f=LfeSunu(rL),and

N _ Lc,
17 = falloo = NLF ~ filloo = LT — L™ plloe > S
n
for all g := L™ fp € Si“m Replacing ¢, with L¢,, completes the proof. O

Remark 4.2.1. By Proposition 4.2.2, there exists a function f € Sy, g (r, L) such that
|f— fBlloc > % for all fp € Si’jm when m > 3. Since the constrained B-spline estimator

ngTH from Chapter III belongs to S?’m, the above result provides an asymptotic lower

bound on the performance of this estimator over Sy, g (r, L) for a given K,, i.e.,

~ Cm
s E(If = Fhrlle) = 72
FESm 11 (L) PTlee ) = K3

n
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We will later see in Chapter V how this lower bound on the estimator performance
prevents fg 7, from achieving the optimal convergence rate in the sup-norm uniformly over
Sm,m(r, L) when m > 3 (c.f. Corollary 5.5.1, Remark 5.5.1, and the following discussion).
In the next section, we demonstrate that although (J) fails for m > 3, a weaker version

of this statement still holds for such m.

4.2.3 Spline Approximation of Functions with Derivatives Bounded Uniformly

away from Zero

Choose constants L' and L, with 0 < L' < L, and consider the class of functions

Smu(r, L', L) = {f €Snm ‘ Ly — xo” < [ V(@) — fD(29)] < Llzy — 2],

Vi1, zs € [0, 1]} C Smn(r, ). (4.3)

The goal of this section is to prove the following result. Note that if L’ = 0, this result

does not hold for m > 3, by Proposition 4.2.2.

Proposition 4.2.3. Suppose that L' > 0, and let v :=r — (m — 1). Then there exists

m—2
m—1 [m — 92 6¢y 9 (m—1)log(m—1) B -
— (I 1+'y) K, 1 (m—1)log(m—1)
CB ( e (LICZJ) < Cr,1 > (m = 1) -0

such that for all K,, € N, T, € Tk, and [ € Sy u(r,L',L), there exists fp € Si"m
satisfying 1] — falloo < 5K

Given p € N, let {BZ’;{ fjlp ~! again denote the (K + p — 1) B-splines of or-
der p with knot sequence T, := {ko < K1 < --- < Kk}, and the usual extension.
Fix K, € N and T, € Tg,. Recall the matrices D*) ¢ RF*(*+D (cf. (3.4)) and

Ay, € RUEAP=DX(Entp=1) (¢ f (3.5)) from the previous chapter. Additionally, de-
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fine the matrices 15](3”}) € REn+m—1-p)x(Kn+m-1)

LR

for each m € Nand p = 0,1,...,m

inductively:

5((;% =1, and D = A7l . pEntm=1=p)  pm

)
, T m—p,Tx 1T, (4.4)

Note that 57(;”%& is equal to l~)m7TK (c.f. (3.6)) from Chapter III. In order to establish

Proposition 4.2.3, we will need the following lemma.

Lemma 4.2.1. Suppose that m > 2 and let v := r — (m — 1). Then for each j =

0,1,2,...,m — 2, there exists

™ 2\ /6 Py i
. — J J j+1
Ut (Lc}j;) (m ) ( C“’z) [Je+1)% >0, (45

Lc! c
H,l "'/‘.‘71 =1

such that for g € Sjyom(j+1+~,L', L), there exists g = fﬁfﬁl/b\gﬁ)BﬁQ , Satisfying

(i) 119 = Glloo < &2 /KT and

) DUT2) T(+2) s m=2—j 117 g
(it) Dj+2,TKb(] ) > Ty L Kn

il gl i
it1 6w\ Tt Tt .
¢ c"’2>J ! to be 1 when j = 0.

where we define Ll(ﬁ +1)7¢ and (

Proof. We proceed by induction on j. Consider j = 0 first. For any g € So y(1+~,L’, L),

~

let g = f:"fr 13é2)B; . be the piecewise linear interpolant of g, so that /5,52)

= g(kg—1) for
R Lelty

all k =1,..., K, +1. By the discussion following statement (J), ||g — gl/cc < K%fw so (i)

holds for j = 0.

Next, we show that (ii) holds for j = 0. For alli =1,..., K, — 1, we have that

b
2,T,. V2
e Ki+1 — K Ki — Ki—1 Ki+1 — Kq Ki — Ki—1

(BE).5:) - [g(mm —g(ki)  g(s) — g(m_l)] _ [f:j“ J(@)de [ g'(w)da
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1 a7 K — K
Ki = Ki-1 Jr;_, Ki — Ki—1

r BT Kiv1 — Ki K
2/ [(Hll(m—/{il)—l—m) —:L':| dx
Ri = Ki1 Jr;_y [ \Fi = Ki-1
L/
> /?—7/“(/% — fi—1) min{(k; — k1) (K1 — #) 7} > L'el K7
(2 11—

The second to last inequality follows from the fact that if we define

KRi+1 — R4
bi(x) = | ————(x — + —
Z( ) <I€i /{iil( KRi— 1) KJ1> Z,

then
Ki+1—Ki Rit+1—HRi
y Hit/{ifl =1 if Ki tn 71
li(x) =
0 otherwise.

Thus, ¢;(x) is either constant on [k;_1,k;] or achieves its minimum when z = k;_1 or
x = K;. Hence, the result holds for j = 0.

Fix j € {1,2,...,m — 2}, and assume that the result holds for (j — 1). Let g €
Sjt2,u(j +1+~,L',L). Then by the induction hypothesis, there exists

. (-1 (L4 slptetd) 41
; J -2 6cy g
C£J+1) _ (LCE?) (ZL/C%) (CQ> | |(€ + 1)?} 0 (4.6)

Ck 1

such that for some ¢ := ZK”ﬂ b(]H)BTH

g e have both

—1—17 B
19" = ¢lloo < cJ+1 JKIT and DJ(]J:T) U+ > TZJL/CZJK"W‘
Define
i+1) .
o | 2o =2 Gy W
! Cr,1 L’CZ,l 7

113



and note that since

forall j =1,...,m — 2, we have

2 | m-2/VG+1) 2 [ m-2Le G+
Ck,1 L'c 271 TGkl L'cz71 -
Hence,

+1) i+1), .

oo | 2= | 3 oG
’ Crl L/CZJ Gl L/CZ,l
Let r; := L%J, and define the points 74, = K[(j11)e1p)q; for all £ = .
J

and p = 0,1,...,5. (If [(j + 1)¢ + plg; > Ky, define 74, := K((j11)r4p)q, = 1.) Consider

the knot sequence

T = {0 =T70,0<7T01 < - <To; <T10<T1,1 < < Ty < - <T7~j70}.

}TJ (G+1)+j

Associated with the knot sequence T, is the set of order (j+1) B-splines { B, ,}77"

7+1,s
with the usual left and right extension such that 3.7 D+ B]T_T_l s(x)=1forallz € [0,1].

Note that for each s = ¢(j 4+ 1), the support of BJT_T_I s 18 [T—1,0,700) for £=1,...,7;.
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Define the vector d := (ds) € R"U+D+7 such that

(j4+ vy, when s=£(j+1) [0 (¢ () — o(x)) da
dg := where  pp = =10 , (4.9)
70,0 — T¢—1,0
0 otherwise
for £ =1,2,...,r;. Moreover, v, denotes the average value of ¢’ — ¢ on [y_1 9, 7¢,0). Also,
let
5 (G+1)+4 Kn+j Kn+j
¢ = ¢+ Z dsBl7 = ¢+ Z ar Bt = > (b(3+1)+a)kB+1k, (4.10)
k=1

where a := (a;,) € RE"*J is determined by d. Finally, define g such that g(z) := g(0) +
fo t)dt for all z € [0,1].
We will first show that ||g — §lleo < cj+2 JEITY where cl(fJr ) is given by (4.5).

Note that for any ¢ =1,2,...,r;,

[ v -dwa= [ gw-omar-G+m [ B g 0d @)

T4—1,0 T4—1,0 T4—1,0
. T0,0 = T0—1,0
= — _ — 1 — ) =
ve(Te0 — Te—1,0) — (J + 1) ]
Also, for any z € [0, 1], x € [ry_1,0,7¢,0] for some £ =1,2,...,7;, or x € [7y, 0, 1]. Consider

the following two cases:
Case 1: z € [1y_1,0, T¢,0) for some ¢ =1,2,...,7;. Then by (4.11) and the induction

hypothesis,

o(0) -3 =| [ o0~ 30 | < [;de—&mﬁ

<[ —ewlarr Gl [ B @] do
Te—1,0
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, , 20 (j+1)
1 245
< 2o — reor0)ey TV /KIT < =2 K’;+1i’y :
n

Case 2: v € [, 0,1]. Then

oo |[ 050}

1
_ b]+) <26(J+ )05261](,7‘1‘1)
< (z - Trr;, o) J+y — J+14+v
K; K;

< [ 190 - o)

VE

| dw-sw

Therefore, for all z € [0, 1], by (4.6) and (4.8)

0(2) — 5(2)] < 201(,j+1)6,i72q3‘(j+ 1) . 26£j+1)6,@,2(j+ 1)i | (m—2) (J-i‘l)(] +1)
> K%+1+7 - K%JrlJr’y Cri,1 'Y ey

= 22y

Ck,1 ( ) L 2,1 K%HJW

i ; ; . l 1 Jj+1

6%2(6%2>@;+?hm+@w('+Uj“if@+1f#7n—2 AN
= — _— j J

Crt A Ol =1 Ly, Ley,

gl 1 '
(5+2 KT+

1+v\ T _ )
x (ch@,2 ) jH14+y T Cp / n
K

Hence, (i) holds by induction.

Next we will show that ﬁj(izz%;b\(j +2) > mT;E;J r cZ K7, where

Kn+j+1 (42)
—~ 2(+2) pTs
9= b Bk
k=1
Consider the jth derivative of gg — @,
ri 1)+ D) G+ o
7 i) T, _ Jj+1
(¢ - ¢)(]) - Z d B]+1 S - <D] T d)s 1[Ks(qj71)7ﬁsq]')
s=1
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on [0,7;,0) = [0, Ky q,(j+1)) Via Lemma 3.2.1 of Chapter III. Note that by (4.9), only every

: (3+1)
(j + 1)th entry of d is nonzero, and hence HD ]H)d”w < ﬁ%

. By induction,

and using (3.5), and (3.6), for p =2,...,j we have

+1) +1) (§+1
HDJEJJTT dlloc = ”AJ+1 p,TTD(rJ(]H)ﬂ p)D(J—l deHoo T gjc ”D U 1’2&de
. i+1
<o (e L
N qiCk,1 K%Jr’y

Tj ]+1)+]d BTT

s is bounded in the

Taking p = j gives us that the jth derivative of )

2j—1 (j+1)C(J+1)
supremum norm by ————~-%—

qlcl, | K7
Now, recall from (4.10) that ¢ — ¢ = 279V a, BTy = 52 ) BT | for

some a € RE»*J determined by d. By Lemma 3.2.1, the jth derivative of gg — ¢ is

( DU+

given by Z T a)k 1, 1 omy) OR [0,1), which is bounded in the supremum norm

2] 1 (]+1) (5+1)

0o K” , via the above discussion. By (4.7),
J K,1

(j+1) (Kn—1) 75G+1) Kn— (j+1
1DV, alloe = DE» VDY V]| < [ DEY|oo | DY Val o

1
<2 (j+ ey (]+) < L/21
0k 5

I (4.12)

Finally, on [0, 1), the (j 4+ 1)th derivative of g is given by

ol Z ) Z : +2)
(g)(ﬂ_l) - ( b(] )B]T+2 k) DJ(j-f-lT bt )kl[fik—hﬁk)’
k=1

which is equal to the jth derivative of 5, given by

N Kn+j @) K, o
(@)D = ( S @YU +a), BT, k) =S "DV 4 a))i e -
k=1 k=1
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Hence,

D59 = D DY = DD (500 1)

LR

~+1 70 ~G+) 7 ~+1
= DY, (BUY +a) = DAY B9 — 1 DEEY, alle
L,CZ,I K—’Y _ m— 2 —

m—1 J _
n Llcz,lKn’y7

—j B

m — 2 m — 2

via the induction hypothesis, and (4.12). Thus, (ii) holds completing the proof. O
The following argument demonstrates that Proposition 4.2.3 holds.

Proof of Proposition 4.2.3. Taking j = m — 2 and applying Lemma 4.2.1, we have that

there exists

m—2 m m m—1
+ +et m—2
(m) . ( 1+«/>m_1 m— 2 <60,€’2> m—1"m-2 2 m—1
™ = (Lt Ul o2 [Jee+n“ >0
b 2 Le), Cr,1 e ( )

such that for all K, € N, T}, € Tg,, and g € Sp,a(m — 1+, L', L) there exists g :=
—~ (m) ~ ~
Kntm=13m) pT such that ||g — Glles < —%  and D™ pm) > implying that
k=1 k m.k 9—9 KT m, T

ge SJTr"m Additionally, we have that

—

m—

o m—1 d
m 1§an/ “ (1) log(m — 1),
—2 E 1 X

molm-l,.. (m—1)log(m—1)
S0, (60“’2) ! 2 P < (60'“2) . Also,

Ck,1

m—2 m—2 -
10g< (”1)w>=(m—1)zwﬁs2(m—1)zw
=1 =1

m_10$
S%m—Dﬁ L = (m — 1) log(m ~ 1))?
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and thus [[}"5%(¢ + 1)"1771 < (m — 1)(m=D0og(m=1)) = Combining these results, we have

that cl()m) < ¢p. Taking fp := g completes the proof of Proposition 4.2.3. O

We have presented several different results on the accuracy and limitations of ap-
proximating functions f € Sy, g (r, L) with splines fp € Si"m We will utilize these results,
along with the uniform Lipschitz property, to measure the performance of the nonnegative

derivative constrained B-spline estimator from Chapter III in the next section.

4.3 Bias and Stochastic Error

In this section we apply the uniform Lipschitz property of the constrained B-spline
estimator established in Theorem 3.2.1, along with the spline approximation results from
Section 4.2, to the nonparametric estimation of smooth nonnegative derivative constrained
functions in a Holder class. Let L and r be positive constants and m := [r] € N so that
r € (m —1,m]. Given a sequence of design points (x;)!"_, on [0, 1], consider the following
regression problem:

yi = f(z;) +oeg, 1=0,1,...,n, (4.13)

where f is an unknown true function in S, g(r, L), the ¢;’s are independent standard
normal errors, ¢ is a positive constant, and the y;’s are samples. The goal of shape
constrained estimation is to construct an estimator J?that preserves the specified shape of
the true function characterized by S,,. In the asymptotic analysis of such an estimator,
we are particularly interested in its uniform convergence on the entire interval [0, 1], as
well as the convergence rate of supses, , (rr) IE(||]?— flloo), when the sample size n is
sufficiently large. With the help of the uniform Lipschitz property and the results from

Section 4.2, we show that for general nonnegative derivative constraints (i.e., m € N is
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arbitrary), the constrained B-spline estimator (3.7) achieves uniform convergence on [0, 1]
for possibly unevenly spaced design points and knots. We also provide a convergence
rate. In Chapter V, we will see that this convergence rate is optimal in certain instances
(c.f. Corollary 5.5.1 and Remark 5.5.1). These results pave the way for further study of
the convergence rate of estimators subject to general nonnegative derivative constraints.

We discuss the asymptotic performance of the constrained B-spline estimator (3.7)
as follows. Consider the set P, in (3.13) for a given ¢, > 1 and the collection of knot
sequences T, in (3.14) for fixed 0 < ¢,;;1 <1 < g 0. Foreachn € N, let P := (z;)7, € Py,
be a sequence of design points on [0, 1] and let T,; € Tk, be a given sequence of knots,
where (K,,) is an increasing sequence of natural numbers. Let y = (y;)", € R"™! be the
sample data vector given in (4.13). For a given m and a true function f € Sy, g(r, L),
consider the constrained B-spline estimator, denoted by flng in (3.7), and its B-spline
coefficient vector /b\P’TH defined in (3.9). Moreover, we introduce the vector of noise-free
data f := (f(z0), f(z1), ..., f(zx))T € R"! and define fer, = S EkBZ:k, where
N=K,+m-1, {Bgfk}{gvﬂ denotes the set of IV order m B-splines with knot sequence
T, and the usual extension, and bpr, = (bx) € R¥ is the B-spline coefficient vector

characterized by the optimization problem in (3.9) when 7 is replaced by K,XTo, f

_ 1 ~ o
bpr, := argmin 5bT Ak, pr.b—b" (K, XTO,f). (4.14)
D1, 520

Note that for each true f, E(|ffr, — fllo) < If = Frmlloo + E(Ifpa, = FEr.lloo):
where || f — fpr,|loc Pertains to the estimator bias and E(|| fpr, — ngﬁHoo) corresponds

to the stochastic error. We develop uniform bounds for these two terms in the succeeding
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propositions via the uniform Lipschitz property and the results from Section 4.2. For

notational simplicity, define v :=r — (m — 1) for S, g (r, L).

Proposition 4.3.1. Let g := min{2+~,r}. Fizm € N, and constants c,, > 1 (c.f. (3.13)),
0<cu1 <1<cxo (cf (314)), L>0, andr € (m—1,m] (c.f. (4.1)). Let (K;) be an
increasing sequence of natural numbers with K, — oo and K,/n — 0 as n — oco. Then
there exists Cp > 0 depending only on m, L, ck 1, and cx2, as well as 1 € N depending

only on (K,) (and the fized constants m, ¢y, Cx 1, Cx2) such that

sup | f—Fer, HOO < Cy- (Kn)™, Von>n.
FESm.11(r,L), PEPn, Tu€Tk,,

Proof. Fix an arbitrary true function f € Sy, g(r, L). For any given P € P, and T}, € Tk,
we write fvaK as f to simplify notation.
By Proposition 4.2.1 and the discussion following statement (J), if m = 1,2, or

3, then there exists a spline fp € Si”m and a constant ceom such that ||f — fpllec <
3Lc3 , . .
Coom I, < %an. Alternatively, if m > 3, then define g := (™3 € Sz y(r +3 —

m, L). By Proposition 4.2.1, there exists a constant ¢ 3, as well as a spline gp € Si“m

_ m—r—3 3Lci72 —(2+7) .
such that ||g — gB|lcc < Coo 3K} < 52Ky . If we define fp :[0,1] — R such

T rty tm—4
:ck-l-/ / / 9B (tm—3) dtym_s - - - dty dt1,
0 0 0

that

fe(x) =

= ®)(0)
!

k=0 k

then fp € Sy p(r, L) and

x t1 tm—a
1£(x) - fo()| < /0 /0 /0 19(ts) — 95 (tm_s)| by -~ bz dts

z tm—a 3[¢3
< / / . / 7’“2_;(;(24-% Aty - - - dts dty
o Jo 0 2
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for all z € [0,1], where we define [ [+ [ h(tm—3) dtm_3 - dtadty == [ h(t1) dty

. . . . 3Lc3 ,
for any integrable function h if m = 4. In either case, we have ||f — fB|locc < ;”’2 K1

In view of || f—flloo < |f—fBlloot|lfB—Fllo0, it remains to establish a uniform bound
on ||f8 — flleo. We introduce the vector fp := (fa(x0), f5(z1),..., fa(z,))T € R¥HL
Since fp € SJTr’jm is an order m spline with knot sequence T}, there exists b € RY such that
fB= Zivzl ngifk. Thus, we have Xb= f;;, where X is the design matrix corresponding
to the design point sequence P and the B-splines {Bi’jk}i\le (cf. Section 3.2.1). This
shows that %HK}ZMG}/Q()}\%— fB)|2 = 0. Moreover, since lﬂjm’Tﬁg > 0 (c.f. (3.5)) via

Lemma 3.2.1, we deduce that

- 1 - .
b= argmin 25" Ag, p, b— b (KnXT@n 5 )
Dy, 1, b>0

(See Section 3.2.1 for the definitions of ©,, and Af, p7,.) By using the definition of f
before (4.14) and the uniform Lipschitz property of Theorem 3.2.1, we obtain a positive
constant ¢, depending only on m and ¢, 1, and a natural number n,, depending only on

(Kp),m, cyw, k1, and ¢y 2, such that for any P € P, K,, and T, € Tk, with n > n,,

17 = f2ll < Prm. =Bl < e || KaXT00F = KaXTOWS3||

IN

oo | K X700 || = f5 | _

3Lc
=K, (4.15)

< Coo* HKn)?T@nHOO : 9 n
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where we use Hf— /B |.. <IIf = fBlle and the uniform bound for || f — fp||e established
above. We further show that HKHXT@VLHOO attains a uniform bound independent of
P e Py, Ky, and Ty, € Tk, as long as n is large enough. It follows from the definition of
X and the non-negativity, upper bound, and support of the Bg;“ .S (given at the beginning

of Section 3.2) that for each k =1,..., N,

n n
= Kn» Blr(@i)- @i —2) < Ko T (@) - (@i — )
i=0 i=0

c co K
< Kn(’ﬂf_/ik—m"’_;w) < Cn,2m+ wnnv

H(KHXTGTL)I“

o0

where the term ¢, /n comes from the fact that sy is in the interval [z, z,41) for some design
points x,, x,41. Since K,/n — 0 as n — 0o, we obtain n; € N (depending only on (K,,)

and c¢,) such that for any n > ny, }(Kn)?T@n)k.Hoo <cka(m+1)foreach k=1,...,N

so that HKnX'TG)nHOO < c¢g2(m+1) for any P € Py, K, and T); € Tk,. Combining this

Coo3L(m~+1 ci —
ConBLMEN) St 9 for any

with (4.15) yields that for any n > max(n., n1), ||f — fBlle <
f S Sm,H(Ta L)7 P c PTM Kﬂn and TH S TKTL

Setting n; := max(n.,n1) (depending only on (K,) and the fixed constants m, c,,

Cr,1, Cr,2), we conclude that

sup Ilf=Fllo < Cyp- K9 ¥n>n,
fe‘sm,H("',L); PeP,, TNETKn

[coo(m+1)c,€72+1]3Lci’2

3 O]

where Cj :=

The next result provides a uniform bound on the bias of ngR over the function
class Sy, g (r,L', L) C Sy, g (r,L) (defined in (4.3)), when L' > 0. This bound is asymp-

totically better than the bound in Proposition 4.3.1. However, a uniform bound with this
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asymptotic rate cannot be extended to all of S, (7, L) when m > 3 (c.f. Remark 4.2.1).
The proof of this result is similar to that of Proposition 4.3.1 and is therefore omitted;

the argument relies on Proposition 4.2.3 and the uniform Lipschitz property.

Proposition 4.3.2. Fiz m € N, and constants ¢, > 1, 0 < c,1 <1 < g2, L > L' >0,
andr € (m—1,m|. Let (K,) be an increasing sequence of natural numbers with K, — oo
and Ky, /n — 0 asn — oo. Then there exists C, > 0 depending only on m,r,L,L’, ¢ 1, and
k2, as well as ny € N depending only on (K,) (and the fized constants m, ¢y, Cx1,Cr2)

such that

sup Hf_?P,TH Hoo < Cy- (Kn)™, Y n>n.
f€Sm, u(r,L' L), PEPn, Tu €Tk,

In the following proposition, we derive a uniform bound on the stochastic error of

the estimator fg’Tn over all of S, g(r, L).

Proposition 4.3.3. Fix m € N, and constants ¢, > 1, 0 < ¢co1 <1 < ¢, L > 0,
r € (m —1,m], and define ¢ := min{2 + ~,r}. Let (K,) be an increasing sequence of
natural numbers with K, — oo, K,/n — 0, K,/(n'/?./logn) — 0 as n — oo. Then
there exist a positive constant Cys and iy € N, both depending only on (K,,) (and the fized

constants m, ¢y, Cx.1, Cr,2,0 ), such that

K, 1 ~
) S CS‘ ﬂ, VnZnQ
[ee] n

Proof. Fix a true function f € Sy, g(r, L). Given arbitrary P € P, K, and T, € Tk,,, let

B _
sSup E ( HfP,TK — fpm.
fesm,H(T:L)» PePn, TFLGTKTL

£:=(g;) € R" w; =241 —x; for i =0,1,...,n, and define & := (\/nKn )A(T@n)k. g=

VK, Y, wiB;fk(xi)ai for each k = 1,..., N. (See Section 3.2.1 for the definitions of
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X and ©y.) Since each g; ~ N(0,1) and the ¢;’s are independent, we have & ~ N(0,57),
where 57 = |(vnEn XTO,)1e||2 > 0. By the proof of Proposition 4.3.1, there exists
n1 € N (depending only on (K,) and ¢,) such that if n > 74, then for any P € P, K,,
and T}, € Tk,,, ||(Kn)?T@n)k.Hoo < ¢g2(m+1) for each k =1,..., N. Therefore, by using

n- (B;F;k(xz) wi)Q < nw; - (B,T,fk(iﬂz)wz) < c, - (B,T,fk(iﬂz)wz) for each i, we have, for any

PeP,, K,,and T, € Tk, with n > ny,

|(vak 70,),,|, = 30 Ko (Bl w) < 03 KuBl (@)
i=0 1=0

:cwH(Kn)?T@n)k,Hoo < cuer2(m+1), Vk=1,...,N.

This shows that 67 < ¢, 2(m+1) foreach k = 1,..., N. Letting £ := (&1,...,&n)T € RY,
we see that 0 = vVnK,X70,08 = /nK, X170, (y—f). Hence, we deduce, via the uniform
Lipschitz property of Theorem 3.2.1, that there exist a positive constant c», and n, € N
(depending on (Ky), m, ¢y, Cx.1, Cx,2 only) such that for any f € S, y(r, L), P € Py, Ky,

and T, € Tk, with n > n,,

|FBr, =T < [opm = Bpall < e VEa/n - VoKX 0u(y - )
(o] o
= Coo  VEp/n-0|€|lo = ¢ VKn/n-E, (4.16)
where € 1= ||€|l = maxg_1,_n || and €:= co0 > 0.

Define & := y/cycx2(m + 1), and consider the random variable Zg ~ N(0,52). Since

the variance of &, satisfies 5,% < cylra(m+1) = &2 for each k, we have, for any u > 0,

P(\Zglzg IZ)EP(\@IZ% ") VEk=1,.. N
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Recall 1y := max(ni1,n,) from the proof of Proposition 4.3.1. By (4.16), the above in-
equality, and the implication: Y ~ N(0,0%) = P([Y] > v) < exp (— %) for any v > 0,

we have that for any w >0, f € S, y(r, L), P € Py, Ky, and T}, € Tk, with n > 7y,

. _ __u [n u [n
P(Hngﬁ_fP,T,@HooZu> §P<§ZE K) SN'POZg’ZE K>
n n
u’n
= Norowp <_2026‘2K >

Let W,, :=¢C&4/ %. It follows from the above result and

/ @ gy < /2 ST

v

for any v > 0 that for any f € Sy, m(r, L), P € Py, K, and T}, € Tk, with n > ny,

B(1fn ~Tralle) = [ P (17 ~Frnll )

< W ]P’( _ >t)dt<W N - SR R
< Wt 2 (1 Trnloz ) ar < W v [ (e )

K,

. |7mK, W2n —
< W, + Nco ™ ex (25207;&L> =W, +co-

-(Kn+m71)-n_%.

Since K,,/(n'/?-\/logn) — 0 as n — oo, there exist a constant Cy > 0 and 7is € N with

N > Ny (depending on (Ky,), m, ¢y, Cx. 1, Cr,2, and o only) such that for any f € Sy, g (r, L),

P e Py, K,, and Ty € Tk, with n > no,

S K,
E (|| fFr. ~ Trnll.) < Cs- \/ %-

This leads to the desired uniform bound for the stochastic error.

Combining Propositions 4.3.1 and 4.3.3, we obtain the following theorem.
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Theorem 4.3.1. Fix m € N, and constants ¢, > 1, 0 < ¢ce1 < 1 < ce2, L > 0,
r € (m—1,m], and let ¢ := min{2+-,r}. Let (K,) be a sequence of natural numbers with
K, — oo, K,/n — 0, K,/(n'/%.\/logn) — 0 as n — co. Then there exist two positive

constants Cy, Cs and 1. € N depending on (Ky), m,r, L, ¢y, ¢ 1, Cr2, and o only such that

Ky .

A specific choice of (K,,) that satisfies the conditions in Theorem 4.3.1 is K,, =

B
sup IE(Hf—JfP,n
fESm,H(T,L), pPeP, TKGTK»,L

“10211)1/ (2q+1)w. This result demonstrates the uniform convergence of the constrained
B-spline estimator fg K, to the true function f on the entire interval [0, 1], and the consis-
tency of this B-spline estimator, including the consistency at the two boundary points, even
if design points are not equally spaced. Note that the monotone and convex least-squares

estimators are inconsistent at the boundary points due to non-negligible asymptotic bias

[27, 51, 81], which is known as the spiking problem.

Remark 4.3.1. In addition to the uniform convergence, Theorem 4.3.1 also gives an
asymptotic convergence rate of the constrained B-spline estimator in the sup-norm, subject
to general nonnegative derivative constraints. Moreover, the convergence rate is on the
order of (10%) Qq%, where ¢ := min{2 + v, 7}. We will see in Chapter V that this rate is

optimal when m = 1,2, or 3 (c.f. Corollary 5.5.1 and Remark 5.5.1).

We conclude this section with the following theorem, which follows from Proposi-
tions 4.3.2 and 4.3.3. Suppose we restrict the true function f to Sy, i (r, L', L) C Sy m(r, L)

(c.f. (4.3)), for a fixed L’ > 0. This last result gives us a faster rate of convergence over

the subclass Sy, (1, L', L) when m > 3. To this end, we take K, = {( n )1/(2T+1)—‘ to

logn

obtain a convergence rate on the order of (10%)’"/ (2r+1)
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Theorem 4.3.2. Fiz m € N, and constants ¢, > 1, 0 <cg1 <1< cx2, L > L' >0, and
r € (m—1,m]. Let (K,) be a sequence of natural numbers with K, — oo, K,/n — 0,
K,/(n'/.\/logn) — 0 as n — oo. Then there exist two positive constants Cj,Cs and

n. € N depending on (K,),m,r,L, L, c,,cx1,¢u2, and o only such that

Kl N

B
wp E(|r- P
fE€Sm p(r,I',L), PEPy, T€Tk,,

4.4 Summary

In this chapter, we obtained several results on the accuracy and limitations of ap-
proximating smooth nonnegative derivative constrained functions by splines with the same
nonnegative derivative constraint. These results were then used in conjunction with the
uniform Lipschitz property of Chapter III to provide asymptotic upper bounds on the bias

and stochastic error of the nonnegative derivative constrained B-spline estimator.
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CHAPTER V

Nonnegative Derivative Constrained Estimation: Minimax

Lower Bound in the Supremum Norm

In the previous chapter, we applied the uniform Lipschitz property of Chapter III
to establish asymptotic upper bounds on the bias and stochastic error of a constrained
B-spline estimator with respect to the supremum-norm. In this chapter, we will develop
minimax asymptotic lower bounds on certain nonparametric estimation problems with
nonnegative derivative constraints. It follows from results in Chapters III-V that under
suitable conditions on either the order of the derivative constraint or the function class
under consideration, the constrained B-spline estimator proposed in Chapter III achieves

the optimal asymptotic performance under the supremum-norm.

5.1 Introduction

With various applications in science and engineering, there has been a substantial
interest in the nonparametric estimation of functions subject to nonnegative derivative

constraints such as monotonicity or convexity [22, 52, 73, 70, 79]. However, the nonsmooth
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inequality constraints of such problems complicate the asymptotic performance analysis
of constraint preserving estimators. In particular, the minimax performance analysis of
constrained estimators becomes even more difficult when the supremum-norm is used as
the performance metric. In this chapter, we establish minimax lower bounds for a large
variety of nonparametric estimation problems over suitable Holder or Sobolev function
classes subject to nonnegative derivative constraints, with respect to the supremum-norm.
This is done by constructing an appropriate collection of functions (called hypotheses [77,
Section 2]) that satisfy the pre-specified nonnegative derivative constraint. We then com-
bine these results with those from Chapters III-IV to demonstrate, in certain cases, the
optimal performance of the previously introduced constrained B-spline estimator.

This chapter is organized as follows. In Section 5.2, descriptions of the minimax
lower bounds for general constrained nonparametric estimation problems are given; the
main result of this chapter, Theorem 5.2.1, is stated, and the required conditions on the
hypothesis functions are presented. The hypothesis functions are then constructed in
Section 5.3. In Section 5.4 it is demonstrated that these hypotheses meet the required
conditions of Section 5.2, thus proving Theorem 5.2.1. Several important corollaries to
this theorem that tie in results from earlier chapters are presented in Section 5.5. Finally,
a summary is given in Section 5.6.

Notation: Given a function g : [a,b] — R, denote its supremum-norm (or simply

. b 1/2
sup-norm) by [lg]lac 1= 5D, efosy [9(2)], and its Lo-norm by [glls, = ([ (g(x)dz) "

Let E denote the expectation operator and let f(©) denote the £th derivative of the function
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f- Additionally, denote the pth integral of g from a to b by

(p) f:g(tl) dtl ifp =1
I[a,b} (9) =

ff fcfp e fiQ g(t1) dty ... dt,—1 dt, otherwise.

Finally, for two sequences of positive numbers (a,,) and (b,,), we write that a,, < b, if there

exist positive constants ¢, cg, such that ¢; < liminf, o an /b, < limsup,,_, an/by < co.

5.2 Problem Formulation

Fixme N, r € (m—1,ml and L > 0. Let v :=r —m+ 1. Recall the family
Sy, of univariate functions on [0, 1] subject to a general nonnegative derivative constraint,
from (3.1) in Chapter III, the Holder class of functions H} defined in (4.1) in Chapter IV,
and Sy, gy(r, L) :== S, N HjJ.

Consider the regression problem

Yi = f(l‘z) + o€, (5.1)

where the x;’s are evenly spaced design points on the unit interval, i.e., z; = i/n for
all ¢ = 0,1,...,n, n denotes the sample size, f : [0,1] — R is an unknown function
in Sy, m(r, L), and the ¢’s are iid standard normal errors. Our goal is to establish a
lower bound under the sup-norm on the minimax risk associated with the collection of
estimators that preserve the nonnegative derivative constraint of f € Sy, g (r, L), for this
nonparametric model. Specifically, the main result of this chapter is presented in the

following theorem.
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Theorem 5.2.1. Fix m € N, and r € (m — 1,m] and consider the regression problem

given by (5.1). There exists a positive constant ¢ such that

liminf inf  sup <1 n )m E(Hﬁl — fll) > ¢ (5.2)
N0 In fesm,H(TvL) ogn

where inff denotes the infimum over all constrained estimators f; €Sy, on [0,1].

It follows from Theorem 5.2.1 that for m = 1,2, or 3 the constrained B-spline

estimator flng proposed in Chapter III (c.f. (3.7)-(3.8)) satisfies

1 ST ~
c ( Ogn> 2r+1 S 1£1f Sup E(an _ f”oo)
n In f€Sm,u(r,L)

logn>rﬁr1

< sw  E(Iffn -~ fle) <C(2

fevaH(r,L)

(5.3)

for all n sufficiently large, via Theorem 4.3.1 and Remark 4.3.1 of Chapter IV. Conse-

quently,

. =~ 1 2T -
inf  swp E(Ifo— fllo) =< (20) 7T < s E(IfEg -~ flle)s (5:4)
fn fE€Sm,u(rL) n fE€Sm, m(r,L)

proving that flng is an (asymptotically) optimally performing estimator over the con-
strained function class Sy, g (r, L), for such m.

Our strategy to substantiate Theorem 5.2.1, motivated by [77, Theorem 2.10],
amounts to constructing a class of hypothesis functions that lie in the function class
S, u (7, L). These functions will maintain a suitable distance from each other in the sup-
norm, while staying sufficiently close to each other under the Lo-norm. Moreover, this

family of M,, hypotheses f;,,j = 0,1,..., M, must satisfy the following three conditions:

(C1) each fjn € Spu(r,L), j=0,1,..., My;



(C2) whenever j # k, || fin — femlloo = 28n > 0, where s,, < (logn/n)"/r+1);
(C3) there must exist a fixed constant ¢ € (0,1/8) such that for all n sufficiently large,

My,
Y K(Pj,Py) < colog(My),

where P; denotes the distribution of (Yj1,...,Yj.), Yji = fin(Xs)+&, i =1,...,n,
X; = i/n, the &’s are iid random variables, and K (P, Q) denotes the Kullback

divergence between the two probability measures P and @ [41], i.e.,

dP .
/longdP, it P<@

400, otherwise.

K(P,Q) =

We will specify M,, in the later development. In addition, we assume that there exists a
constant p, > 0 (independent of n and f;,) such that K(Pj, Po) < p«> iy (fj,n(X,;) —
fom(XZ-))z. This assumption holds true if the iid random variables & ~ N(0,0?) (cf. [77,
(2.36)] or [77, Section 2.5, Assumption B]). Hence, the constrained regression problem
defined in (5.1) satisfies this assumption.

In other words, once a family of functions { f;,, } satisfying the above three conditions
is constructed, then the minimax lower bound over S, g (r, L) given by Theorem 5.2.1 will
hold, for some constant ¢ > 0 depending on m, r, L, and p, only. In view of this, the goal

of this chapter is to construct a family of suitable functions f;,, satisfying (C1)-(C3).

133



5.3 Construction of Hypothesis Functions

Let (K,) be the increasing sequence of positive integers given by

K, = ngn)%lﬂ : (5.5)

and fix n large. For that fixed n, define k; := KLH for each i = 0,1,..., K,. In this section,

we construct the functions f;,,j = 0,1,..., M, that satisfy conditions (C1)-(C3) of the
previous section. To this end, we begin by constructing increasing functions hg,]n , hg]n :
[0, kor] — R inductively for p = 1,2,...,m. Our procedure for constructing the f;,’s
involves (i) using hE@],n and h?n]m to construct the g;,’s (cf. (5.14)-(5.15) and (5.16)-(5.17))

and (ii) integrating the g;,’s a total of (m — 1) times to produce the f;,’s (c.f. (5.18)).

We choose hﬁ}ﬂ,n and hgln for this procedure for the following reasons.

f](jg_l) must be increasing. Both hw,n and hgin

(i) In order to meet (C1), each g, =

(used in the construction of each g;,) meet this requirement.

(ii) In view of (C2), the distance (measured with respect to the sup-norm) between
fjn and fi, for j # k must be non-small. The f;,’s are constructed such that
fim(@) = frn(z) when j # k for all z outside of two small subintervals of [0, 1].
On these subintervals, f;, — fin Wwill be equal to the (m — 1)th integral of either
h%n — h,[}l],n or h%n - hﬁ],n (c.f. Lemma 5.3.3). This integral is on the order of K;”_l

[2}’71 _pl

times smaller than A, m,n i the sup-norm. Although this integral is relatively

small, it will still be large enough for the f;,’s to meet (C2).

(iii) The (m — 1)th integral of h,%],n - h[#in, is on the order of K™~! times smaller than

h%n — hgj’n in the sup-norm, and even smaller in the Lo-norm. Since the f;,’s are
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constructed such that |f;, — fin

is equal to \I[(ﬁ_l)(hﬁ],n - h[r}l]n)\ (where Z(m—1)
is defined in Section 5.1) on two small subintervals of [0,1] and zero elsewhere for
Jj # k (c.f. Lemma 5.3.3), the Ly-norm of f;, — fr, will be sufficiently small and

allow the f;,’s to meet (C3).

With these ideas in mind, we proceed to construct the auxiliary functions hz[)l,]n and hl[)z,lm, for

p=1,...,m and establish two technical lemmas in Section 5.3.1. In Section 5.3.2, we use
the constructions and results from Section 5.3.1 to (i) construct the g;,’s, (ii) construct
the hypotheses fj,, j =0,1,..., M, by integrating each g;,, a total of (m — 1) times, and

(iii) establish Lemma 5.3.3, which will pave the way for the proof of Theorem 5.2.1.

5.3.1 Construction of Auxiliary Functions

We will now construct the auxiliary functions hg’]n and hz[)2,]n to be used in the subse-

quent constructions. Let ¢ € (0, %), and p, be the positive constant indicated at the end

of condition (C3) in the previous section. Choose

— . L m! ¥ ¢co
L= — , . 5.6
min { 2m’ 2mrn \/2m+3p*(27' + 1) } ( )
Define the following functions hLl,]n, hEL : [0, kor] — R recursively for p = 1,2,...,m as
follows. First let
0 0 if x € [0, k1]
hi () = (5.7)

LK) (x— k) if z € (K1, ko)

and

. LKy "z ifz €0,k

ZK;’Y ifx € (Kl,I{Q].
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Then for p = 2,...,m, define

piJ () if x € [0, Kgp—1]
=4 " ' (5.9)
hz[?2l17n(:1: — Kop—1) + hz[,lllm(@pq) if x € (Kop-1, ko]
and
(@) if 2 € [0, Kop-1]
2 (2) = ’ (5.10)
hj[)lll,n(l‘ — K/Qp—l) + hL2l17n(,i2p—l) lf T € (K/Qp—l, K',Q;D]

Figure 5.1 contains plots of these functions for p = 1,2,3,4. Note that both h[ll}n and
W2 are continuous. By induction, so are h;,l,]n and h;[)Q,]n for p = 2,...,m. Additionally,

1n

for 1 < p < m, the first “half” of hz[}}n (i.e., the part defined on [0, K9p-1]) is identical to

hLlan, and the second “half” of h][gl,]n (i.e., the part defined on (kop-1, kor]), when shifted
appropriately, is identical to hfll’n. An analogous relationship holds for hz[f}n, hfllm on

[0, Kgp—1], and h;Enlll,n on (Kop-1, Kap.

For each p =1,...,m, define ¢, : [0, kgm| — R such that for all z € [0, Kom],
~1
or(@) = (W, — il )(@) and @y(z) = I Y (e1), p=2,...,m. (5.11)
Note that on [0, ko],

or(w) = (M, — Bl (@) = (W, —hlh @) = = (0, - ) (@) (5.12)

Also, on [0, kom], the £th derivative
(pg)(x) = p—e(x), forallf=1,...,p—1. (5.13)

136



Figure 5.1: Plot of hl[,{]n and hg,%]n forp=1,2,3,4.
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The following two lemmas will be useful in Section 5.3.2.

Lemma 5.3.1. For eachp=1,...,m, (pg)(/igp) =0 for{=0,1,...,p—1. Note that for

p =m, we define (p%)(/igm) as the (th right derivative of pp, at kom.

Proof. We prove this result by induction on p. For p = 1, by virtue of (5.12),
= (3 —pl! —LK;" - LK;" =0
¥1 (K’?) ( 1,n l,n)(’{;?) n n :

Hence, the result holds for p = 1. Fix p € N with 1 < p < m and assume that the result
holds for (p — 1). In what follows, we show that the result then holds for p.

Consider ¢ = 0 first. Since ¢, is (p — 1) times differentiable, by Taylor expansion

Pp(kar) = +I(p_1) (‘Pépil))

q' [/121771 ,ng]

By (5.13) and the induction hypothesis, we have goj(oq)(@pq) = Pp—q(Kop-1) = cp}(;:l)(mzp_l)

=0forg=1,...,p— 2. Hence, by the above display,

eolkr) = eplrpn-1) + I D (™) = oplrgn) + ZD, (R — B,

[Kop—1,k2p] [kgp—1,k2p]

= ool + I D (=B = ) - oa(ne)

[Kgp—1,h2p]

= (K1) + I[(tﬁiﬂ}(hﬂl,n — B ) = ke ) — pp(Rarr) =0,

where we use (5.7)-(5.13), and @1 (kop-1) = <p](3p:12)(/i2p_1) = 0 via (5.13) and the induction

hypothesis.

138



Next consider £ = 1,...,p — 2. We have that

+ Z(P—Z—l) (So(pfl))_

q! [Kop—1,kop] \T'P

In view of @](g£+q)(n2p_1) = @p—t—q(kow-1) =0forall ¢ =0,1,...,p — £ —2 via (5.13) and

the induction hypothesis, we have by the above display, and (5.7)-(5.13),

0)

o (raw) = T2 (o) =T (R, — BlL)

" Tlrgp—1,K2p] T Tkgp—1,m2p] N PR

=20 [ = B0 = )+ ()

T Tkgp—1,K2p] p—1, P

—{—
= i " (1) = —ppi(zp1) = 0.

Finally, if £ = p — 1, then by (5.7)-(5.13),

S01(7113—1) (KIZP) = 1 (/{;21,) = h’][)%]l’b(ﬁ2p) — h‘z[},]n(’%?p)

- (hl[ﬂlm(@p,l) + hz[uzll,n(@z’*l)) - <h}[72l17n("§‘2p71) + hglll,n(’fzpflw =0.

Hence the result holds by induction. O
Lemma 5.3.2. Letr € (m —1,m] and y=7r— (m —1). For ¢, : [0, kom] — R,

L Laom™
mKnr < lemlloo < TK "

| n
Proof. Suppose that m = 1. Then it is easy to see via Figure 5.1 that

le1lloo = A7), — A Jloo = LK,

139



so the result holds for m = 1.
Therefore, consider m > 1. Let dT,,—1 denote dty ...dty,—2 dt,—1. On [0, k1], we

have that () = h[12] (z) — hglL(x) = LK, "z. Hence, if m = 2,

,n

K1 L
ll2lloe > @2 (K1) = I[(O{Lﬂ(tm) = / LK}ty dt, = QK_T
0

and if m > 2,

1 m—1 ta 3 L 3

We claim that |p1(z)] < LK, for all z € [0, kes] for p = 1,...,m, and prove this
claim by induction on p. Certainly this claim holds for p = 1, via (5.7)-(5.8) and (5.11).
If 1 < p < m, and the result holds for (p — 1), we need only show that |¢1(z)| < LK, on

(Kop-1, kor]. If € (Kop—1, Kor], then by (5.9)-(5.12) and Lemma 5.3.1,

pr(@)] = (b2, — ) @) = (WML, = B V(@ — kgp1) + @1 (ap1)|

‘(h[l]

p—1,n p—1,

since (x — Kgp—1) € [0, Kop—1].

Now by the established claim, we complete the proof by observing that

m—1) (m 1) Lom™ L 2m

lomllso < Z0 (lo1lleo) < TG\ (LK) = mms—w.
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Now that we have established the previous two preliminary results, we are ready to

construct the hypothesis functions using hq[qlin and h,%],n in the next section.

5.3.2 Construction of the Hypotheses

In what follows, we construct the (m—1)th derivatives of the f;,,’s, namely the g;,’s,
j=0,1,...,M,. We then integrate the g;,’s to create the f;,’s. Later in Section 5.4, we
will demonstrate that the f;,’s meet conditions (C1)-(C3) of Section 5.2.

To this end, we consider two different cases in constructing the g, ,’s.

Case 1: r € (m —1,m), so that y =r—m+1 € (0,1). In this case, let M, :=

| K] —1 € N and define gg, : [0,1] = R such that

i 2" LK 4+ W (o — iKY if e [iKn Y iRy + rom)
gon(x) = (5.14)
(i+1)2m LK, if v €[iKy, " + Kom, (i + 1)Ky )

for all appropriate i € Z, where h%]ﬂ is defined in (5.9). Note that we assume that n is

large enough so that rom < K, ", and hence, go, is well defined. Define the intervals

I =[G = DE,, (= DK, + ron) € [0,1]

n o

for each j =1,..., M,. For each such j, we define g, : [0,1] — R such that

(= D2 LK, + bz — (- DK)  ifx el
gjn(x) = (5.15)

gon () otherwise,
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where hii],n is defined in (5.10). Hence, gj,(z) = gon(x) for all € [0,1]\ I;. For x € I;,

gin(@) = go(@) = B (@ = (G = DKL) = byl (@ = (= DE,") = pu(e = (5 = DK,

Furthermore, go,, is continuous, since (i) th is continuous on [0, kom|, and (ii) it can be

shown by induction that hwn(f@m) = 2m"1LK,"; thus for each 1,
i 2" DK, 4 WY R 4 kom — K Y) = (i + 1)27 VLK,

A similar argument shows that g;, is continuous, for j =1,..., M,.
In Figure 5.2 a plot of several of the g;,’s near the origin is given for m = 1,2, 3.

Case 2: 7 = m, so that v = 1. In this case, let M, := [£2] — 1 € N and define

gon : [0,1] — R such that
gom(z) =i 2" VLR + W (e — i 2K Y i € 127K (1 127K, Y (5.16)
for all appropriate ¢ € Z,, where h[rﬂn is defined in (5.9). Also, define the intervals
L= - 12"K, i 2m K, ) € [0,1]

for each j =1,..., M, and let g;, : [0,1] — R be such that

. M1 17— 2 . m T — .
(G- 12 LK 4+ b2 (r = (- 1)2mK;Y)  ifazel
gjn(x) := (5.17)

gon(x) otherwise,
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Figure 5.2: Plot of the g;,’s near the origin, v € (0,1)
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where hgln is defined in (5.10). In this case, we again have that, g;,(z) = gon(x) for all

xz €[0,1]\ I; and for all z € I,

9in(x) = gon(w) = (Wi, = Wil )@ = (G = 2" K = oi(@ — ( - 127 K.

In Figure 5.3 a plot of several of the g;,’s near the origin is given for m = 1,2,3. By an
argument similar to Case 1, each g;,, j =0,1,..., M,, is continuous on [0, 1].

Finally, in either case, define the jth hypothesis function f;, : [0,1] — R such that

Fin(@) =2 Y (gin), ¥ 2 € [0,1]. (5.18)

Now that we have constructed the hypothesis functions, we will establish one more
lemma, before demonstrating that the hypotheses satisfy conditions (C1)-(C3) in Sec-

tion 5.4.

Lemma 5.3.3. Ify € (0,1), then for each j =1,..., M,, we have that

pm(r— (- DKn") ifzel
fj,n($) - fO,n(x) =

0 otherwise,

and alternatively, if v = 1, then for each j =1,..., M,, we have that

om(z— (j—1)2mK; 1Y)  ifzel;
fj,n(x) - fO,n(aj) =

0 otherwise,

where @y, is defined in (5.11).
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Figure 5.3: Plot of the g;,’s near the origin, v =1
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Proof. Certainly, the result holds for m =1 by (5.11) and (5.14)-(5.18). In what follows,
consider m > 1. We have the following two cases.
Case 1: v € (0,1), so each f;,, is given by (5.14)-(5.15), and (5.18). Fix j =1,..., M,.

If z €[0,(j — 1)K, "), then via (5.15), and (5.18),

(Fim = fon)@) = 24" Y gin — gj0) = 0. (5.19)

Suppose that € I; := [(j — 1)K, ", (j — 1)K, ' + K2m). Then by (5.11), (5.14)-(5.15),

and (5.18),

(Fin = fom)(@) = Z0 gjn = 930) = 70 (W, =Bl =G = DKL)

n o

- I[((:L;l—)(j—l)K;"f](gpl) =om(r— (G —1)K,"). (5.20)

Finally, consider x € [(j — 1)K, 7 + kam, 1]. By Lemma 5.3.1, (5.11)-(5.15), and (5.18),

0= ¢ (ram) = ump(wam) = TG TV (HEL, — Bl

[Oﬂﬁgml

(m—p—1) 2] _ pll (i = -
T e oty g (P = BB = G = DKL)

(m—p-1) o _ 7(m—p-1) o
L1k, G-0K +ram] (93’” 90’”)_I[0, (j—l)K;ungm](gJ’” go’”)

= (fin = Jo) PG = DELT + ram), (5.21)

for p = 0,1,...,m — 1. Since g;n — gon is continuous by the discussion below (5.14)-

(5.15), fjmn— fon is (m—1) times continuously differentiable. Hence, via Taylor expansion

and (5.21),

(fin = fon)(@) = (fin — fon) (@)
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2 (fin — fon)® (G = DEZ 4 wm ) (2= [ = DE + am])”

-y .

p=0

_ 7(m=1) o (m=1)\ _ +(m=1) o
_I[(j,l)KTj”Urnzm, x] ((fj,n fO,n) ) _I[(j—l)K»;’Y‘HfQ’my x] (gj,n go,n)

=0, (5.22)

and the result holds for Case 1.

Case 2: v =1 so each f;, is given by (5.16)-(5.17), and (5.18). Again, fix j = 1,..., M,.
Using arguments similar to those in (5.19), (5.20), and (5.21)-(5.22), demonstrates that
Case 2 holds for all z € [0, (5 — 1)2™ K1), [(j — 1)2"K,}, 7 2K, 1), and [j 2K, 1, 1],

respectively. O

Now that we have constructed the hypotheses and established the previous result,

we are ready to show that these functions meet conditions (C1)-(C3) from Section 5.2.

5.4 Proof of the Main Result

We use the previous constructions and results to establish Theorem 5.2.1 in the

following proof.

Proof. In each of the following two cases, we demonstrate that the f;,’s of (5.18) meet
conditions (C1)-(C3).

Case 1: v € (0,1), so that M, = |K,] — 1, and the g;,’s are given by (5.14)-
(5.15). We show that the f;,’s meet conditions (C1), (C2), and (C3), in (1), (2), and (3)
respectively.

(1) For all n (and K,) sufficiently large, the following properties of each g, can be

easily verified via Figure 5.2: for z,y € [0, 1], suppose that
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(i) 0 < |z —y| < kgm. Then

e 19 (%) = 9in ()] < 191,0(%) — g1.0(y)]
J |35 - y‘ ’37 - y! T=K1,Yy=Kom _1

< LK™,

(ii) kom < |z —y| < K,". Then
max |gjn(2) = gin(y)| < |g0.n() - 900 ]y, gy < 2" ILEL.

(ili) K," < |z —y| < 1. Without loss of generality, let z < y with y = ¢K,,” + s(z,y)

for some ¢ € N and 0 < s(z,y) < K, . Tt follows from (5.6) that

’gj,n(‘r) B gj7n(y)| < |gl,n(x) — gl,n(y)|

max <
j |z —y| |z — | a=r1, y=qKn " +ram_y
m—1 T m—1 TKY
qK, 7+ (2m - 2)K,, gk,

Since each g; , is nondecreasing, each f;,, given by (5.18) belongs to S, (c.f. (3.1)).

To see that each f;, is in the Holder class Hj , we consider the following three scenerios:

(1.1) 0 < |z — y| < Kgm. Then, by (i) and (5.6), we have that

@) — £ V@)l 1 @) - £ W)l

I—y
— T —y
Ty | ==l

< LK) k)" < 2L < L.

(1.2) kom < |z —y| < K, 7. Then, by (ii) and (5.6), we have that

D @) = f V) am T
|z —y|7 T =y
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(1.3) % < |z —y| < 1. By (iii), we obtain

i V@ = AWl @ = A W)

< < L.
lz —y|7 lz — ]

Thus, each fj, € Sy u(r, L), so the f;,’s satisfy (C1).
(2) Suppose that j # k. By Lemma 5.3.3, we have that f;,(z) = fon(z) = fiun(z)

for all x € [0,1] \ ({; U I}). Hence, |fjn(x) — fin(z)] =0 on [0,1]\ ({; U I). Also,

[fin (@) = fen(@)| = [fin(x) = fon(@)] = [om(z = (G - DK,V 2 € I,

and similarly, |fjn(z) — fen(z)] = |om(z — (k — 1)K, 7)| V @ € Ij. Therefore, in view of
_ 19T
Lemma 5.3.2, we see that the f;,’s meet condition (C2) with s, := QLm, Rm&) 2”1} =

T
1 2r+1
(ogn) r . as
n

L
i = fnlloe = lmlloe 2 2K = 250,

(3) By the discussion following the statement of (C3) in Section 5.2, there exists
p« > 0, independent of n and f},, such that K(Pj, Py) < ps > iy (fin(Xi) — fon(Xi))?

where X; = %, forall j =1,..., M,. Also,
i . I _ . _ . . _
L [G-E G- DE ) = [0~ DE;7] << [0 (G- DE +rom)]

Let a; := ’VTL(] — 1)K§7-‘ and b; := {n <(j -1)K,"” +n2m)J. Then by Lemma 5.3.2,

Lemma 5.3.3, (5.5), and (5.6), for n sufficiently large,

w00 20055 (0 (£) 0 (2)) =0 55 50 2) 20 ()
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v i 2 & TN
=Y (en(i-u-0m) ) <0 X (Bw)
i=a; i=a; ‘
ZQmm 2 ZQmm 2
< P20 Kom < ‘ Kﬂr) :p*2m+1 <‘) nK;(?rJrl)
m: m:

¢ —(2r+1) YCo Yco n
< _J% K <9 g < 1
=4@r+n T Sq2rt1) B oerr) 8 <logn)

< ? log(Ky,) < c¢olog(| K| —1) = colog M,

for all j =1,...,M,. Thus, ﬁn Zj]\/inl K(Pj, Py) < ¢olog M, and (C3) holds in Case 1.

Case 2: v = 1, so that M,, = |52 | —1, and the g;,,’s are now given by (5.16)-(5.17).
We now demonstrate that conditions (C1)-(C3) hold for Case 2 in (1)-(3).

(1) It is easy to see that each gj, is increasing via Figure 5.3. Hence, each fj,,
given by (5.18) belongs to S,,. Also, it is easy to verify that for any 0 < z < y < 1,
W < L < L for each j = 0,1,...,M,. This thus implies that each fin €
Sm,u(r, L). Hence, the f;,’s meet condition (C1).

(2) Suppose that j # k. By the same argument as in Case 1,

;

lom(x — (7 — D)kam)|  ifz el
(@) = frn (O] =  jom(z = (k — 1)rgm)|  if @ € I,

0 otherwise.

_ _1 q-r _r
Hence the f;,’s meet condition (C2) with s, := =2 | (-2 )*"" = (logn T as
j7

L
i = finlloo = lmloe 2 2K = 250,
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(3) Let a; := [n(j —1)kom | and b; := |n j kom]. By an argument similar to that in

Case 1, for n sufficiently large, we have that for all j =1,..., M,,

bj ; 2 bj om™ 2
K(P;,Py)) <p. ) < ©m ( - (- 1)H2m> ) <pe Yy ( — Kn)
i=a; i=a
ZQmm _ 2 Co
< pe2n Kom < ' K, 7”) < 5 log(K,) < ¢glog ({J) = co log(M,,)

Hence ﬁn ij\inl K (P;j, Py) < cplog M,, and condition (C3) holds for Case 2 as well.
We have demonstrated that conditions (C1)-(C3) are satisfied by fjn, s =0,1..., M,.
By virtue of the discussion following the statement of Theorem 5.2.1 in Section 5.2, The-

orem 5.2.1 holds. O

5.5 Implications and Extensions

In this section, we state and establish several corollaries to Theorem 5.2.1. The first
two corollaries combine Theorem 5.2.1 with the results from Chapter IV to demonstrate
that, in certain instances, the constrained B-spline estimator proposed in Chapter III
achieves the optimal performance under the sup-norm. The second two corollaries establish
a minimax lower bound in the sup-nom for nonnegative derivative constrained Sobolev
function classes.

Combining the results from Chapters III-V, we have the following results on the

constrained nonparametric estimation problem given by (5.1).

Corollary 5.5.1. Fizm € N, r € (m—1,m|, and L > 0. Consider the regression problem

given by (5.1). If m = 1,2, or 3, then

—~ 1 ST
inf  swp B(If - flle) =< (F20)7, (5.23)
[ f€8m u(r,L) n
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where inf ¢ denotes the infimum over all estimators in Sm on [0,1].

Proof. For fixed n (and Ky,), let the set of design points P = (z;)!, be given by z; = £
(c.f. (3.13)). Fix positive constants ¢, 1,¢s2 such that 0 < ¢.1 < 1 < ¢z2. Then for

any T, € Tk, , let .]/C\E’TR denote the nonnegative derivative constrained B-spline from

n?

Chapter III given by (3.7)-(3.8). The result follows from (5.3). O

Remark 5.5.1. By (5.4), ngn is an (asymptotically) optimally performing estimator

over Sy, g (r, L), for m =1,2,3.

Recall from Chapter IV that by Proposition 4.2.2 and Remark 4.2.1, the maximum

risk associated with the nonnegative constrained B-spline ngn estimator

-~ Cm logn\ 2r+1
swp E(I7Br, — /I zx( )
FE€Sum 11 (rL) (77 ) K3 n

1
when m > 3 and K, < (%) 1 which is much larger than the minimax lower bound

given in Theorem 5.2.1. Therefore, we believe that ngﬁ does not perform optimally over
S, 1 (1, L) for such m. However, the next result demonstrates that this estimator still per-
forms optimally over the restricted Holder class of strictly positive derivative constrained
functions Sy, g (r, L', L) (c.f (4.3)) for any fixed m, r, L', and L. The proof the next

corollary follows immediately from Theorems 4.3.2 and 5.2.1.

Corollary 5.5.2. Fizm € N, r € (m—1,m|, and L > L' > 0. Let Sy, g(r,L', L) de-
note the previously defined restricted Holder class of strictly positive derivative constrained

functions given by (4.3). Then for the regression problem given by (5.1),

. ~ log n\ 551
inf s E(I - flle) < ()7,
7 f€Smu(rL',L) n
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where inf ¢ denotes the infimum over all estimators in Sm on [0,1].

In this chapter, we have studied minimax lower bounds for constrained Holder
clasees, where the ceiling of the Holder exponent, [r], is equal to m, the order of the
nonnegative derivative constraint. In the next corollary, we establish the same mini-
max lower bounds when [r] is greater than the order of the derivative constraint. Let
Sp.u(r,L) == S, N H} for any p € N, with 1 < p < m. Consider the regression problem

given by (5.1) with Sy, g (r, L) replaced by S, g (r, L). We have the following corollary.

Corollary 5.5.3. Fizm e N, re (m—1,m], L >0, andp € N, with 1 < p < m. Then

there exists a positive constant ¢ such that

lim inf inf sup ]E(Hf_fHoo) > C( ogn>2 +1’
noeo f f€Sp,u(r,L) n

where inf ¢ denotes the infimum over all estimators in Sp on [0,1].

Proof. In view of the proof of Theorem 5.2.1, it is sufficient to show that there exists a
family hypothesis functions f;,, j = 0,1,..., M, satisfying (i) fj» € Sp u(r,L) for all
J, (ii) (C2) of Section 5.2, and (iii) (C3) of Section 5.2. Because the g;,’s constructed
in (5.14)-(5.17) satisfy gjn > 0,

Ti@) =Ty gsn) 2 0,

FEL — 70,a]

so each of the f;,’s given by (5.18) belong to S,. Moreover, by the proof of Theorem 5.2.1,

each f;, € Hj (and thus is also in Sp g(r, L)) and satisfies (C2) and (C3). O

We have studied the nonparametric estimation of nonnegative derivative constrained

functions in the sup-norm, over suitable Holder classes. In this final corollary, we consider
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the same problem over a Sobolev class. Fix m € N and L > 0. We define the Sobolev

class of functions

W(m, L) := {f :[0,1] = R | fis (m — 1) times differentiable,

with f(m_l) absolutely continuous, and || f (m)|| Ly < L}.

Let Spw(m, L) := S, N W(m, L). Consider the regression problem given by (5.1) with

S 1 (r, L) replaced by S,y (m, L). We have the following last corollary.

Corollary 5.5.4. Fizrm € N, L > 0, and p € N, with 1 < p < m. Then there exists a
positive constant ¢ such that

N 1 ST
fmintinf  sup B(IF - fl) > o E2) 7
N0 f o feS, w(m,L) "

where inff denotes the infimum over all estimators in S, on [0, 1].

Proof. In view of the proof of the previous corollary, it is sufficient show that the f;,’s

given by (5.18) belong to the function class Spyy(m, L). Note that each g;, is Lipschitz

m—1)

continuous, with Lipschitz constant L. Hence, each f](n

= gjn is absolutely continuous.

In addition, by the Lipschitz continuity of g; .,

/01 (fj(;r;)(SCDQ dr = /01 (g;-7n(x))2 dzr < /01 I2de — I2.

Thus, ”fj(j:)HLz < L, and each f;, € Sy v(m, L), completing the proof. O
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5.6 Summary

In this chapter, we constructed a family of hypothesis functions in order to establish
a minimax lower bound for a family of nonnegative derivative constrained nonparametric
estimation problems under the supremum norm. Combining this result with those from
the previous chapters demonstrated that in certain cases, the nonnegative derivative con-
strained B-spline estimator from Chapter III achieves the optimal performance when the

supremum norm is used as the performance metric.
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CHAPTER VI

Conclusions

We have studied a number of problems in shape constrained estimation, concerning
(i) the analysis and computation of constrained smoothing splines, and (ii) the asymptotic
analysis of general nonnegative derivative constrained nonparametric estimation. In this
chapter, we summarize the results that we have established in these areas, and discuss

several future research directions.

6.1 Analysis and Computation of Constrained Smoothing Splines

In Chapter II, we formulated smoothing splines subject to general linear dynamics
and control constraints in terms of optimal control problems. We then used Hilbert
space methods and variational techniques to derive optimality conditions for the solutions
of these problems. In order to compute the constrained smoothing splines, a modified
nonsmooth Newton’s algorithm with line search was employed. A detailed argument
for the convergence analysis of this algorithm was given; several nontrivial constrained

smoothing spline numerical examples were considered.
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6.1.1 Future Work

A variety of extensions will be considered in the future. For instance, we aspire to
reduce the size requirement on the smoothing parameter needed to guarantee the con-
vergence of the nonsmooth Newton’s algorithm (c.f. Theorems 2.5.1-2.5.2). Such a size
reduction would ensure the algorithm’s convergence for smoothing parameters similar to
those used in the numerical examples in Section 2.6. Another interesting research ex-
tension would involve studying the effect of the smoothing parameter on the constrained
smoothing spline performance. A third direction would include examining a constrained
spline model for nonlinear dynamical systems. Other possibilities include the study of
smoothing splines subject to both control and state constraints. Finally, we hope to ad-

dress the statistical performance analysis of constrained smoothing splines in the future.

6.2 Asymptotic Analysis of General Nonnegative Derivative Constrained

Nonparametric Estimation

In Chapter III, we introduced a general nonnegative derivative constrained B-spline
estimator, for which we developed a critical uniform Lipschitz property. This uniform
Lipschitz property was then invoked in Chapter IV to provided asymptotic upper bounds
on the bias and stochastic error of the constrained B-spline estimator, with respect to
the supremum norm. These upper bounds allowed us to establish the B-spline estima-
tor consistency, and provided us with an estimator convergence rate. After establishing
a variety of minimax asymptotic lower bounds over suitable Hélder and Sobolev classes
under the supremum norm in Chapter V, it was observed that such minimax asymptotic

lower bounds corresponded to the asymptotic upper bounds developed for the nonnega-
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tive derivative constrained B-spline estimator risk for the first, second, and third order
derivative constraints. This demonstrates that the proposed constrained B-spline esti-
mator performs optimally over certain constrained Holder classes for such nonnegative

derivative constraints with respect to the supremum norm.

6.2.1 Future Work

Although the proposed B-spline estimator achieves the optimal performance rate
under the supremum norm uniformly over many constrained Holder classes for the first,
second, and third order derivative constraints, this optimal performance is not achieved for
fourth and higher order derivative constraints due to an undesirably large estimator bias.
Consequently, in order to meet the minimax asymptotic lower bounds from Chapter V,
other constrained estimators must be considered. One possible candidate is a nonnegative
derivative constrained B-spline estimator with variable knots. Moreover, the large bias of
the constrained B-spline estimator with fixed knots, introduced in Chapter 111, stems from
the inability of certain smooth higher order nonnegative derivative constrained functions
to achieve Jackson type approximations with the same constraint for a fixed knot sequence,
as illustrated in Proposition 4.2.2. However, it is demonstrated in [32] that such Jackson
type approximations are attainable when the spline knot sequence is not fixed. Therefore,
one possible extension of the work presented in Chapters III-V would be to consider the
performance of a nonnegative derivative constrained B-spline estimator, whose variable
knots are somehow influenced by the data.

Other possible extensions to this second topic include the asymptotic analysis of
nonparametric estimation for (i) problems with more general shape constraints, or (ii)

problems with more than one shape constraint such as the k-monotone constraints given
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in [2]. Finally, we may wish to examine other implications of the uniform Lipschitz prop-
erty for the general nonnegative derivative constrained B-spline estimator such as the
pointwise Lo-risk and the pointwise mean squared error; these matters are addressed

in [80, Theroem 4.1, Statement 2], for a convex B-spline estimator.
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APPENDIX A

An Alternative Proof of Proposition 4.2.1

In this appendix, we give an independent proof of Proposition 4.2.1. We continue
to use the notation from Chapter IV. In what follows, we will show that there exists a
constant ¢ 3 := %L cij;’ such that for all f € S3 g (r, L), with 2 <r <3, T); € Tk,,, and
K, € N, there exists fp € Szfg satisfying || f — fBllco < % In order to do this, first fix

K, € Nand T} € Tk, . Consider g := f' € Sy y(r—1,L) for any f € Ss g(r,L), r € (2,3].

Our goal is to construct a piecewise linear function g € SZ’TQ such that

/0 (g(t) — §(t))dt‘ < ;{Z;Ji for all = € [0, 1]. (A.1)

We will then define fp such that fp(z) = f(0) + [, g(t)dt for all z € [0,1]. The function
fp must lie in S£f3 since its derivative g lies in the family Siﬁ,z of convex piecewise linear
functions with knot sequence T;. Furthermore, by (A.1), we will have ||f — fBloo < —a2

ik

This purpose of this appendix is to construct such g € S£f2 and fp € Szfg.
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A.1 Overview of Construction

The construction of g is somewhat technical. Therefore, we will first give a brief
overview of the construction of this function.

To construct g, we will first subdivide [0, 1] into either NV or (N +1) smaller intervals:
[Tj—1,75], for j =1,..., N with 7o = 0, and [y, 1], if v < 1 . Moreover, each 7; will be
a point in the knot sequence Ty. Furthermore, in selecting the 7;’s via Algorithm 2, we

will ensure that f:jj;l(/g\— g)(t)dt < ;{";fw (shown in Lemma A.2.1), for all j = 1,..., N,

where g > ¢ is the linear interpolant of the convex function ¢ at the knots in T,. (The
importance of bounding f:j_l(fq\ — g)(t)dt in this way will become apparent later.) The
goal is to construct a function g; on each [7;_1, 7] such that f:jj_l (9 —9g;)(t)dt =0 for all
7, and setting

gj(t) ift e [Tj—laTj]
g9(t) =

§(t) ift e [TN, 1}
will produce a well-defined convex continuous piecewise linear g € SEQ satisfying (A.1).
On [7j_1,7;], each g; will be a weighted average of g and another piecewise lin-
ear convex function g; (see (A.14)) with knots in [rj_1,7;] N T;. Since g < g, we
have TTjj_lg(t) dt < f:jj_lﬁ(t) dt for all j = 1,...,N. Alternatively, each g; will be

constructed such that fT:_j_lg(t) dt > [T gi(t)dt (see Lemma A.3.2) and fT:_j_l(gj -

Tj—1

9) ()1, g0 () dt < 10(03}37 (see the proof of Lemma A.4.1) for all j = 1,...,N. By
choosing an appropriate weight r; € [0, 1], and setting g; := r;g + (1 — r;)g; on [1;_1, 7§],

we will have that fTT]?;l(g —g;)(t)dt = 0 for all j. Combining this with the fact that

SN AN Coo,
0< [T @90 [ G- 901 my®d < 3
Tj—1 Ti—1 Kn
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will allow us to establish that ‘f (g—g;))dt] < ;{ogf; for all z € [1j_1,7;]. The
construction of the g;’s and g;’s will also take into account the continuity and convexity
of g (see Lemmas A.3.1 and A.4.1).

Putting all of this together gives us that g € Si’b satisfies (A.1) as

T Jj—1 Ti T
- : - - Coo,
[a-awa =S| [" w-mw | [ w-gioa < S
0 i=1 |V Ti—1 Tj—1 K’Vl
for all x € [tj_1,75], and j =1,...,N. (If x € [7n, 1], a similar argument can be made.)

The rest of this appendix is concerned with the construction of g and fp. In Sec-
tion A.2, we choose the 7;’s via Algorithm 2 in order to form the intervals [r;_1,7;],
j =1,...,N, on which we may define the g;’s and the g;’s. In Section A.3 we con-
struct the piecewise linear convex §;’s so that fT:J t)dt > f I gi(t) dt and f (g —
9) ()L, —gz0)(t) dt < < -t Finally, in Section A.4, we use the g;’s to construct the g;’s

the function g € S+ 9, and finally fp € SJT::} satisfying (A.1).

A.2 Construction of g: Choosing the 7;’s

In this section we choose points 7; € T}, via Algorithm 2. The choice of these points
is of crucial importance in the construction of the g;’s, the g;’s, as well as g in subsequent

sections.

1Lcl+7

2
o _3LC+’Y

Define ¢ := and recall that coo3 == 3 2 - These quantities will be

frequently used throughout this and subsequent sections. Note that g = f' € Sy g(r—1,L)

is differentiable. Define the function A : [0, 1] x [0,1] — R so that

h(z,y) = g(y) + ¢ (y)(z — y) (A.2)

162



for all (x,y) € [0, 1] x [0, 1]. Moreover, for each pair of x,y € [0, 1], the quantity h(z,y) is

the value of the tangent line to g at y evaluated at x. The following properties hold for

all (z,

(P1)

(P2)

(P3)

y) € [0,1] x [0,1] and are illustrated in Figure A.1.

Since g is a convex function, the value of any tangent line to g will always be less

than or equal to the value of g at any point = € [0, 1]. Moreover,

h(z,y) < g(z) for all z,y € [0,1]. (A.3)

Consider h(+,y), the tangent line to the function g at the point y. Since g is a convex
function, the difference between g and its tangent line h(-,y) evaluated at the point
x increases as the distance between x and y increases. Moreover, combining this

idea with (A.3), we have that

0 < g(z) — h(x,y) increases as |z — y| increases with y fixed. (A.4)

For fixed x € [0, 1], we may also consider the function g(x) — h(z,-) : [0,1] — R, i.e.,
we consider g(x) — h(x,y) as a function of y since = € [0, 1] is fixed. This function
gives us the difference between the function g and its tangent line h evaluated at the
point x, as we vary the point y at which h is tangent to g. Since g is convex, increasing
the distance between the fixed point x and the point y, where h is tangent to g, will
increase the difference between g and h(-,y) evaluated at the point x. Hence, (A.3)

gives us that

0 < g(x) — h(z,y) increases as |x — y| increases with = fixed. (A.5)

163



(a) P1: Observe that g(z) > (b) P2: As z moves farther away (c) P3: As y moves farther away
h(z,y) for all x. from y, the difference between from =z, the difference between
g(z) and h(z,y) increases. g(z) and h(z,y) increases.

Figure A.1: An illustration of properties P1, P2, and P3.

With these properties in mind, we use Algorithm 2 to choose the points g, 71, ..., TN.

An illustration of Algorithm 2 is given in Figure A.2.

Algorithm 2 Choose 79,71, ...,7TN.
Step 1: Let 7o =0, and j = 0.

Step 2: Let 7; be the first x; > 7; such that g(x;) — h(ki, 75) > %, if such a x; € [0,1]
exists. (If no such k; € [0,1] exists, set N = j, and terminate the algorithm.)

Step 3: Let 741 be the first x; > 7; such that ¢(7;) — h(7j, K;) > % if such a k; exists.
(If no such «; € [0, 1] exists, set N = j, and terminate the algorithm.)

Step 4: If 7j11 =1, set N = j + 1, and terminate the algorithm. Otherwise, replace j with
j + 1, and return to Step 2.

Figure A.2: In Algorithm 2, 7; is the first knot x; € T} to the right of 7; such that
9(ki) — ks, 15) > d* = %; Tj+1 is the first x; € T) to the right of 7; such that
9(ki) = h(ki, Tj41) 2 d.
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Recall that g is the linear interpolant of the convex function g at the knots in the
sequence T,. Later on, we will use g to construct g as described in Section A.1, and will

need the following lemma concerning the area between g and g on each [7;_1,7;].

Lemma A.2.1. Suppose that N € N. Then for each j € {1,...,N}, we have that

Tj - COO
0< / g(x) —g(x)dx < 2437 (A.6)
Tj—1 Kn
Additionally, we have
! ~ COO,3
5(2) — gla) dv < 2 (A7)
™ K

even if N = 0.

Proof. First note that g(k;) = g(k;) for all k; € T, as g is the linear interpolant of g at

the knots in T}. Therefore, for all x; > kg, we have that

Ky

[ @@ -gtandas= 3 [ @@ - gnds= 3

¢ r=f417 Fr=1 r=041" Fr—1

/ @) - g 0)) dida.

Now, since g is the linear interpolant of g at the knots in T}, we have that

g'(t) = 1/ ' g (s)ds for all t € (kr—1, Kr), (A.B)
Kr—1

Ry — Rp—1

i.e., g’ is constant on each (k,_1,k,) and equal to the average value of ¢’ on that same

interval. Therefore, since ¢’ is an increasing function, g’(t) — ¢'(t) < (¢'(kr) — ¢'(Kr=1))

C
#2 for all r, we also have
n

for all t € (ky—1, kr). Hence, since k, — kp—1 <

) Ky

r=f+41 " Fr=1

i /M /:l(g’(nr) — ¢ (kr_1)) dt da

r=f+1 " Fr-1

/m @'t —d @) dtdx <
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. C2 02
< Ky2 (1 (e 1)) = 2 () — .
< D ghpla ) =) = (6 ) = o )

Ki 62 5
| @ gde < S — o ). (4.9)

Define

since g € HF'A’. Note that by the properties of g € So g(1 + 7, L),

Ki

g0) — hosiswer) = [ (0) g/ () do > [ " () — (ke da

Ke agi

= /H (9 (ki) — g (ko)) = (9 (ki) — ¢ (2)) dx

ag,i

Ki ") — d (K 1+%
2/ .(g/(/ﬁ')*g,(/ﬁ(»*L(’ii*l')’ydx: 117(9( i) Lgl( 0)) ‘

Hence,
W
1/1+ Ty 1 v
/)=o) < (23 (S5 ot = i) ) < £ ) — s ) 5
(A.10)
Combining (A.9) and (A.10), we have that
1
" L, -
@)~ gta)) do < =55 () = ) T, (A1)
Ky n

for all Ky and k; with ks < k;. By a similar argument, (A.11) holds when ky > &;.
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In what follows, we will show that (A.6) holds for all j = 1,..., N, when N > 1.

Fix j € {1,..., N}, and note 7j—1 = k;+ and 7; = k;; for some 77,45 € N. We have that

[ G-owi= [T a-g@art [T G-g

i — K% _
Jj—1 i -1

[ Ta-awder [T G-o@adn

;% K;*x _
11 i5 1

-1

and will now bound each of the four quantities on the right hand side of this equation.

(i) We have that 7;_1 < Kz 1, since 7;_1 < Kz = 7j_1. Hence,

. = 2+7
ij-1 L1+7622 XL LC 1 Coo3
T— ) (@) de < ~——F2 (g(ky) — h(ki, ke) = - Ced (A1

via the choice of 7;_; in Step 2 of Algorithm 2 and (A.11).

Ki—1tkKi
2

(ii) Foranyi=1,..., Kp,let k;_y /5 1= . Then, for any such ¢, we have g(k;—1) =

9(Ki—1), 9(k;) = g(k;), and §'(z) € [¢'(Ki-1), ¢ (ki)] on (Ki—1, ki), since g is the linear

interpolant of g at the knots in T, and ¢’ is increasing. Therefore,

/}:l@—g)(w)dxz/I::%@—Q)(x)dx—k/:jl@_g)(gc)dx

[ jl(ﬁ—g)'(t)dtdaz+ [ / " G- 9y dts
/ / g(Ki-1) dtdx+/ / 9(ki) — g(ki—1)) dt dx
/% ( ) dtda:—i—/ 1/ (c“) dt dz
L
4

107 2 24
Cre,2 Cii.2 Cr,2 1 csop3
<2L = = — ’. A.13
(Kn> 8K2 ( > 6 K (4.13)

N

ﬂi* ~
Setting ¢ = i} gives us that f,ﬁif_l g(z) —g(x)dr < é?;f;.
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(iii) Similar to (i), we have Kig = Tj—1 < Tj = Kj3, 80 Kjz < Kz 1, and

1
Kig—1 mezg v 1 coop3
| )~ ate) e < =t atn) b ) T < S

2

(iv) Setting ¢ =45 in (A.13) gives us that f;ﬂéil g(x) —g(z)dx < %%, since 7;j = K.

Combining (i)-(iv), and the fact that g > g, we have that (A.6) holds.

Next, we will show that (A.7) holds, by considering the following three different

cases.

*

Case 1: Algorithm 2 is terminated at Step 2. In this case, we have g(k;) — h(ki, Tn) < %

for all k; > 7y including kg, = 1, so

1
1 L2, 2 LEY s
7—9)(z)dr < ——="=(g(1) — h(1,75)) T < D2 o 22
[ @9 < Z5a (o) - h1,m) T < T < S

Case 2: Algorithm 2 is terminated at Step 3. In this case, Ty = £z for some 77 € N and

9(Tn) — h(TN, ki) < Kcl—gﬂ for all k; > 7Tn, including kg, = 1. Note that

/lev g(z) — g(x) dx = /T:iflg(x) — g(z) der/,:Ilg(x) _ o) da

Using an argument similar to that in (A.12), we have that fTZI_I@ —g)(z)dr <

: Rix o .y . .
%;Z;*iv and by (A.13), we have that fﬁi,{{l(g —g)(@)dz < é;;zlfw- Finally, since

h(kiz, 1) < %, we have that

g(ki;) — I

1
1 2
1 LT+ 2 ~ Lc,:? 1 Coos

~ K,2
/’_i g(z) —g(z)dx < TOR2 (9(rip) = hlmip, 1)) < 9K 2TT BT
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< 5 Cx0,3 < Coo,3

From all of this, we can conclude that leN g(x) —g(x)dr < g oty < ot

Case 3: Algorithm 2 is terminated at Step 4. We have that 7y =1, so TIN g(z) —g(z)dx =

0< ;{‘gﬁy
This completes the proof of (A.7). O
Now that we have chosen the intervals [7;_1, 7], j = 1,..., N and proven Lemma A.2.1,

we will construct piecewise linear continuous convex functions g;, on each [7;_1, 7;], which

will be later used in the construction of g.

A.3 Construction of g: the g;’s

In the previous section, we chose points 9, 7,...,78v € T,. In this section, we
will define continuous piecewise linear convex functions g; : [1j-1,7;] — R for each j =
1,...,N. In order to do this, we must first identify certain knots in [7;_1, 7;] N T} that are

needed to construct g;:

(i) Let 7V

;-1 € Tk be the knot immediately to the left of 7;_1, i.e., if 7,1 = Ky, then

(ii) Observe that g(z) — h(z,7;) increases as < 7; decreases by (A.4). Let Tﬁ)l be the

*

largest k; € T, with k; < 7, such that g(k;) — h(k;, 7j) > F%“’

(iii) Finally, let Tﬁ)l be the knot in T, immediately to the right of T](i)l.
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Note that for each j, we have 7;_1 < Tﬁ)l < Tj—1 < Tﬁ)l < T}i)l < 7;. We define each g;

such that

h(z,Tj-1) ifx e [Tj_l,Tj@l)

1 ~ cl 1 T—T . 1) ~
AT + (95-1) = 2w — D)) ===y ifw e [f 5
n T]

1
,177}71
5() = 4 o) — it o € [7-1,7,7)]
(3)
3 cl 3 T, 1—T . 2 3
h(T;i)l, Tj) + (9(7}(7)1) - K}fﬂ - h(TJ(f)ij)) T(3J)1iT(2)l if v € (7'](7)1:@(7)1}
J— J—
h(zx,T;) ifxe (T](i)l,Tj],
(A.14)

where we note that [7;_1, Tﬁ)l), (TJ@I, 7;] may be empty, and [7j_1, Tﬁ)l] may contain only

a single point. An illustration of constructing g; is given in Figure A.3.

Figure A.3: Construction of g; (dashed line).

As discussed in Section A.1, the goal in constructing each of the g;’s is that each g;

is a continuous, convex, piecewise linear function with knots in [7;_1,7;] N T}, such that

J7 @5 = 9)@)de <0, and [T (9 — 9)(0)1g,—gz0)(t) dt < (55 for all @ € [rj, 7],
Heuristically, g; should be on average below g more than it is above g; it is possible
that g; may be below g on all of (7j_1,7;). We choose g; in this way, so that later on,

we may construct g; as a weighted average of g; and g on [rj_1,7;]; since g satisfies
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[T (G — g)(x)dx > 0, we may choose a suitable weight so that f:f_l(gj —g)(t)dt = 0.

The next two Lemmas establish the desired properties of the g;’s.

Lemma A.3.1. For each j € {1,...,N}, the function §; is piecewise linear with knots in

T, N [Tj—1,Tj], continuous, and convex on [Tj_1,T;].

Proof. Certainly g; is a piecewise linear function with knots in T, N [7j_1, 5], as h(-, 7j_1)
and h(-,7;) are both linear, and g is the linear interpolant of g with knots in 7.
To see that g; is continuous, first observe that g; is continuous on each of [7;_1, Tﬁ)l),

(Tﬁ)l,?j_l), (Tj-1, 7';3)1), (Tﬁ)l, Tﬁ)l), and (T;i)l, 7;], some of which may have empty in-

terior. By noting that g(7;-1) = g(7j-1), §(Tﬁ)1) = g(Tﬁ)l), and substituting in the

endpoints of these subintervals of [7;_1,7;], we can see that g; is continuous on all of
[Tj—1,7;] as well.

Finally, we must show that g; is convex on [7;_1, 7;j]. This is equivalent to showing
that the slopes of the line segments forming ¢; increase when going from left to right
on [1j_1,7;]. Since g; is linear (and thus convex) on each of [Tj_l,Tﬁ)l], [Tﬁ)l,?j_l],
[T](i)l, Tﬁ)l], and [T](i)l, 7;], as well as convex on [7j_1, Tﬁ)l], the slopes of the line segments
forming g; increase when going from left to right on each of these subintervals of [7;_1, 7;].
Therefore, it is sufficient to show that the slope of the line segment immediately to the left
(1)

of each k; = i1

~ 2 (3
Ti—1,Tj 1575

is less than or equal to the slope of the corresponding line
segment immediately to the right of each of these points, i.e., that (g;)" (x;) < (g;)’(x;) for

each k; = Tﬁ)l, Tj—1, Tj@l, Tj@l. We establish this inequality for each of these points. (Note

that we assume that [7;_1, Tﬁ)l}, [Tj—1, Tﬁ)l], and [Tj@l, 7;] all have nonempty interior. If

this is not the case, similar arguments can be made.)
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(i) By (A.14), (gj)L(Tﬁ)l) = L h(z,75-1)] ‘T(l) = ¢'(1j—1). Likewise by (A.14) and the
-1

choice of 7;_1 via Algorithm 2,

= (1)
ey = LR (()

Tji-1— T,

10 Tj—1)

cx

9(F1) = g(r51) — ¢ () (1 —750) — el

;j—l - T;i)l
9(F1) = 9(rj1) = ¢ ()T = 71) = s
= — (1) +g (Tj—l)
-1 =T
9(7Tj-1) — h(?j—lafj—l) -
= — (1 ) +g (Tj—l)
Tj—1— T;_

> ¢(7j-1) = () (D).

(ii) Let p, be the knot immediately to the right of 7;_1, so that 7,1 = kp—1. Then

by (A.8) and the fact that ¢’ is an increasing function,

(1)
o o 1 p ~ 9(7j-1) — 9(7;21)
(gj)/Jr(Tj—l) = gJ/r(Tj_l) = I{N/~ g’(x) dx > g/(Tj—l) > i (1)] :
p — Tj—1 JF;_4 Tj—-1—T;

. 9(7-1) — g1 + o) = h(riP 7o) - T?W

B 7-j—1 - Tj(i)l
g 5 h 1)
9(7j-1) KT (7']7137'171 <\
= — ) = (gj)—(Tj—l)
Tji-1 = T;q

(iii) Let s, € Ty be the knot immediately to the left of Tﬁ)l, so that 7(2) Kpt+1. Then,

by an argument similar to (ii),

Tj—1 = Kp 7rr
g(Tj(i)l) — g(T](i)l) < g(Tj(i)l) B g(TJ(E)l) o ( @ ) + h( ]( )17 ) + Kclg-l—v
= 7-(3) 7'(2) - 7_(3) _ T(Q)
Jj—1 j—1 ik )
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= = (9;)4(r;2)
3 2 J
M)
(iv) Finally, we have that
o (3) 9(71(3)1) B K?*V B h(TJ@I’TJ)
(gy)—(7j71) == 3 3
RO NC)
j—1 j—1
g —9(m) = T - ) -
- SRC) +9'(75)
i1 T T
(2) (2) ck
g(Tj—l) - h(Tj_p Tj) T+~
= o ) < d () = @) ().
Tj—1 7 Tj—1

We have established that (g;)_ (ki) < (g;)(ks) for each k; = 7'( )1,?] 1,7 ;2)1, ](3)1, which

completes the proof of this Lemma. O

Lemma A.3.2. Forallj=1,...,N, we have

i N 00073
[ 5= 9y, g0 < 52 (A15)
Ti—1 n
and also,
Tj
/ (95 — 9)(t) dt < 0. (A.16)
Tj—l

Proof. On [Tj_l,T]@l], we have that g;(z) = h(z 7'(1)1) < g(z) by (A.3),s0 (g —g)(x) <0

) J—

for all € [1j_1,7 ]( )1] Similarly, (g; — g)(z) < 0 for all z € [7; 3 )1,7']] Additionally, for

any x € [Kij—1, K,
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so we have that for all x € [7;_1, 7'](3)1],

Consider (g; — g)(t) on [T](i)l,?j,l]. When restricted to [Tﬁ)l,?j,l], (gj — 9)(t) is linear,

with

NP 1 1 c
@5~ D2 = b o) = ot € (- 5E0].
by (A.3) and the choice of 7 Furthermore,

Jj-1

NP e c5 o~ ch
5 — 7'-71 = T*il — — T<71 = ——
(95— 9)(Tj-1) = 9(7j-1) K 9(7j-1) K

Hence, |g; — g|(t) < KCEH on [Tﬁ)l,?j,l], and by (A.13),

Ti—1 Tj—1 N Ti—1 R
Lo las=dloar< [l =alwa+ [ G- gl
T8 T T

J—1 j—1 J-1
C&ch 1 60073 1 60073

= Kngv EK%JW §K72l+7'

3)
By a similar argument, fT(JQ;l lg; — g|(t) dt <
T,

7j—1

1 €x,3

et Combining the above arguments, we

have that

[ @i- 9015, a0 d

j—1

3
)

Ti—1
— [0 @ = 9Oz ®de+ [ G- 9O, g0 @)t
T T

J J

)

71 \ o1 1 Co0,3 1 Coo,3 Cx0,3
< /A” 9 — gl(®) dt—l—/@ |95 — gl(t) dt < e + i ik
Jj—1 i-1

giving us (A.15).
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(1)

Recall from the above discussion that when restricted to [7;7}, 7j-1], (95 — 9)(¢) is

linear with (3; — )(r\"}) <0, and (3; — §)(Fj-1) = Thus,

K1+w

Tji—1 q 7-(1) — T
[ 0= (50—t 2D 0D

1
0, 2

1 ek ocs - 1 coo3
= 2K2+7 - _éKgﬂ’

which then gives us via (A.13) that

/ "y — gty dt = / " — B di+ / "G g0 de

1 1 1
r ;7)1 r ;7)1 _,_](7)1
1 Coo,3 1 00073

= T6xzo Toxz

(3)
By a similar argument, f (2) (g5 — g)(t) dt < 0. Hence, since both fT{l)l (g —9)(t)dt <0,

gxy e & W) 5 @ )
and f (2) (95 — g)()dt < 0, while g; < g on [rj_1,7;, 4], [Fj—1,7,74], and [7;7), 75], we

have (A.16). O

Now that we have constructed the g;’s and established some properties of these
functions via Lemmas A.3.1 and A.3.2, we will utilize these functions in the next section

~ T.
to construct g € S

A.4 Construction of g and fp

We are now ready to construct g. For each j =1,..., N, let ¢; : [0,1] — R be given

o) =r [ G-g)dr+ - [ G- g0 (A7)
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For each j, we have that ¢;(0) = f:]?'_l(gj —g)(t)dt <0 by (A.16) and ¢;(1) = f:j_l(fq\ —
g)(t)dt > 0, since g > g is the linear interpolant of g, a convex function. Additionally,

¢; is continuous on [0,1]. By the Intermediate Value Theorem, there exists r; € [0, 1]

satisfying ¢;(r;) = 0. Define g : [0,1] — R such that

§j(t) = rjﬁ(t) +(1- Tj)gj(t) for all ¢t € [Tj_l, Tj), j=1....N
G(t) = (A.18)

g(t) for all t € [w, 1].

The following lemma will allow us to establish Proposition 4.2.1.

Lemma A.4.1. The function g is continuous and convex on [0,1]. Also, g is a piecewise

linear function with knot sequence T,,. Hence, g € S?j?' Finally, for all x € [0,1],

. C0,3
/0 (9—9)1) dt' < ek (A.19)

Proof. To see that g is continuous on [0, 1], first note that g is continuous on [7, 71) as well
as (1j—1,7;) for each j =2,..., N, and on (7, 1]. Define ry41 :=1 and gn41(z) := g(z)
for all « € [rn, 1], if 7v # 1. To see that g is continuous at each 7;, j = 1,..., N, observe
that (i) g is continuous at each 7;, with g(7;) = g(7;), (ii) each g; is left continuous at 7,
with g;(7;) = g(7;), and (iii) each gj41 is right continuous at 7;, with g;11(7;) = g(7;).
Hence, g is continuous on all of [0, 1], as

Jim 0) = T (73910) + (1= )0 = o(r)

= lim (rjp19(t) + (1 =rj1) g+ (1) = lim g(t).
tﬁ‘rj t~>7'j
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By construction, on each [7j_1, 7;] and on [Ty, 1], g is a convex (and thus linear) com-
bination of the piecewise linear functions g and g;, each with knot sequence T};. Therefore,
g is a piecewise linear function with knot sequence Tj.

Next, we will show that g is convex on [0, 1]. Note that g is convex on each [j_1, 7]
and on [Ty, 1], since (i) g is convex, (ii) each g; is convex on [7;_1, 7;] by Lemma A.3.1,
and (iii) any convex (and thus, conic) combination of convex functions is convex. Since
g is a continuous piecewise linear function, the convexity of g is equivalent to the line
segments forming ¢ having increasing slopes when moving from left to right on [0, 1].
Since we already have that g is convex on each [rj_1,7;] and on [ry, 1], it is sufficient to
show that the slope of the line segment immediately to the left of each 7; is less than or
equal to the slope of the corresponding line segment immediately to the right of that 7;
for each j = 1,..., N, i.e., we must show that g’ (7;) < g\ (7;), for j =1,...,N. Fix
je{l,...,N —1}. Let k;= = 7, so that k;<_; is the knot immediately to the left of ;-
and k11 is the knot immediately to the right of x;+. Using (A.8) and the fact that ¢’ is
an increasing function, we have that

() = 13 () + (1= 1)) () = —— " o+ (1= m)g'(r)
1 S,

T+l i
<g'(m) < /6:1—7/ g'(x)dr + (1 = rj41)g (1)
) J JT5

=741 94(73) + (1 = r401)(g541) 1 (75) = gL (7).
Alternatively, if j = N and 7y < 1, so that 7y = K;+, then

gl(rn) =rngl(n) + (1 —rn)(gn) L (v) < v gh () + (1= 7n)g’ ()

. 1—ry R ~ ~
§TN9+(TN)+7H g g(x)dx:g+(TN):g+(TN).
¥ TN
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Thus g’ (1) < gi(r;) forall j=1,...,Nand g € SITQ is convex on [0, 1].
Finally, we show that (A.19) holds for all x € [0,1]. Let = € [0,1]. We have that

x € [1j_1,7j) for some j =1,...,N, or x € [y, 1]. Note that for any j =1,..., N,

0< /Oj(ﬁ(t) —g(t))dt‘ < ; /ﬁzl(ﬁ(t) —g(t)) dt
=S| [ g+ @it — ) de
=1 Ti—1

J
= lgi(ri)| =0.
1=1

|
.M“'

.
Il
—

n " @) — gt de+ (1 —r) / " (@s(t) — a(t)) dt

i—1 i—1

Hence, if z € [7j_1,7;], for some j =1,..., N, then

[ @0 -gw

j—1

[ a0 -9 dt' -

= (g(t) = g(t)) dt + (1 _Tj)/w (95(t) — g(t)) dt

xX
T’j/
Tj—1 j—1

_ ‘Tj /x (/g\_g)(t)dt—l—(l—rj)/% (95 = 9) ()L, —g>0)(t) dt

+(1-7)) /z (@5 — 9) ()L, —g<0)(t) dt‘

7j—1

X
< max rj/
Tj—1

T

G- )t dt+(1—ry) / (@5 — 9)(t)1 gy —goy () d,

Tj—1

a-n) [ <g—gj><t>1[gj_g<m<t>dt}

<o [T G0 o) [ DO

=172 TNy T 24y
Kn+'y Kn+’7 Kn+'Y

The second inequality in the above display follows from the fact that

rj /T] G —9)(1) dt-i-(l—"”j)/Tj (95— 9)(£) Ly, — gm0y (1) dt

j—1 j—1
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) [ G 9 e

j—1

which in turn follows from the choice of r; and the inequality g(z) > g(z) for all = € [0, 1].

Finally, if z € [7n, 1], then by (A.7),

T 1 Coo
[ @0 -sal< [ @0 - s

N TN n

[ @ - g0 dt\ _

Let fp : [0,1] — R be given by fg(z) := f(0) + [; g(t) dt. Since fp(z) := f(0) +

Jo 9(t)d, and g € ST 1"y, we must have that fp € S 5. Additionally,

/() = f(z)| =

fB(0) = f(0) + /Ox(fB — @ dt’ -

. Co0,3
[[a-owa <2

for all z € [0,1] via Lemma A.4.1. Thus, ||f — fBllec < Ic{f;‘ﬁ,, completing the proof of

Proposition 4.2.1.
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